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Abstract

We give characterizations of varieties with a difference term and outline the commutator theory for
such varieties.

1 Introduction

In 1954, A. I. Mal’cev published [11] which contains the result that all members of a variety of algebras
have permuting congruences if and only if the variety satisfies the equations:

m(z,z,y) =y and m(z,y,y) = x

with respect to some ternary term m(z,y,z). Such a term is now called a Mal’cev term. Any variety
whose members have an underlying group structure has a Mal'cev term: m(x,y,2) = zy~'z. (E.g., any
variety of groups, rings, modules, Boolean algebras or Lie algebras has a Mal’cev term.) It is shown by
J. D. H. Smith in [14] that it is possible to extend the theory of the group commutator to any variety of
algebras which has a Mal’cev term. The theory developed for such varieties is essentially as powerful a
theory in general as it is in the particular variety of groups. Later, in [4], J. Hagemann and C. Herrmann
extended Smith’s results to congruence modular varieties without any loss in the generality of the theory.
Other approaches to the commutator theory of congruence modular varieties are contained in [1] and [3].
In the latter accounts the role of a difference term plays an essential role. A difference term is a term
d(x,y, z) which satisfies
d(z,z,y) =y and d(z,y,y) [0,0] x

where [—, —] is the commutator and € is any congruence containing (x,y). Herrmann was the first to show
how to construct a difference term for a congruence modular variety (in [5]) and Gumm was the first to
publish an account of the properties of the difference term and indicate that much of modular commutator
theory can be derived from the properties of a difference term (see [3]).

In [6], D. Hobby and R. McKenzie have a chapter devoted to commutator theory for non-modular
varieties. The commutator theory developed in [6] is necessarily weaker than the commutator theory for
congruence modular varieties; but it remains a useful theory, especially for locally finite varieties. Hobby
and McKenzie show that there is a largest special Mal’cev condition for locally finite varieties and this
Mal’cev condition is equivalent to the existence of a weak difference term: a term w(z,y, z) satisfying

w(z,z,y) [0,0] y and w(x,y,y) [0,0] x.
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The commutator theory for non-modular varieties is somewhat better behaved for varieties with a weak
difference term; certain fragments of modular commutator theory can be extended to this generality. The
biggest gap in non-modular commutator theory is that the structure of abelian algebras is not understood.
Weak difference terms come to the rescue here. In a variety with a weak difference term, the abelian
algebras are affine.

In [10], P. Lipparini begins a program to determine which fragments of modular commutator theory
extend to varieties with a difference term or a weak difference term. In his paper he asks for a local
characterization of those locally finite varieties which have a difference term. The book [6] by Hobby
and McKenzie contains two chapters on the relationship between global properties of a variety (e.g.,
Mal’cev conditions) and local properties (e.g., the structure of induced algebras). This book contains local
characterizations of congruence distributivity, congruence modularity, congruence n-permutability for some
n, congruence neutrality and other conditions. Most importantly for us, [6] gives a local characterization of
those varieties with a weak difference term. Hobby and McKenzie do not characterize the varieties with a
difference term, nor those with a Mal’cev term. However, they suggested a plausible local characterization
for varieties with a Mal’cev term (i.e., for congruence permutable varieties). Their guess was proved to be
correct by M. Valeriote and R. Willard in [15]. A second proof of this fact was given in [8] and the result
was extended to a characterization of congruence 3-permutable varieties.

Since a local characterization of locally finite varieties with a weak difference term appears in [6] and a
local characterization of locally finite varieties with a Mal’cev term appears in [15], the remaining problem
in this collection which is open is the problem posed by Lipparini: give a local description of those locally
finite varieties which have a difference term. In this paper we solve this problem. Our main result is slightly
more than Lipparini asks for, since we do not completely restrict ourselves to locally finite varieties.

THEOREM 1.1 Let V be a variety such that Fy,(2) is finite. Then V has a difference term iff for all
finite A €V it is the case that

(i) 1 ¢ typ{A} and
(#4) all type 2 minimal sets of A have empty tail.

Although this theorem is not restricted to locally finite varieties, our arguments shall concern locally
finite varieties only. What allows us to state the final result in the generality we do is the following
observation. If V is a variety and F = Fy(2), then d(z,y, z) is a difference term for V iff it is a difference
term for HSP(F'). The forward implication of this claim is trivial. For the reverse implication, assume that
d(z,y,z) is a difference term for HSP(F). Choose A € V and a,b € A. Let B = Sg”({a,b}). Since B is
2-generated, B € HSP(F'). Hence d(x,y, z) interprets as a difference term in B. This means that

d*(a,a,b) = d®(a,a,b) = b.

Furthermore,

d®(a,b,b) = dB(a,b,b) [Cg®B(a,b),CgB(a,b)] a.

But [CgB(a,b),CgB(a,b)] C [0,6] for any congruence § € Con A for which (a,b) € #. Consequently
d®(a,b,b) [0,0] a as desired. Thus, it suffices for us to prove Theorem 1.1 with the hypothesis “F(2) is
finite” changed to “V is locally finite.”

Theorem 1.1 might be considered to be a natural amalgam of some theorems in [6]. As we have
mentioned, any congruence modular variety has a difference term. Furthermore, for any variety satisfying
[0,0] = 6 as a congruence identity the projection d(x,y,z) = z is a difference term. The congruence
identity [a, ] = a A (3, called congruence neutrality, is equivalent to the congruence identity [, 6] = 0,
so the third projection is a difference term for any congruence neutral variety. The local characterizations
of congruence modular and congruence neutral varieties are:



THEOREM 1.2 A locally finite variety V is congruence neutral iff typ{A} C {3,4,5} for all finite
A € V. A locally finite variety is congruence modular iff

(i) typ{A} C {2,3,4} for all finite A € V and
(#4) all minimal sets have empty tail.

The local restrictions in Theorem 1.1 are the natural join of those for congruence neutrality and congruence
modularity so we may think of the existence of a difference term as the amalgam of congruence neutrality
and congruence modularity (in a sense similar to Gumm’s assertion in [2] that congruence modularity is
the amalgam of congruence distributivity and congruence permutability). In fact, we will show that even
in the absence of any finiteness hypotheses, one may consider the existence of a difference term to be the
amalgam of congruence neutrality and congruence modularity. We will prove that when V has a difference
term and A € V), then any interval in ConA defined by a failure of the modular law must be neutral.
That is, we show that:

THEOREM 1.3 IfV has a difference term and A € V and o, 3,y € Con A and « > v, then the interval
I[(a A B)Vy,aA (B V)] is neutral.

(An interval I[6,0] is neutral if whenever 6 < p < v < 6 and C(v,v; ) holds we have p = v.)
Our reference for tame congruence theory is, of course, [6], while our reference for universal algebra is
[13]. For commutator theory we refer the reader to Chapter 3 of [6] and also to [9].

2 Commutator Theory With a Difference Term

In this section we indicate which features of modular commutator theory depend only on the existence of
a difference term. We want to show that essentially all of modular commutator theory holds for varieties
with a difference term, except that the complete additivity of the commutator is weakened. The results
in this section are summarized in Theorem 2.10. [10] contains some of these results as well as a further
exploration of the commutator properties of varieties which have a difference term or a weak difference
term.

One must have some familiarity with non-modular commutator theory in order to read some of the
proofs in this section. In particular, the following definition should be familiar.

Definition 2.1 If R and S are binary relations on A and § € Con A, then C(R,S;d) holds if for all n
whenever (a,b) € R, (uj,v;) € S,i <n, and p(x,y) € Pol,+1 A one has

pla,u) =5 pla,v) <= p(b,u) =5 p(b, v).
We write [R, S] to denote the least 6 € Con A such that C(R, S;0) holds.

The relation C(z,y; z) is called the centralizer relation. Observe that C (R, S;¢) holds if and only if
C(a, B;0) holds, where « is the congruence generated by R U and [ is the reflexive, compatible relation
generated by S U . We shall usually only consider C(«, 3;9) when o and 3 are congruences. When «
and [ are reflexive, compatible relations there is a useful alternate description of [«, 3]. First, when 3 is
a reflexive, compatible binary relation on A we use the notation A x gz A to denote the subalgebra of A?

with universe 3. That is, A xg A = SgA2 (B). Now let Ag, be the congruence on A x3 A generated by
{((z,2), (y,9) | (z,9) € a}.



