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Example: y2 +y = x3 + x2 — 2x, P = (0,0)

Wy =1 P =(0,0)

W =1 [2]P = (3,5)

We=-3  [3]P= _;éf

W, = 11 [4]P = %7_%

Ws = 38 5]P = _237529’_7:7;&?3
We =249  [6]P = 8;5:267_31223220

W; = —2357 [7]P =

2182983 20464084173
23572 23573



Division Polynomials
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The recurrence relation encodes the group law.




Division Polynomials

One defines elliptic functions W, on E : y? = x3 + Ax + B with
zeroes at the n-torsion points of E,
pole supported on O.

Then

n P Wn P
N Sk

Wi=1,  Wp=2y,  W3=3x"+6Ax"+12Bx - A,
W, = 4y(x® + 5Ax* +20Bx® — 5A%x? — 4ABx — 8B% — A%), . ..

\Um ¢nywn S Z[A7 87 X?.y]
VY, satisfy (x)
Note: ged(¢n, Vp) = 1in Z[A, B, x, y]

gcd(én(P), Wp(P)) is supported on p | Ag for P € E(Q).
Thus W,(P) is almost the denominator of [n]P as a rational.



Elliptic divisibility sequences

Theorem (Ward, 1948)
If W, : Z — Q satisfies (x) and Wy = 1, then for some
E:y?=x3+Ax+B, ABeQ, PecEWQ
we obtain
Wn = \Un(E7 P)

Somos, Zagier: alternative foundation for elliptic/theta functions?\

Ward’s Correspondence

elliptic divisibility curve-point pairs (E, P)
sequences . ) E: y? =x3 4+ Ax + B,
W,:7Z—Q A BeQ,Pe EQ)

Wy =1, WoW3 £0 P¢E[2]UE[3]
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(depth-two linear recurrences).
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EDS modulo p

Main Observation
If pt Ag, then

W,=0 (modp) < [n]P =0 (mod p)on E

Definition
The rank of apparition rp is

rp=min{r>1: W, =0 (mod p)}

Note
If pt Ag, then rp is the order of P modulo p.
By the Hasse bound, r, < p+ 1+ 2,/p.



Primitive Divisors

Theorem (Silverman 1988)

For all sufficiently large n, W, has a primitive divisor, i.e. a
prime p such that r, = n.



Divisibility

nlm=— W,| Wp

Infact,  Wyeq(n,m) = 9cd(Wh, Wp)



Primes appearing in elliptic divisibility sequences

p > 2, good reduction
vp the discrete valuation

_ | vo(Wy,) +vp(n/rp) 1p|n
Vp(W”)_{ 0 ot n
Example
W,: 1,1,2,3,...

V3(Wn)2
0,0,0,1,0,0,0,1,0,0,0,2,0,0,0,1,0,0,0,1,0,0,0,2,
0,0,0,1,0,0,0,1,0,0,0,3,0,0,0,1,0,0,0,1,0,0,0,2,
o,0,0,1,0,0,0,1,0,0,0,2,0,0,0,1,0,0,0,1,0,0,0,3,...



The underlying reason is the formal group of E.
Let Eo(Qp) be the points of non-singular reduction modulo p.
There’s a filtration of subgroups of Ey(Qp):
Eo(Qp) D E1(Qp) D E2(Qp) O - ..
where

Ek(Qp) ={P € Eo(Qp) : P=0 (mod p*)}.

The theory of formal groups says that for k > 1,

Ex(Qp) ~ L
Exi1(Qp)  pZ
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Primitive Divisors

Theorem (Silverman 1988)

For all sufficiently large n, W, has a primitive divisor, i.e. a
prime p such that r, = n.

Proof:
e Sequence grows quickly.
e Contribution from earlier primes is bounded.



Hilbert’s Tenth Problem

H10(R): decideability of 3X;,..., X, : f(Xi,..., X)) =0in R.
R = Z: undecideable (Davis—Matiyasevich—Putham—Robinson)
R = Q: not known

A conjecture of Cornelissen and Zahidi similar to Silverman’s
Theorem implies the undecidability of ¥3f(X) in Q.

ldea: EDS give description of Z in Q.
Undecideability of V3f(X) proven by Poonen in 2008.



Primitive Divisors

Let ¢(z) € Q(z) be a rational function of degree d > 2, and let
a € Q be a g-wandering point.
Theorem (Ingram, Silverman)

Suppose ¢(0) = 0 but ¢ does not vanish to order d at z = 0.

Write in lowest terms A
n _n
¢ (Oé) - Bn.

For sufficiently large n, A, has a primitive divisor.

Conjecture (Ingram, Silverman)
Write in lowest terms
¢"(a) —a = g:

For sufficiently large n, A, has a primitive divisor.



Index divisibility

For any integer sequence (D),>1 We define the index
divisibility set of D to be

S(D)={n>1:n|Dy}.

Ex: S(D) for D, = b" — b are pseudoprimes to the base b.



Index divisibility

Assume a divisibility sequence.
Suppose n € S(D), and p coprime to n satisfies r, = p. Then
np | Dnp.

So if n € S(D), then np € S(D).
Make S(D) a directed graph with arrows Arrow(D).



