Set Theory
Assignment 3 Oscar Bender-Stone

2. Show that if x and A are infinite cardinals and k < A, then there is an infinite cardinal p
such that p~ < p.

Proof. Let u be the limit of the sequence (fiq)a<x+, Which is defined below by transfinite
recursion:

® [ip = )\7

® [ = 2/\a

® fat1 = (MQF)A?

e for any limit ordinal «, u, = J B V8-

Clearly p is a strong limit cardinal since whenever n < p, n < p, for some a € On, hence
21 < ()" < ()" = pay1 < p. Moreover, cf(u) = kT since p is the limit of a strictly
increasing k- sequence of cardinals. It follows that cf () > k, and K < X since there are no
cardinals in (k, k™). Finally, pu is A-unreachable from below since for any n < p, < u, with
a € On, 1 < (o) < (uh)* = ptas1 < p. By part (444) of the Main Theorem of Cardinal
Arithmetic, p* = p*® and p = p*, and by Kénig’s Theorem, p* = pf®) >y = p*. O