Call a subset G C A2 A-closed if
AgoaoGolAg, CG.

When « and 3 are reflexive, compatible relations, then [a, 3] is the smallest subset v C A? such that (i) v
is a congruence of A and (i) v is A-closed.

The following definition from [9] is useful: Given congruences «, f and v on A, let [a, (], denote the
least congruence § >« such that C(«, 3;0) holds. Of course, [, 5o = [a, 5]

LEMMA 2.2 IfV has a difference term, A € V and a, 3 € Con A, then [«, 5] = [5, a].

Proof: Assume not. Then for some « and 3 we have that [«, 5] € [, «]. From this we obtain that
[3,a] < [, B]jg,q holds. If we let A" = A/[B,a] and o' = o/[B,0], ' = B/[B,qa], then we get [3',a'] =
0 < [o/,5'] in A’. By changing notation we may assume that [3,a] = 0 < [, 5] in A.

Since [a, 8] # 0, there is a polynomial p(z, ), (a,b) € « and (@,7) € B such that

p(a,u) = p(a,v)
while
c=p(b,u) [, 5] = 0a p(b,0) =e.
Let 8 = Cg(c,e). Clearly 0 < [a, 3] < a A 3. Hence

[0,6] <[anB,anp]<[B,a] =0.

Let p'(x,9) = d(p(z,9), p(x, @), p(b,w)). Then

while

c=p'(a,v) [8,a] p'(b,0) = d(e,c,c) = e.
This implies that ¢ = e (since [3,a] = 0, (¢,e) € 6 and [6,0] = 0), which clearly contradicts the second
displayed line of this paragraph. O

In a congruence modular variety, centralizer relation is symmetric in its first two variables: C(«, 3;0)
iff C(B, ;). This is a consequence of Lemma 2.2 and the fact that

Cla, B;0) < [a, 8] <0

in a congruence modular variety. However, the centralizer is not symmetric in its first two variables in non-
modular varieties with a difference term. lL.e., if V has a difference term, then the centralizer is symmetric
in its first two variables throughout V iff V is congruence modular. What this implies is that when V has a
difference term but is not congruence modular, then C(«, 5;0) is not equivalent to [a, ] < §. The correct
relationship between these properties is given in the next lemma.

LEMMA 2.3 Suppose that A € V where V is a variety with a difference term. The following conditions
are equivalent.

(i) C(a, B59).
(i) [a,B]s = 0.



(1i) [, B] < 9§ and [y,7] < § where v := [ A [a, (5.
(In particular, [a, 5] < 8 & [6,] < 6 = C(a, ;6).)

Proof: That (i) = (ii) = (iii) is clear. The final statement of the lemma follows from the implication
(791) = (1), so we concentrate only on this implication.
Assume that (7i7) holds, but that (7) fails. Since C'(a, ;0) fails, there exist p(z,y) € Pol,+1 A (a,b) € «
and (u;,v;) € 8,1 < n, such that
pla, @) 6 p(a, )

while
c= p(bvﬂ) [Oé,ﬁ](; - 6p(b71_)) = ¢C.

Clearly (c,e) € 3, since each (u;,v;) € 3, so in fact (c,e) € . If d(z,y, 2) is the difference term for V, let
P (z,9) = d(p(x,7),p(x,u),p(b,a)). Then we have

and therefore
p'(a,v) [B,a] p'(b,v).
But p'(a,v) 6 p(b,u) and p'(b,v) = d(e,c,c) [y,7] e = p(b,v). Altogether, this means that

c=p(b,u) d p'(a,v) [B,a] p'(b,0) [v,7] e.

Assuming (ii7) we have [y,v] < 0 and [, a] = [«, 5] < §, so we conclude that (¢, e) € . But we deliberately
arranged things so that (¢, e) ¢ §. This contradiction concludes the proof. O

In order to describe the way the commutator behaves with respect to homomorphisms we introduce
additional notation. If ¢ : A — B is a homomorphism and R is a binary relation on B (usually a
congruence), then ¢<(R) is the relation {(z,y) € A% | (¢(x), #(y)) € R}. We may also write this as simply
R< if ¢ is understood. Thus, for example, ¢=(0g) and Og both denote ker ¢. If S is a binary relation
on A, then ¢(S) will denote the relation {(¢(z),¢(y)) € B?| (z,y) € S} on B. Both ¢~(S) and S~ will
denote the congruence on A generated by ¢(S). In the rare cases where we may need words to go with
these symbols we call ¢(S) the image of S, ¢~ (S) the push-forward of S and ¢<(R) the pull-back of
R. When we “push S forward” we obtain S~. When we “pull R back” we obtain R<.

LEMMA 2.4 IfV has a difference term, A € V and «, 3 and y are congruences on A with v < a A j3,
then

[Oé, B]’Y = [Oé, 6] \ ’7
In particular, if ¢ : A — B is surjective and p,o € Con B, then

[p,0]< = [p=,05] VO=.
Proof: For the first claim, let 6 = [, 5] V7. Then we have
[a, 8] V6 = [a, B] Vy < e, Bl < v, Bls.

Hence it suffices to prove the first statement of the lemma only in the case v = § > [a, §]. In this case, we
need to show that
[, 8] <6 <anp=lopls =0



Assume instead that [, 8] < d < aAf while § < [a, 5]5. Then there is a polynomial p(x,y), (a,b) € «
and (@,v) € B* such that
pla, @) 0 p(a,v)

while
c= p(bvﬂ) [Oé,ﬁ](; - 6p(b71_)) =ée.
Let 8 = Cg(c,e). Clearly 6 < [o, 8]s < a A . Hence

[0,0] <[aAB,anp] <[a,f] <0

Let p'(z,9) = d(p(z, 9),p(x,u), p(b, @)). Then

while
¢ 5 9/(a,9) [B,0] p/(b, ) = dle, ).

Now d(e, c,c) [0,0] e, so since [0, 0] < § we get d(e, ¢, c) § e. Furthermore, by Lemma 2.2 and our hypotheses
that [o, 5] < 0 we get that [, a] < 4. Hence, in the last displayed line we have

cdp(a,v)dp'(b,v)=d(e,crc)de.

But this contradicts the second displayed line of this paragraph. IL.e., (c,e) € § is false. This finishes the
proof of the first statement of this lemma.

The second statement follows from the first by taking v = 0<, a = p=< and 8 = ¢<. Then it turns out
that [p, o]~ = o, (]4. O

Generalizing notation from [1] we define [0] = 6 and [0]3 = [[0]%, [0]%]s. [0]" is defined to be [0]7.

LEMMA 2.5 IfV has a difference term, A € V and «,~,6 € Con A, then for each n we have

[aVAlg < [of§ V.

n

In particular, [a V ]} = [a]].

n

Proof: The second claim of the lemma follows from the first (taking 6 = ), since [a]’}

holds and [a V 7]} > [a]}) is a consequence of the monotonicity of the commutator.
The first claim of the lemma is trivial if n = 0. Assume that this claim is false for n = 1. Then
we can find a,v and § so that [a Vvy,aVy]s £ [a,als V. Set v/ = [a,als V. Then again we have
[aVA aVAy]s £ [a,als V7, but we also have [a, a]s < 4. Changing notation back, we assume that our
original choice of 7 satisfies [, a]s < ~. (In particular, 6 < ~.)
Choose (z,2) € ao~y. Thereis a y € A such that x =, y =, z. We have

> v always

T =[a,q] d(fb,y,y) =y d(x7y72) = d(y,y,Z) =z

Since [, a] < [a,als < 7, this forces (z,2) € 7o a. Hence aoy C yoa. It follows that a« Vy = aor.

