317 - hwk 12 solns

20. r, = cosvi+sinvj, ry, = —usinvitucosvj+k = r,xr,=sinvi—cosvj+ukand

28.

42,

F(r(u, v)) = usinvi+ uecosvj+ v* k Then by Formula 9,

[[sF-dS= [[,F:(ru xry)dA = fuiful(u sin” v —ucos v+ uv” ) dudv

= fnw‘f;(—ucus2v—|—uv2]dudv = [ [—1cos2v + 2v*] dv = 177

 F(z,y.2z) =zi+yj+2'k 2 =g(x,y) = /22 + 32, and D is the disk { (=, y) | z* + * < 1}. Since $ has downward

orientation, we have
[ 7=, [‘( +y)‘ (m)*”]‘“‘ /L. l_x_y (\f’mﬂdﬂ
—— [ (%—l—r‘i)rd'r"dﬁ:— 274 [H(r® —r)dr=—2x(2—1) =2

Here S consists of three surfaces: Sy, the lateral surface of the cylinder; S,, the front formed by the plane x + y = 2; and the
back, S3, in the plane y = 0.
On 51:F(r(f.y)) =sinfi+yj+okandry X ry =sinfi+cosbék =

[ F-dS= [ [~ ""°(sin? 6 + 5 cos 6) dy db

= [77(2sin? 6 + 10 cos§ — sin’ § — 5sin 8 cos §) df = 27
On S F(r(x,z))=xi+(2—x)j+5kandr, xr, =1+

[[,F-d8= [[ [c+(2—=)]dA=2x

et 42221

On Sz F(r(x,z))=xi+Skandr, xr,; = —jsoffng-dS=U. HenreffSF-dS=4ﬁ.

A parametric representation for the hemisphere 5'1s r(®,8) = 3sing cosf1+ 3sino sinfj+ 3cosok, 0 < o < 7/2,
0<8 <27 Thenry, =3cosp cosfi+3cososinfj— Isinok, rg = —3Isinosinf i+ Isin o cos d J, and the outward
orientation is given by r, x r¢ = 9sin” ¢ cos#i+ 9sin® ¢ sindj + 9sin ¢ cos ¢ k. The rate of flow through 5 is
ffspv dS = pfifz fuzﬂ (3sin¢ sinfi+ 3sing cosf j) - (Qsinzo cos8i+ 9sin® dsinfj+ Osing cusr::k) df deop
=27p fﬂﬂ l (sinau‘) sin @ cos 8 + sin® & sin @ cos 9) df do = 54;}‘["_'wz sin® o do fuzw sin @ cos # df

— 54p[—1(2 4 sin’ 6) cos o]/ * [Lsin® 6]2" = Okg/s
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44. Referring to the figure, on
S E=i+yj+zkr, xr3=iandff51E-dS=f_11fil dydz = 4:
Sy E=zitj+zkr.xr.=jand [, E-dS=[' [! dodz=14;
Sy E=zi+yjt+krexr,=kand [[, E-dS=[1, [1 dedy=4

Sy E=—ityj+rkr.xr,=—iand [[, E-dS=4

1]
SimﬂarlyffSSE-dS=ffSEE-dS=4_Henceq=EuffsE~dS=£u€§1IfS€E-dS=2dsu_

2. The boundary curve C' 1s the circle z* + y* = 9, 2 = 0 oriented in the counterclockwise direction when viewed from above.
A vector equation of C isr(#) = 3costi+ 3sintj, 0 < ¢ < 27 sor'(t) = —3sinti+ 3costjand

F(r(t)) = 2(3sint)(cos0)i+ ®°***(sin0)j + (3cost)e® ™™ * k = 6sinti+ (3cost)e’ ™" k. Then, by Stokes’ Theorem,

™ 7 T - . 2
[focurlF-dS = [ F-dr= [["F(r(t)) - v'()dt = [["(—18sin®t + 0 +0)dt = —18[%¢ — 1sin2t] " = —187.

6. The boundary curve C 1s the umt circle m the yz-plane. By Equation 3, ffsl curlF-dS=¢_F-dr szsg curl F - dS
where S is the original hemisphere and S, is the disk 3 + 2% < 1,z = 0.

curl F = (2 — 22)i — (y + =¥ sin 2) j + (22 — ze*¥ cos z) k., and for S, we choose n — i so that C has the

same orientation for both surfaces. Then curl F - n = = — = on S5, where =z = 0. Thus

ffszcurlF-dS= [[ (z—2%)dA= [[ 0dA=0.

izl yi4z2<1

Alternatively, we can evaluate § _ F - dr: C with positive orientation is given by r (£) = (0, cost,sint), 0 < ¢ < 2, and

[[.curlF.dS=§_F-dr= [~ <e"‘°°ﬂ” cos(sint), (0)° (sint) . (U){cust_}) {0, —sint, cost) dt = [Z0dt = 0.

8. curl F = & k and S is the portion of the plane 2z 4+ y + 2z = 20over D = {(=,y) |0 <z < 1,0 <y < 2 — 22} We orient
S upward and use Equation 17.7.10 [ET 16.7.10] with z = g(z, y) =1 — = — %y:
[.F-dr= [[,curlF-dS = [[,(0+0+e*)dA = [} [77% ® dydz = [ (2 — 2x)e” dx

= [(2 — 2x)e” + 29313 [integrating by parts] = 2e — 4
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16. Let 5 be the surface in the plane » 4+ y 4+ = = 1 with upward orientation enclosed by C'. Then an upward unit normal vector
furSisn:ﬁ(i+j-|—k].OlientCinthemunterclnckwisedﬁecﬁon,asvimedﬁnmabove_ Jozdx —2xdy +3ydzis
equivalent to [_ F - dr for F(x, y, z) = zi— 2x j + 3y k, and the components of F are polynomials, which have confinuous
partial derivatives throughout R?. We have curl F = 3i + j — 2k, so by Stokes’ Theorem,

Jozde —2xdy+3ydz= [ F-dr= [[_curlF-ndS =[], (3i+j—2k}—;1,5(i+j+k] ds
= = [[; dS = = (surface area of 5)
Thusihevaluenffczdx—2xdy+3ydzisa1waysTff;timesthem‘eaoftheregioneﬂclosedbyc,regardlessnfitsshapeor
location. [Notice that because n 1s normal to a plane, 1t 1s constant. But curl F is also constant, so the dot product curl F - n1s
constant and we could have simply argued that [[_ curl F - ndS5 1s a constant multple of [[_ d5, the surface area of 5 ]

20. (a) By Exercise 17.5.26 [ET 16.5.26], curl(fVg) = f curl(Vg) + Vf x Vg = V£ x Vg since curl(Vg) = 0. Hence by
Stokes” Theorem [ (fVg) -dr = [[(Vf x Vg) - dS.
(b) Asin (a), curl(fV f) = Vf x Vf = 0, 50 by Stokes’ Theorem, [_(fVf) - dr = [, [curl(fVf)] - dS = 0.

() Asin part (a),
curl( fVg + gV f) = curl( fVg) + curl{gV f) [by Exercise 17.524 [ET 16.5.24]]

=(VfxVg)+(VgxVf)=0 [since u x v = —(v x u)]

Hence by Stokes’ Theorem, [_(fVg + gV f)-dr = [[_curl(fVg+gVf)-dS =0.
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