Index divisibility graph for Fibonacci numbers

1
5 12
12
l5 2 3&
25 24 36 60
\ v i v
n|1]2]3]4|5|6|7 |8 |9 [10]|11]12 |13
Fo|1]1]2|3|5|8]13]21|34|55|89] 144|233



A Theorem of Smyth

Theorem (Smyth)
Leta,b € Z. Define L = (Ln)p>1 by

Ln+2 = aL,,+1 — bLn, LO = 0, L1 =1.

Lets = a° — 4b and let n € S(L) be a vertex. Then the arrows
originating at n are

{n—np:pisprimeandp | Ly} U Bgpn,
where
{n—6n} if(a,b)=(3,+1) (mod 6),(6,L,) =1,

Bapn= 1< {n—12n} if(a,b)=(£1,—1) (mod 6),(6,L,) =1,
0 otherwise.



A dynamical system

Let D,, be a divisibility sequence. Define ¢p : Z>° — 70 be
defined by

¢D(n) = In.

Example

Let Fj, be the Fibonacci numbers. Then ¢£(5) = 5 is the unique
prime fixed point of ¢f¢.



Fibonacci numbers:
Are there any 2-cycles consisting of prime numbers?

For the Fibonacci numbers F,, and any prime number p # 5,
we have
rp | p? —1.

Suppose ¢£(p) = g and ¢£(q) = p, for p, g odd primes. Then

+1
ql(p+1)p-1) = g< 2~

and similarly for p. So

p+1 q+1
< — < —-.
q— 2 Y p— 2

So the answer is NO.



Index divisibility in an EDS

Warning: use denominator definition.

Example

Dp:1,1,1,1,2,1,3,5,7,4,23,29,59, 129,
314,65,1529, 3689, 8209, 16264, 83313, . ..

E:y?+y=x3-x, P=(0,0).

S(D) = {1,40,53,63,80, 127, 160, 189, 200, 320, 400, 441,443, . .. }.

D4y = 40 - 13526278251270010,
Ds3 = 53 - 299741133691576877400370757471.



Index divisibility for EDS

Theorem (Silverman, S.)
Let D be a minimal regular EDS associated to the elliptic curve
E/Q and point P € E(Q).
1. Ifne S(D) and p is prime and p | Dy, then
(n — np) € Arrow(D).
2. Ifne S(D) and d is an aliquot number for D and
gcd(n,d) =1, then (n — nd) € Arrow(D).



Index divisibility for EDS

Theorem (Silverman, S.)

Let D be a minimal regular EDS associated to the elliptic curve
E/Q and point P € E(Q).

1.

If n € S(D) and p is prime and p | Dy, then
(n — np) € Arrow(D).

If n e S(D) and d is an aliquot number for D and
gcd(n,d) =1, then (n — nd) € Arrow(D).

If p > 7 is a prime of good reduction for E and if

(n — np) € Arrow(D), then either p | D, or p is an aliquot
number for D.

If ged(n,d) =1 and if (n — nd) € Arrow(D) and

ifd = p1p>--- py is a product of £ > 2 distinct primes of
good reduction for E satisfying min p; > (2=1/2¢ —1)~2,
then d is an aliquot number for D.



Aliquot Number

Definition
Let D, be an EDS, and let py, ..., p, be an ¢-cycle for ¢p. That
is,

Pit1 = Ip; forall1 <i</,

(define py+1 = p1). Then py - - - py is an aliquot number.



Elliptic nets

If an elliptic divisibility sequence reflects a cyclic subgroup of
E(Q), can we do the same for any subgroup?



Elliptic nets
On an elliptic curve E : y? = x3 + Ax + B, with points P and Q,

¢>n,m(P; Q) </Jn,m(Py Q) )
\Un,m(Pa 0)27 wn,m(Pv Q)S .

[MP+[mQ = <

Consider the array of ¥, (P, Q).

Example: E : y? + y = x3 4+ x2 — 2x; P = (0,0),Q = (1,0)

4335 | 5959 | 12016 | —55287 | 23921 | 1587077
94 479 | 919 — 2591 | 13751 | 68428
—31 |53 —33 —350 493 6627
-5 8 —19 -4 — 151 | 989
1 3 —1 —13 —36 181

1 1 1 2 -5 7 89

Q 0 1 1 -3 11 38

P—



Definition of an elliptic net

Definition (S)
Let K be a field. An elliptic netis a map W : Z" — K such that
the following recurrence holds for all p, q, r, s € Z".

W(p+qg+s)W(p—q)W(r+s)W(r)
+ W(g+r+s)W(qg—rW(p+s)W(p)
+ W(r+p+s)W(r—p)W(g+s)W(g) =0 (xx)

Note
o Elliptic divisibility sequences are a special case (n = 1)
e The recurrence generates the net from finitely many initial
values.



Curve-net bijection

Theorem (S.)
For each r, there is a bijection:

elliptic nets curve-point-tuple pairs

. 7r (E=P1$"'=Pr)
;V/"'_ZW_)Q_1 < E:y?=x3+Ax + B,
W o0 A BcQ,P; c E(Q)

&8 Pi+ P #0O

Note:
° Wv:wV(P‘],...,Pn,E)
¢ explicit equations to go back and forth