We have assumed that [oV v,aV7ls £ [o,als Vy =~. Thus, v < [@ Vv,aV ~v],. For any pair of
congruences on any algebra the statement v < [a Vv, V 7], is equivalent to v < [o, & V 7],. (The latter
surely implies the former by monotonicity. Conversely, v = [y, a V 7], always holds; so if v = [o, @ V 7],
then v = [aVy, V], holds too because the commutator is semidistributive over join in its first variable.)
Thus we need to obtain a contradiction to



(7) V has a difference term,
(”) [CM, Ck](g <,
(19i) aV~y = ao~vyand
() v < o,V 7l5.
Because of (iv) we can find a polynomial p(z,%), (a,b) € a and (4, ) € (a V v)* such that
p(a, w) v p(a,v)
while
p(b, @) [or, 0 V ]y — 7y p(b, D).
Since aVy = a0+, we can find a w; for each i < k such that u; =, w; =, v;. Then for z € {a,b} we have
p(zv ﬂ') =a p(zv 'ID) E’Y p(zv T))
Using this for z = a and using also p(a, %) =~ p(a, ) we obtain that
pla, @) v p(a, ).
By the same argument with z = b instead we obtain
c=p(b,a) |a,a]ly —vpbw) =e.

Let p'(x,9) = d(p(z,9), p(x, @), p(b,w)). Then

while
cvyp'(a,w) [o, ] p'(b,w) = d(e,c,c).

Now (c,e) € a and [a, 0] < [a,a]s < 7. Hence d(e,c,c) = e. The last displayed line gives us that
(c,e) € . This contradicts our previous conclusion that

¢ =p(b,u) [a,aly — v p(b,w) = e.

Now assume that the first claim of the lemma holds for a fixed k¥ > 1. Then

I IAIA

By induction, the claim holds for all n O

The next lemma perhaps doesn’t really belong in a sequence of results concerning varieties with a
difference term, because it is true in any variety.

LEMMA 2.6 Assume that ¢ : A — B is surjective. If a, 5 € Con A, then ¢([or, 3]) C [p(a), ¢(B)]. If
there exists ¢ : B — A such that ¢ oy = idg and p,o € Con B, then

=([87 (p), 7 (0)]) = d([7 (), ¥ (a)]) = [p, 0.



Proof: In order to prove this lemma, we need to understand how [«, ] is generated from « and .
Recall that v = [, 3] iff v € Con A is the least A-closed congruence on A. Here Ag, is the congruence
on A xg A generated by

{(z,2), (y,9)) | (=,y) € B}

More simply put, if  : A — A xg A is the canonical embedding of A onto the diagonal, then Ag, =
67 ().

We can build v = [, ] in a “bottom-up” fashion: Begin with v9 = 0a, the trivial congruence on A.
Certainly o C « since 7 is a congruence. Now g may not be A-closed, but

T = Aﬁ,a °% © Aﬁ,a

is. Clearly v9 € 71 C 7, since Ag, is reflexive and v is A-closed. 7; is a A-closed tolerance of A, but
it may not be transitive. We let t(R) denote the transitive closure of a subset R C A2. Since v is a
tolerance, v2 := (71) is a congruence. We have vy C vy C 72 C , since + is transitive. 2 need not be
A-closed, but v3 := Ag 0720 Ag, is. Continuing in this way we get a sequence

YVENCr Ty C---Cy

where the relations with even subscripts are congruences and the relations with odd subscripts are A-closed
tolerances. We must have v = |J,,,, V» since the latter is a A-closed congruence contained in .

Now we begin our argument that ¢([cr, 8]) C [¢p(a), ¢(5)]. As we have just explained, [«, 8] = U, <o, Tn-
Hence

qb([Oé,B]) = ¢( U r}/n) = U gb('yn)

n<w n<w

Note that ¢(«) and ¢() are tolerances on ¢(A) = B. Let I'g = Op and define
(1) Tit1 = Ag(s).6(a) © Ti 0 Dy(8),6(a) if 7 is even and
(2) i1 = f(Iy) if @ is odd.
Then [¢p(a), ¢(B)] = Up<w I'i- We can finish the first part of the proof by showing that ¢(v;) C I'; for each
1. For this we need to prove the following claim.
Claim. ¢(Aga) C Ap(s),6(a)-

Proof of Claim: Ag, is a congruence on A xg A and Ay pg) g(a) is a congruence on B x 45 B =
#(A x3A). Hence it suffices to show that ¢ maps the generators of Ag ., into Ay () 4()- A typical generator
of Ag 4 is of the form ((a,a), (b,b)) where (a,b) € a. Applying ¢ we obtain ((¢(a), ¢(a)), (¢(b), ¢(b))) which
certainly belongs to Ayg) s(a)-

Now we get back to the proof of the lemma. Clearly ¢(vg) = I'g. Assume that ¢(vy;) CT'; for all i < k.
If k is odd, then v, = Ag 4 0vy—10Ag,. Hence

¢(7k) = ?b(AB,a ©Yk—10© Aﬁ,a)
c ¢(Aﬁ,a) © ¢(7k—1) © ¢(Aﬁ7o¢)
€ Ay(@),6(a) © Tr—1 0 Ay(g),4(a)

—T,.
If £ > 0 is even, then v = f(7x_1). Hence
(k) = é(t(ve-1))
C 1(o(ve-1))
Ci(Tk-1)
— T



Thus in either case we have ¢(7x) C I'x. By induction we have ¢([a, 8]) C [p(a), d(B)].
Now we consider the case where there is a homomorphism v : B — A such that ¢oy = idg. Of course,
this hypothesis implies that ¢ is 1-1. From this it follows that for «, 8 € Con A we have

[~ (), ¥ =(B)] € ¢~ ([ev, B)).

(Thinking of ¢ as an inclusion, this displayed line is just the familiar commutator inclusion [«|B, 8|B] C
[, B]|B.) We choose to rewrite this for the case o = ¢~ (p), § = ¥~ (o) where p,o € Con B. In this case
we have

(=97 (p), =97 (0)] S U=[¥7 (p), ¥~ (0)]-
Observe that for any S C A we have ¢¥<(S) C ¢(S). If p € Con B this forces

p C Y=<y~ (p) C ¢y~ (p) C p.

Hence ¢<9¢~(p) = ¢p~(p) = p. Putting these observations together with the first part of this lemma,
when p,o € Con B we have

<[y~ (p), ¥~ (o)) ; i
=7 (p), ¥=¢~ (0)]

We conclude that ¢ <[~ (p), v~ (0)] = @[t~ (p), v~ (o)] = [p, o] as we claimed. This finishes the proof of
the lemma. O

In the first statement of the previous lemma we assumed that ¢ was surjective only to avoid discussing
the commutator of non-reflexive relations.

Gumm proved that the four properties listed in the next lemma hold for any congruence modular
variety. We show that any variety satisfying one of them satisfies all of them. The point of this lemma is
to show that, not only is a difference term formally a weak version of a Mal’cev term, a difference term is
associated with a weak version of congruence permutability.

LEMMA 2.7 IfV is a variety, then the following conditions are equivalent.

(1) V has a difference term.
(1)) V Feon @0 B C [a,a] 0 foa.
(i73) V Econ @0 C [a]™ o B o« for each n.
(iv) For each n there is a term d,, such thatV satisfies the equations d,,(z,z,y) = y and d,(2,y,y) Zjgpn

for any 6 containing (z,vy).

Proof: Clearly (iv) implies (i) since each d,,, n > 0, is a difference term.
Assume (7) and choose (z,z) € a0 (where o, f € Con A, A € V). There exists y € A such that
T =, Yy =g 2. Hence
T =[a,af d(.’E,y,y) =p d(l‘,y, Z) =a d(yayv Z) =z

This shows that (x,2) € [a,a] o o« and (i7) holds.



Given (ii) we have a0 3 C [a, a] o 3o a. Similarly, we have [a]* o 8 C [o]*T! o B0 [a]*. Thus,

aof

1NN

This shows why a o 3 C [a]? o o a. For any given n, (iii) follows from this for r chosen so that 2" > n.
To finish we must show that (i) implies (iv). Choose F = Fy(z,y,z) and let « = Cg(z,y) and 8 =
Cg(y, z). Then
(x,2) €EaoBCla]"0Boa,

so there are elements d, e € F' such that
T = € =pd=q 2.

If d,(z,y,2) and e(x,y,z) are terms representing the elements d and e respectively, then the fact that
(d,z) € a implies that V = d,(z,x, z) = z. Since (e,d) € § we have that V = d,(z,y,y) = e(z,y,y). We
will be finished if we can show that V = e(x,y,y) =g»  whenever (z,y) € 6.

Let G = Fy(z,y) and define ¢ : F — G to be the unique homomorphism extending the map z — =z,
y+—yand z — y. Let ¢ : G — F be the unique homomorphism extending the map =z +— x, y — y. It is
the case that ¢ 01 = idg, so we are in the situation of Lemma 2.6. Let p = Cg%(x,y). Then ¥~ (p) = a,

w0 o(ja]™) € ()"
= w]zf(p)]"

=1p

Since z =[q)n e¥(x,y, 2), this implies that

T = QZ)(CL‘) =[p|n ¢(€F($ay72)) = eG(m,y,y).

Thus we have e (z,7,%) =[» . Choose A € V, elements a,b € A and a congruence § € Con A
with (a,b) € 0. We need to show that e®(a,b,b) =[gj» a. From the way the commutator restricts to
subalgebras, it is clear that [CgB(a,b)]™ C [A]" for B = Sg”({a,b}). Hence it will be sufficient for us to
prove e (a, b, b) =jgj» a. in the case where A is generated by a and b and 0 = Cg(a, b). We reduce our
problem one step further. Let A : G — A be the homomorphism determined by x — a, y +— b and let ~
equal the kernel of A. \ is surjective since A is generated by a and b and A<(6) = p V . Hence, in order
to prove e®(a, b, b) =[gj» a we need to verify only that eS(z,y,y) =pvaln T By the monotonicity of the
commutator (or by the trivial part of Lemma 2.5) we have:

(€S (x,y,),2)) € [p]" C [l < [p VA2

This proves that V = d(z,y,y) = e(2,y,y) =g z whenever (z,y) € 6. O
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LEMMA 2.8 Assume that V has a difference term, A € V and «; € Con A for i € I. Then
[\ e, \ el =V i, ).
iel el ijel
Proof: The inclusion [V;c; s, Vier il > [oy, a;] holds for all ¢ and j by the monotonicity of the
commutator. Hence
[V ai, Vil >\ [ai, ]
iel el ijel
holds. We shall argue that the reverse inclusion holds when V has a difference term. Since

VaiVail= U [VaiVai

el el JCI ieJ ied
J finite

and
V lai a5l = U ( \V [az‘a%’])
ijel g1 \ijeJ
J finite

it follows that we only need to prove the lemma in the case that I is finite. The lemma is trivial for |I| =1,
so assume that I = {0,...,n — 1} for some n > 1 and that the lemma holds for |I| = ¢ for all £ < n.

Set =V, jerlovi, aj]. Our goal will be to show that C(Vya;, Vrai;d) holds for this will prove that
[Via;, Viay] < 0. The assertion that C(Vyay,Vria;;0) holds is equivalent to the assertion that, for each
k <n, C(ag, Via;;d) holds.

Claim. \/,_,a; =doapo---0ap_1.

Proof of Claim: This is an obvious consequence of the facts:
(i) 600+ 0an1 S Vienas € Upe(@o o+ 0 an_1)’.
(i1) a5 o0y C oy, a5l 0ajoa; Cdoayoay.
(1i1) a;j0d = doay.
() a;o0q; = .

((7) and (iv) follow from the fact ConA is a lattice of equivalence relations. (ii) and (iii) follow from
Lemma 2.7 (i) < (ii). For example, to show (ii¢) one first argues that a; 00 C § o a; where 6 = [, as] is
any joinand of §. This proves «; o d C § o o; which is equivalent to (iii).)

The previous claim shows that
—C(ag, Vieni; 0) = —C(ag, 0 0apo -+ 0 ay_1;9).
But if S is any binary relation, then
-C(a,d085;9) = -~C(a, S;9).

(To see this, start with a failure of =C'(«,d 0 S;9): that is, p(z,y) € Poli+1A, (a,b) € o and u; 60 .S v;
where

p(a,u) 6 p(a, )

11



but
p(b,a) §p(b,v).

Then choosing w; so that u; § w; S v; we find that
p(a,w) S p(a,v)

but
p(b,w) § p(b,0).
Hence —-C(a,d 0 S;0) = —~C(«, S;6) as promised.) We conclude that

—C(ag, Vienai; 8) = =C(ag, 0 0ago -+ 0ay_1;0) = =C(ag, ago -+ o ay_1;0).

If we show that C'(ak, o+ 0 ay—1;0) holds, then C'(ag, Vicnay;d) will hold as a consequence.

Observe that from the previous claim we even have V/,_,, a; = doay(g) 0+ - -0 (,,—1) for any permutation
7w of {0,...,n — 1}. Rearranging the order of the «a;s in this composition and renumbering, it is clear
that we may assume that ap = ag. Thus we need to derive a contradiction from the assumption that
C(ag,apo---oay_1;0) fails and that n is the least natural number for which such a failure occurs. Choose
p(z,y) € Polyy1 A, (a,b) € ag and (u;,v;) € ag o -+ 0 a1 such that

p(a,u) b p(a,v)

but
p(b,a) §p(b,v).

For ¢ = [§], choose w such that for each j it is the case that
Uj GO -+~ 0Qy_1 Wj QpO---0Qp_1 Vj.

Since 1 < n we have that 0 < ¢ < n. Define p/(z,y) = d(p(x,7), p(x,w),p(b,w)) where d(z,y, z) is the
difference term for V. We have that

so we can conclude that

p'(a,a) [0, 0] p'(b, @) and  p'(a,0) [0, ] p'(b, )
where 6 = Vf;é o; and 0" = /2! .
Claim. [0, ap] < § and [¢/, ] < 0.

Proof of Claim: Recall that n > 1. If n = 2, then # = o and ¢’ = a;. In these cases the claim
follows immediately from the definition of §. Now assume that n > 2.

Subclaim. If n > 2, then {«yp,...,a¢_1} and {ap, ay,...,a,_1} are proper subsets of {«ag,..., a1}

Proof of Subclaim: Since ¢ < n we have that
an—1 € {ag,...,an_1} —{ag,...,ap_1}.
Next, since £ = [§] > 1 we have

a1 €{ag,...,an-1} —{aog,p, ..., n_1}.
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The argument is complete.

Now we finish off the Claim. The set S = {«yg,...,ar_1} has cardinality less than n, so by induction

we have
Vv VA=V Yl

yES €S ¥, €S

By the monotonicity of the commutator, the left-hand side dominates [, ao] while the right-hand side is
dominated by §. (In fact, each joinand on the right-hand side is a joinand in the definition of 4.) The
argument for [0, ap] < § is the same. This finishes the proof of the Claim.

From the last Claim and the remarks that precede the statement of the claim, we have
p'(a,u) §p'(b,u) and p'(a,v)§p/(b,0).
If f(z) = d(z,p(a, w),p(b,w)), then

p/(a,ﬁ) - f(p(a,ﬂ)) 0 f(p(a,@)) - p/(a,T))

since f is a polynomial of A and (p(a,u),p(a,v)) € 6. From this we obtain that
p'(b,w) 6 p'(a,w) 6 p'(a,0) 6 p'(b,0).

Since p(b,u) § p(b,v) it follows that either p(b,u) §# p’(b,a) or else p(b,u) F p'(b,u) (or perhaps both).
In fact, we will show this is not the case and this contradiction will conclude the proof. Both cases are
similar, so we shall only describe the contradiction obtained in the case where p(b,a) § p’(b,@).

Recall that p/(b,u) = d(p(b,a),p(b,w),p(b,w)). If we let ¢ = p(b,u) and e = p(b,w), then we have
reduced to the case where ¢ § d(c,e,e). But (c,e) = (p(b,u),p(b,w)) € V;-¢ . Since £ < n, our induction
hypothesis implies that

[Cg(cv 6), Cg(c, 6)] < [Vi<£ Qi Vi<£ ai]
= Vi,j<f[ai? ]
<

J.
Since d is a difference term, we must have ¢ [Cg(c,e),Cg(c,e)] d(c,e,e) and so ¢ § d(c,e,e). This is the
contradiction we sought. O

Generalizing previous notation, we let A x, A X, A denotes the subalgebra of A® whose universe
consists of those triples (a,b,c) € A% where a =, b =, c.

LEMMA 2.9 Assume that V has a difference term d, that A € V and o € Con A. Then [a,«] = 0 iff
(1) d(b,b,a) = d(a,b,b) = a for all (a,b) € a and
(17) d: A xq A Xo A — A is a homomorphism.

Proof: This theorem is proved for congruence modular varieties in [1] (Theorem 5.7). All dependence
on congruence modularity can be removed from their argument. Freese and McKenzie show (without using
congruence modularity) that properties (i) and (i) of this theorem allow them to define a congruence A’
on A x, A which contains

{(z,2), (y,v)) | (z,y) € a}

and which has the property that the diagonal of A X, A is a union of A’-classes. This is sufficient to prove
that [, ] = 0. Part of the other direction of their argument really requires congruence modularity, so we
modify the argument here.

13



Since d is a difference term and [a, a] = 0, we have that d(b,b,a) = d(a,b,b) = a whenever (a,b) € «a,
so (i) holds. Now suppose that o y a z. Then ((z, z), (y,y)) € Aq.q, SO

(d(mvya Z),JZ) = d((l’,l‘), (yw%')v (z,a:)) Aa,a d((y,y), (y,.%'), (Z7x>) = (Z7y)'

If f(z) is a basic n-ary operation of A and x; o y; & 23, i < n, then f(Z) a f(y) a f(Z). We have from this
that
d(f(2), [(9), f(2), f(Z)) Aa,a (f(2), f(7))
and, for each 1,
(d(@i, Yi, 2i), i) Dasa (205 Yi)-

Applying f coordinatewise to these latter pairs and using that A, , is a congruence, we get
(f(d(z0,0,20), - - - d(@n—1, Yn—1,2n-1)), [ (Z)) Da,a (f(2), f(7))-
We conclude that
(r,t) = (d(f(2), £(9), (2)), f(2)) Aa,a (f(d(z0,Y0,20), - - -, A(Tn-1,Yn-1,2n-1)), f(Z)) =t (5,1).
The elements r, s and t defined in this way belong to the same a-class, so
(r,s) =d((r,t),(s,t),(s,5)) Aqa d((s,1),(s,1),(s,s)) = (s, s).

But the fact that [a,a] = 0 means that the diagonal of A x, A is a union of A, ,-classes. Since
(T? 5) Aa,a (‘97 5) we must have r = s or d(f(j)a f(g)a f(z)) = f(d(‘ranO’ ZO)a s 7d(xnflaynfla anl))-
This holds for every basic operation f, so d is a homomorphism. O

The next theorem summarizes the basic commutator properties that hold for a variety with a difference

term.

THEOREM 2.10 Let V be a variety with a difference term. Then the following properties of the com-
mutator hold in V.

I. (HSP Properties) Assume A,B, Ay, Ay € V. The following hold.

(H) If ¢1 : A — B is surjective and o, 3 € Con A, p,o € Con B, then

¢([a, A]) € [d(a), 6(8)] and ¢=[p, o] = [¢=(p), ¢=(0)] V $~(0B).
If there is a v : B — A such that ¢ oy = idg, then

V<[~ (p), ¥ (o)) = [p, 0.
(S) If B < A and a, 3 € Con A, then
lals, BlB] < [, A]|B-
(P) If ay, B; € Con Ay, then in Ay x A, we have
[ao X a1, fo % B1] = [, Bo] X [a1, Bu].

II. (Order-Theoretic Properties) For congruences on A €V the following hold.
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(1) fa<a and B <[, then [, 5] < [/, ]
(i) [, Bl <a AP
/i [avﬁ]:[ﬁva]

III. (Abelian Congruences)

(a) Abelian algebras in V are affine.

() [o,a) =0in A iff d(y,y,x) = d(z,y,y) =z for all (x,y) € v andd: A Xy A Xy A — Aisa

homomorphism.

Proof: All of these properties are either (i) true of the commutator in any variety (and well-known),
(74) proved for modular varieties in [1] or [3] using only the fact that V has a difference term or (iii) proved
in Lemmas 2.2-2.9 above. O

Of the standard properties of the modular commutator, the only property that is weakened when we
relax the assumption “V is congruence modular” to “V has a difference term” is the additivity of the
commutator. Instead of complete additivity, we only have complete V-semidistributivity. It is not hard
to prove that congruence modularity is equivalent to the existence of a difference term together with
the additivity of the commutator. Properties II (iv) — (vi) of Theorem 2.10 are a partial substitute for
additivity. (Incidentally, properties IT (v) and II (vi) have a valid natural common generalization that is
trivial to prove but non-trivial to write down. The case n = 2 may be expressed as

1V ai, Ve, [V ai, V eidl) =\ (e, o], [o, eu]).

icl gl icl gl i3kl

For higher n the property is that [\/;c; o;]" may be expanded “as if the commutator was completely
additive.”)

3 Varieties with a Difference term

In this section our first goal is to give a useful characterization of those varieties with a difference term.
This is done in Theorem 3.3. We then specialize to locally finite varieties and prove Theorem 1.1. First we
show that some results on solvability in locally finite varieties extend to arbitrary varieties with a difference
term.

Definition 3.1 If a and 3 are congruences on A, then we write a ~ 3 and say that o and § are solvably
related if for some n it is the case that [a V G]" < a A S.

It is not obvious at first glance, but for varieties with a difference term our definition of “solvably
related” means that o 2 3 iff (aV 8)/(a A B) is a solvable congruence of A/(a A 3). To explain why this
is true, we first set § = a vV § and § = a A . It is clear from the definition that a@ ~ (3 is equivalent to
aA B aV B sowe only need to show that when 6 < @ we have § ~ 0 iff /6 is a solvable congruence
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of A/6. That is, we must show that [f]" < ¢ for some n is equivalent to [A]5* = d for some m. Since
[0]" < [0]§ for all n, we certainly get that [0]§ = 0 implies []™ < ¢. The reverse implication follows from
the fact that when 6 < 6, then [0]} = [0]" V¢ for all n. (This can be proved by a straightforward induction
on n using Lemmas 2.4 and 2.5.)

LEMMA 3.2 Assume that V has a difference term and A € V. Then
(i) X is a congruence on ConA.

(i) If§ < o, B, then a X B iff a/6 2 3/6 in ConA/é.

(4ii) ~-classes are convex sublattices of permuting congruences.

(iv) ConA/ % is meet-semidistributive.

Proof: For (i) the definition of & shows that it is a reflexive, symmetric relation on ConA. To prove
transitivity we must show that if [a vV )7 < a A 8 and [V 4]F < B A+, then for some [ it is the case that

[avAl' <any.

First note that ' ‘
[af <[aVvpl <anp<p

and
[BF <[BvAf <BAy <.
Together these two lines imply that [a]/* < . We trivially have [a}/* < «, so
[o]* < a A

Similarly, [y]7* < a A . But now, using the common generalization of Theorem 2.10 II (v) and II (iv)
which we described after the statement of Theorem 2.10, it is easy to see that

[oe VA" < o] vV []™

Thus, for us, ‘ ‘ '
[ vV A)PE < [k v )
<aAqy.

To show that < is compatible with V we must show that if o 2 3, then o Vv 2 3V 7 for any 7. The
former condition means that [V 8] < a A 3 for some j while latter is established by showing that

eV BVAF < (@va) A (B V)
for some k. Using the idea of the previous paragraph twice we have

[(avB) vl <lavpPrv iy
< [of* V[B]" v 7)™
Hence we can finish this part of the argument by showing that each of [«]"™, [f]
equal to (a V) A (B V) for sufficiently large n. Note that

n n

and [y]™ is less than or

[ <lavp)
<ang
< (V) A (BVY).
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Similarly, [8]7 < (aV ) A (B V~). Finally,

W™ <y<(aVy)A(BVY)

for all m. We get that '
[V BVAIY <(aVAy)A(BV7)
as desired.
To show that < is compatible with A, assume that o < 3 which means that [oV 37 < a A 3 for some
j. Then for any v we clearly have ‘
[(aAy)V(BAY <7y
and ‘ ‘
[(arnn)VBANY <[aVvE <anp,

so [(@Ay)V (BAY)] <aABAy. This finishes the proof that < is a congruence.

Next we prove (ii). From the remarks following Definition 3.1, a X 3 iff (o vV 3)/(a A ) is solvable
in A/(a A B) and similarly /6 & 3/6 iff ((a vV 3)/0)/((ac A 3)/5) is solvable in (A/§)/(a A 3)/6. The
equivalence of a X 3 and a/§ X 3/ now follows from the Second Isomorphism Theorem.

For (iii), note that since X is a lattice congruence, its classes are convex sublattices. We must show
that if & & 3, then a0 8 = B o . Choose n such that [a V 3]" < a A 3. Then [a]® < 3, so Lemma 2.7
(1) < (uit) insures that a o 8 C o . The opposite inclusion follows similarly, so & and § permute.

Finally we show that ConA/ % is meet-semidistributive. We assume otherwise and argue to a contra-
diction. The claim that ConA is not meet-semidistributive is equivalent to the assertion that there exist
a, 3,~v € Con A such that

aANBLany but aABXan(BV7).

Let
(i) o/ =aAN(BV7),
(i) B/ =PV (aAvy) and
(i) 7' = 7V (@ A B).
Claim. o/ A =ad' Av,but &/ A (B'VY) =d' ¥ o/ NG
Proof of Claim: First, 3 = 3V (a Avy) 2 BV (a A B) = 3 and similarly 4" % «. Define § = o/ A 3’

and note that @ = o/ A3’ = a A X aAB. Define § = (¢ AB)V (e A7) and note that a A3 <6 <6 < a.
In particular, § X § ~ o A 3. Using Lemma 2.7 and the fact that [6]” < a A 8 for some n we have

doBC[f]"ofod C [Bod.
Hence V4 = o0d. But V=3 > 6 > 4. If there exists a pair (a,b) € § — §, then (a,b) € Bod — 4.
For such a pair there is a ¢ € A such that a 5 ¢ b. Since (a,b) € 8 we get ¢ 0 b 6 a. Hence (a,c) € A0

=o' N =aAf <4 This proves that a 6 ¢ § b which contradicts our choice of (a,b) ¢ 6. We conclude
that § = 4. Referring back to the definition of § and 6, this tells us that

NG =(aAB)V(aAT).
A symmetric argument with 7/ in place of 8’ shows that

ANy =(anB)V(any).
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Hence o/ A ' = o/ A+ as we claimed.
For the second part of the Claim we observe that 3V~ = 3V~y,so o/ A (8 V') = . From this and
our hypothesis that a A ¥ a A (BV ) = o we get that

NP V)= FanBRd A

(The fact used here that o/ A 3/ = a A B % a A 3 follows immediately from the definitions for o’ and 3'.)
This finishes the proof of the Claim.

To continue with the proof of the lemma, let A = o’ A 3. From the claim we have o/ A = X = o/ Av'.
Hence C(#',a/;\) and C(v/,a’; ) hold. Thus C(8' vV «/,a’; A) holds too. Since 'V~ = pV~y > o, we
have C(a/,a/;\), so [@/,o/] <X\ =o' A < . This implies o/ 2 o/ A ' which is contrary to the previous
Claim. The only unjustified assumption that we have made is that ConA/ % is not meet-semidistributive,
so this possibility must be discarded. This proves (iv) and concludes the proof of the lemma. O

We will refer to the fact that % satisfies Lemma 3.2 (ii) by saying that < is preserved by homo-
morphisms.

If A has congruences 6,0 and v such that § < 0, § V~y > 6 and 6§ A~v < 4, then {0,0,~v} generates
a sublattice of ConA isomorphic to the five element non-modular lattice, N5. In such a sublattice it
is common to call the interval I[0, 6] the critical interval. We will call I[, 6] a neutral interval of a
congruence lattice if [«, 8]s = a A  holds whenever «, 3 € I[§,60]. This is equivalent to asserting that
[, a]s = a for all a € 1[0, 6], clearly. It is also equivalent to the assertion that C(6’,6’;¢") fails whenever
§d < ¢ <0 < 6. In particular, if [, 0] is neutral and «, 5 € I[6, 6] are solvably related congruences, then

a=0.

THEOREM 3.3 IfV is a variety, then the following conditions are equivalent.
(a) V has a difference term.

(b) For each A € V the relation X is a congruence on ConA which is preserved by homomorphisms.
Furthermore, whenever Ny is a sublattice of ConA, then the critical interval is neutral.

(¢) For some n V has terms mo(z,y, z,u), ..., msy(x,y, z,u) for which the following equations and rela-
tion hold.

(i
(ii

) (@, 20 ) = T, Man (@, 2,8) = 1,
)
(131) msi(z,z,y,y) = mgir1(z, x,9,7),
)
)

mi(x,y,y,x) = x for all i,

(i’U m3iy1(2,y,y,u) = maip2(z,y,y,u),

(v) mgita(z,y, z,u) (o, a] msir3(z,y, z,u) for any congruence o with (z,u) € .

Proof: If (a) holds, then we have just finished showing that < is a congruence which is preserved by
homomorphisms. To show that the remainder of condition (b) holds, assume that A € V and that A has
congruences 0,6 and v such that 6 < 0, § Vv > 60 and 6 Ay < §. We must show that the interval 1[4, 6],
which is the critical interval of the N5 generated by {0, 6,~}, is neutral. If instead one can find congruences
8,6’ such that 6 < ¢ < 0" < 6 such that C(6',6';¢") holds, then {¢,60',v} generate a copy of N5 and now
we have [0, 6] < ¢’. Changing notation back, we see that it is enough for us to prove from (a) that ConA
has no copy of N5 with critical interval I[d, 0] where [0, 6] < 4.
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In order to obtain a contradiction, we assume that vV d >0, y A6 < ¢ and [0,0] < § < 6. As is usual,
we will write « o, 3 to denote the n-fold composition of the congruences o and 3 beginning with «. That
is,

aop, 3= aofoao---,

n — 1 occurrences of o

Since § < 0 <~V 4, it follows that for some n the set 6 N (v o, §) properly contains d. For the rest of this
proof we fix n to be the least value for which this is true. This value of n must be odd, for otherwise we
obtain that 6 N (v o,—1 ) = § while there is some (a,b) € 6N ((y 0,—160) 0d) —J. But for this (a,b) we can
find a ¢ € A such that

a(yop_16)cdb

and for this ¢ we have ¢ § b 6 a. Therefore (a,c) € 6 N (yop,_10) = 6. This gives us that a 6 ¢ 6 b which is
false since, by our choice, we have (a,b) & 6.

Since n is odd, the composition yo, § begins and ends with . As before, for a given (a,b) € ON(vy0,6)—4
we can find a ¢ € A such that

a (yop_19)cyb.
For this ¢ we have
a=d(c,c,a) Y d(b,a,a) [0,0]b.

Here v := v 0,1 § and " is the converse of 1. Our claim that (d(c,c,a),d(b,a,a)) € ¥ comes from the
fact that 1" is a subalgebra of A x A which contains (c,a) (by the choice of ¢) and (¢,b) and (a,a) (since
in fact v C 4Y).

We arranged things so that [#,6] < ¢ and so that (a,b) € 6. For e := d(b,a,a) our last displayed
equation implies that a = " ¢ § b 0 a and so

(e,a) €Ny =4

But this forces a ¢ e § b which contradicts (a,b) ¢ §. This contradiction shows that it is impossible to have
[0,0] < 6 when I[d,0] is the critical interval in an N5. The proof that (a) = (b) is complete.

Next we assume that (b) holds and prove (¢). Our argument will by a modification of Alan Day’s
argument which associates a Mal’cev condition to congruence modularity. Let F = Fy(x,y,2,u) and
define congruences

vi= Cg"({(z,9), (z,u)}),
0 := Ceg¥({(z,u), (y,2)}),
a:= Cgl(z,u),

3= CgF(y,2), and

X:= 7 A6

Let 6 = 6V x (<60). Since yAO < ¢ and yVd =~V >0 it follows that 6 = 0 or I[,0] is the critical
interval of a copy of N5 generated by {d,0,v}. Now 6 = 3V a so, since 5 < § < 0, we must have § = §V a.
From this we get

§<oV]n,al RsVa=80.
The interval I[(d V [a, a]),0] either has one element or it is a solvable subinterval of the critical interval
I[5,60]. But critical intervals of Njs have no solvable subintervals by condition (b) of the theorem. We
conclude that ¢ V [o,a] = 6. Since § = BV x, we may rewrite this as

XV BVa,al =0.
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0 is the congruence generated by (z,u) and (3, so we may rewrite the previous displayed equality as the
following equivalent statement:
(x,u) € x VAV |a,al.

Better yet, we write: (z,u) € (xofo[a,a])™ for some n. This yields the existence of elements my, ..., may, €
F such that

m; 0 x for all 7,

(1)

(2)

(3) mai X m3i+1,
(4) m3it1 B msita,
(5)

msi42 [Oé, Oé] ms3i43.

For each ¢ let m;(x,y,z,u) denote a term representing the element m;. The usual arguments for Mal'cev
conditions based on the universal mapping property of F apply to show that conditions (1) — (4) imply that
the terms chosen satisfy the equations listed as (i) — (iv) of the theorem. Admittedly, it is not common
to consider conditions like (5). But we showed in the proof of Lemma 2.7 why conditions like (5) imply
corresponding conditions like (v) throughout the variety. The same type of argument works here. This
explains why (b) implies (¢) in the theorem.

Our proof that (¢) implies (a) is a modification of Christian Herrmann’s construction of a difference
term from the Day terms associated with a congruence modular variety. Define ¢qo(x,y, z) = z and

C]2z'+1($, Y, Z) = m3i+1(q2i(‘r’ Y, Z)v z,Y, qy(% Y, Z))
qz’i(x7 Y, Z) = m3’i+3(q2i+1(x7 Y, Z), Y,T,q2i+1 (1’, Y, Z))

and d(x,y, z) = qon(z,y,2). By equation (i7) from condition (c¢) we have

qu-‘rl(xv x, Z/) = m3z‘+1(‘12i($7 z, y)a x,x, q2’i(£7 z, y)) - q2i(-%', z, y)
and
@it2(T,2,y) = m3it3(g2i+1(2, 2, Y), T, 2, @i1 (T, 2, Y)) = q2it1(, 2,Y).
Since qo(z,z,y) = y we get by induction that ¢;(x,z,y) =y for all j. Hence d(z,z,y) = y. We now need
to verify that in any algebra A € V we have d(x,y,y) [\, \] * whenever X is a congruence on A which
contains (x,y). It will suffice to prove inductively that

QQi(xv Y, y) [A7 )‘] m3i(y7 Y, x, CC)

and
q2i+1(ma Y, y) P" >‘] m3zi41 (ya Y, 33)

(FOI‘ then d(l’, Y, y) [)‘7 >‘] m3n(y’ Y, T, LE) = Z’)
Certainly go(z,y,y) =y = mo(y,y,z,z). From equations (c)(ii) and (c)(iii) we have

m3i+1(m3i(ya Y,x, Q?), €, x, m3i(ya Y,x, Q?)) = m3i(y, Y, T, LE)
=m3i+1(Y, Y, 7, )
= m3i+1(m3i(ya Yy, y)a Y, Z, m3i(£l?, xz,T, I’))

Changing the z to y we obtain

maiy1(msi(y, y, ©, ), x,y,msi(y,y, z,z)) [Cg(x,y), Cg(x,y)] mait1(msi(y,y, y,v), y, y, msi (x, z, x, z))
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and the latter operation simplifies to ms;+1(y,y,y,x). From qo;(z,y,y) [A\, A] ms;i(y,y, z, ) we deduce

@i+1(,y,y) = mziv1(q2i (7, 9,9), 7,9, q2i (2,9, )
A Al msi1r(mai(y, y, z,2), 2, 2, m3i (Y, Y, T, 7))
(Ce(z,y), Cg(z,y)] maiv1(m3i(y,,9,9), ¥, y, msi(z, 7,7, 7))
= m3i+1(Y, Y, Y, T)-

Thus q2i+1 (1’, Y, y) [)‘7 )‘] msi+1 (y7 Y,Y, l') follows from QZz‘(% Y, y) [A7 )‘] m3i(y7 Y, T, Q?)
From (c)(ii) and (c)(iv) we have

mair2(m3ir1 (Y, ¥, ¥, ), ¥, ¥, m3iv1 (Y, 4,9, 2)) = m3ip1(y, 4, Y, )
m3i+2(y,y,y,$)
= m31‘+2(m3z‘+1(y7Z/7y,y)ay,g7m3z‘+1(9€7$7$a$))-

Changing the y to x we obtain

m3i+2(m3i+1(y7 Y, Y, Q?), Y, T, M34+1 (y7 Y, Y, Q?)) [Cg(l‘, y)7 Cg(m, y)] m3’i+2(m3i+1(y7 Y,Y, y)7 Y, T, M3i+1 (1’, T, T, CC))

Using (c)(v) twice we get

m3i+3(M3iv1(Y, ¥, ¥, ), Y, ©, m3iv1 (Y, ¥, ¥, 7))

[Ce(z,y), Cg(x,y)] mziv2(mair1(y,y,¥,7),y, ,m3i11(y, Y, Y, 7))
[Ce(x,y), Cg(z,y)] maira(mait1(¥, ¥, Y, ¥), Ys T, m3iv1(z, 7,2, 7))
= m3i+2(Y,Y, T, )

[Cg(%, y)? Cg(l’, y)] m3i+3(y7 Yy, x, :C)

From q2i+1(x7 Y, y) [)‘7 )‘] m3i+1(y7 Y, l') we deduce

@i+2(T, Y, y) = m3i+3(Q2i+1(7,¥,9), Y, T, @2i+1(2, ¥, Y))
[)‘7 )\] ms3i+3 (m3i+1(y7 Y,Y, Q?), Y, T, M3i41 (y7 Y,Y, Q?))
[Cg(l‘, y)a Cg(w, y)] m3i+3(y’ Y, T, :C)

We get that go;12(x,y,y) [\, A] msirs(y,y,y,x) follows from qo;(z,y,y) [\, A] msi(y,y,x,z). These calcu-
lations hold in any member of V if A is a congruence containing (z,y). This completes the proof. O

As promised in the introduction, we now show that in a variety with a difference term the congruence
intervals defined by failures of the modular law must be neutral.

COROLLARY 3.4 IfV has a difference term, then for each A € V and any congruences «, 3 and ~y on
A with o > #y it is the case that the interval I = I[(a A B) V v, A (B V )] is neutral.

Proof: Assume that V has a difference term. If I has only one element, then it is trivially a neutral
interval. Otherwise,
d=(aNpB)Vy<aA(BVy) =6

and in this case {0, 0, 3} generates a copy of N5 which has critical interval I. By Theorem 3.3, this interval
is neutral. O

Before restricting our attention to locally finite varieties, let us consider one side issue that is a conse-
quence of Theorem 3.3.
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Definition 3.5 If o and [ are congruences on A, then we write o ~ /3 and say that a and /3 are neutrally
related if for some n it is the case that the interval I|a A B, V (] is neutral.

LEMMA 3.6 Assume that V has a difference term and A € V. Then

(1
(i) If§ < o, B, then a ~ 3 iff /6 < 3/6 in ConA/é.

is a congruence on ConA.

) ~
)

(1 z) ~-classes are convex, meet-semidistributive sublattices.
v)

(i

Hence ConA is a subdirect product of of a modular lattice and a meet-semidistributive lattice.

ConA/ X is modular.

Proof: We leave the proofs of (i) and (iv) to the reader. It is an elementary exercise in lattice theory
to prove the following extension of (i) + (iv): Assume that L is a lattice and that o is a congruence on L.
Assume that no sublattice of L which is isomorphic to N5 has critical interval I[d, 8] such that (4,0) € o.
Then define p by (a,b) € p iff (a,b) € L? and o restricts trivially to I[a /\ b,a V b]. pis a congruence of L
and L/p is modular. Of course, (i) and (iv) follow from this using o = <.

For (ii), we observe that « ;Z B iff there exist p and v such that a A < pu <v < aV [ with C(v,v; p).
This is equivalent to saying that (a/d A 8/9) < u/d <v/§ < (a/6 V 3/0) and that C(v/d,v/d;1/0) holds
in A /6. Therefore, it is equivalent to a/§ % (/0.

(73i) holds for any neutral interval in a congruence lattice because the commutator is semidistributive
over join in its left variable.

The final remark of the lemma is a consequence of the obvious fact that ~ N ~ = 0. This completes
the proof of the lemma. O

In the previous lemma if ConA has a maximal chain of finite length, then (0,1) €% V ~ since a ~ 3
or o ~ 3 whenever « is covered by 8. In this case ~ and ~ are complementary congruences on ConA.

We now focus on locally finite varieties in order to answer Lipparini’s question. An advantage that we
have in the locally finite setting is that ~ is a congruence on ConA that is preserved by homomorphisms
whenever A is finite (see Chapter 7 of [6]).

COROLLARY 3.7 A locally finite variety V has a difference term iff whenever A € Vy;;,, has congruences
which generate a copy of N5 with critical interval 1[0, 0], then typ{d,0} C {3,4,5}.

Proof: In Theorem 3.3 our arguments for the equivalence of (a) — (¢) remain valid if we restrict our
attention to the 4-generated algebras of V. As we mentioned before the statement of the corollary, for any
finite algebra ~ is a congruence which is preserved by homomorphisms. Therefore, a locally finite variety
has a difference term iff whenever A € Vy;, has congruences which generate a copy of N5 with critical
interval I[6,0], then I[4,0] is neutral. Basic tame congruence theory tells that I[0,6] is neutral exactly
when typ{d,0} C {3,4,5}. O

We leave it to the reader to show how to derive the converse of Corollary 3.4 for locally finite varieties
using Corollary 3.7.
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THEOREM 3.8 Assume that V is a variety with a difference term and that A €V is finite. Then

(1) 1 ¢ typ{A} and

(#4) all type 2 minimal sets of A have empty tail.

Proof: Any difference term for V is Mal’cev on the blocks of any abelian congruence on any algebra
in V. This is enough to force 1 ¢ typ{A} for any A € V.

To prove that condition (i7) holds for any A € V it will suffice to prove that for all A € V and all
(0, @)-minimal sets U, where typ(0,a) = 2, it is the case that U has empty tail. The ideas in this proof
are not new. Everything we use comes from Lemmas 4.20 and 4.25 of [6] except that we use some facts
from [9] to shorten the argument.

Choose e € E(A) such that e(A) = U. Let p(z,y, 2) = ed(x,y, z) where d(x,y, z) is the difference term
for V. Let N C U be a (0,«)-trace. d(z,y,z) is Mal’cev on any a-class, hence on N, so (I) p(z,y,y) =
ed(z,y,y) = x on N. We also have (II) p(z,z,y) = y on U since d is a difference term. We shall argue
that (I) and (II) are incompatible with the assumption that U has nonempty tail.

Define v(z,y) = p(x,y,y) and iterate v(x,y) k times in its first variable for some k > 1 chosen so that

Uk(x7y) = ’U(U(- o U(U(xa y)7y)7 o >7y)

satisfies v¥(v*(2,7),y) = v¥(x,y). Let B be the body of U. Observe that B is closed under v¥(z,y),
since v*(z,2) = x on U and B is a congruence class of the algebra A|y. If n € N, then v(z,n) = z
on N, so v*(2,n) = z on N. The polynomial v*(z,n) is therefore an idempotent permutation of U and
so v¥(x,n) = x on U. If b is any other element of B, then the polynomial v*(z,b) of A|p has the same
range as v"*(z,n) since A|p is a coherent nilpotent algebra. (For more detail: A|p is nilpotent by Theorem
4.31 and Lemma 4.36 of [6]. A|p omits type 1 since it has a Mal’cev polynomial. Any algebra which
omits type 1 is coherent. It is shown in [9] that a coherent algebra C is nilpotent iff for all a,b € C' and
all e(x,y) € PolaC satisfying e(e(z,y),y) = e(z,y) it is the case that e(x,a) and e(z,b) have ranges of
the same cardinality. Since v*(z,n) is a permutation of B, so is v*(z,b).) Both v*(z,n) and v*(z,b) are
idempotent permutations of U, so v*(x,b) = x for all b € B.

For p/(x,y, z) = v* Y(p(z,y, 2), 2) we have p'(z,y,y) = v¥(x,y). If b € B, then p/(x,b,b) = x on U by
the final conclusion of the previous paragraph. Furthermore p’(z,x,y) = v* 1 (p(z,z,9),y) = v* " (y,9) =
y for all z,y € U. Now we assume that the tail of U is nonempty and we choose t € U — B. Define h(x)
=p/'(z,p'(t,p'(t,x,n),n),n). If m € N, then

pl(t’ m? n) Ea pl(t’ n7 n) = t'
But the a|y-class of ¢ is just {t} since t € U — B. Hence p'(t,m,n) =t for all m € N and we deduce that
h(m) = p'(m,p'(t,t,n),n) = p'(m,n,n) = m.

Since h(m) =m on N, h is a permutation of U. But

This is a contradiction since h is a permutation of U, n € N C Bandte€ U — B. O
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THEOREM 3.9 Let V be a variety such that Fy(2) is finite. Then V has a difference term iff for any
finite A € V it is the case that

(i) 1 ¢ typ{A} and

(#i) all type 2 minimal sets of A have empty tail.

Proof: As mentioned in the introduction, it suffices to prove the theorem for locally finite varieties
only. If V has a difference term, then (i) and (i4) must hold by Theorem 3.8.

Conversely, by Corollary 3.7, we must show that if (i) and (#4) hold then whenever A € V¢, has
congruences which generate a copy of N with critical interval I[d, 6], then typ{d,0} C {3,4,5}. In order
to prove that the critical interval of any N5 contains only types from {3,4,5} it will suffice to prove
that no type 2 label occurs in a critical interval. Assume otherwise that some finite algebra A € V has
congruences 0 < a < (3<6,0V~y>0and 6 Ay <4 and that typ(a,3) = 2. Choose U € M («, 3). The
restriction map is a lattice homomorphism from ConA to ConA |y and |y < a|y < S|y < 0|y. It follows
that {d|y,0|u,v|u} generate a copy of N5 in the congruence lattice of A|y. But U has empty tail by (i7)
of the theorem. In this case A|y has a Mal’cev polynomial (by Theorem 4.31 of [6]) and so ConA|y is
modular. It is impossible for ConA|;; to contain a sublattice isomorphic to N5. We conclude that there
is no type 2 quotient in the critical interval of any copy of N5 in ConA. O

We record the following application. It has as a consequence that almost all of modular comutator
theory holds for locally finite congruence semimodular varieties which omit type 1.

THEOREM 3.10 The following conditions are equivalent for any congruence semimodular variety for
which Fy(2) is finite.

(i) V omits type 1.
(79) V has a weak difference term.

(13i) V has a difference term.

Proof: It suffices to prove the equivalence for the locally finite variety HSP(Fy(2)). Theorem 7.12 of
[6] proves the equivalence of (i) and (i7) for any locally finite variety. (#i7) certainly implies (i7). To prove
that (¢) implies (¢i7) we will use Theorem 3.3 of this paper and Theorem 3.4 of [7]. The latter theorem
proves that, in a locally finite congruence semimodular variety, the critical interval of any N5 occurring in
the congruence lattice of a finite member of V has only type 1 and 5 labels. But condition () tells us that
VY omits type 1. We conclude that the critical interval of any N5 has only type 5 labels. For any finite
algebra % is a congruence preserved by homomorphisms, so Theorem 3.3 (a) <> (b) shows that (iii) holds.
g

We close with a few remarks about weak difference terms. Several results in this paper hold for varieties
that only have a weak difference term, but usually the necessary argument to prove these stronger versions
is more involved. Lemma 3.2 (i) — (4i¢) can be proved under the assumption that V has a weak difference
term. In fact, the conditions 3.2 (i) — (¢i¢) characterize those locally finite varieties which have a weak
difference term. We do not know if conditions 3.2 (i) — (iii) characterize all varieties which have a weak
difference term.

For locally finite varieties, condition (iv) of Lemma 3.2 also holds if V has a weak difference term, but
we do not know if this happens when V is not locally finite. Certainly the proof we gave for Lemma 3.2
(7v) makes essential use of the fact that V has a difference term and not just a weak difference term.
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Since any variety with a weak difference term satisfies conditions (i) and (i7) of Lemma 3.2, one can
rephrase our characterization of varieties with a difference term in a way the does not refer to ~: V has a
difference term iff

(1) V has a weak difference term and

(7i) the critical interval of any N3 in the congruence lattice of a member of V is neutral.
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