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Notes for  class coverage .

Goals : defns of log scheme
,

maps  of log schemes
,

Oohevent log structures
,

some intuition

References :

"

Log structures of Fontaine - Illus  ie
"

- Kazuya Kato ← too  shout

"

Lectures  on logarithmic geometry
"  

- Arthur Og us
← too long

Redl
: A  monoid( M

,
o ) is  a  set M and an  operation  .  so that  .  is  associative

and has  an  identity Im .

Our  monoid will be assumed commutative .

Skip for time

Amorphisidsy.M-Nisafnchowiymym.tn

,
m

'

EM and

y I Int -

- In .

These  are good for things you
know how to  multiply ,

but  not  necessarily to divide .

Review question : What  is  an fpqc sheaf  on  a  scheme S ?

. . . I Betting we  need a  reminder )
- . .

Defer: A  

sieve
R on Sch IS is  a  subcategory so that  whenever the  red arrows

- in X → Z

*
are  in R

,
so  is the black arrow .

is
i÷÷€÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷

::::::::÷x÷÷÷:::
Ui  → s

affine
Given  an fpqc  cover of S

,

i
. e

, anaopen cover I I ) of S and affine
,

flat
, surjective

maps
I Ui  → Ti }

,

the associated fpqccovevinge is the  sieve generated by { Ui  → 53
.

A functor F : (Says)
"

→ Set  is  an

fp#f
if

,
for  all U → s

and fpga  covering sieves theft,I , Fcm = {
a ;sinusitis}

= lim Fw →  u )
V →  u ER

is an  isomorphism ,



An

Etaesheaf
is the same thing , considering the  sieves R generated by the  sets of

arrows I Ui  → U ) which are E tale  and jointly surjective .
This  is weaker than fpqc

since  e' tale maps  are flat
, qcpt .

Eixample: The structure  sheaf of X
may

be considered as  an  E tale  sheaf  on

Suhl X by
q ( u # × ) = T ( U

, Fox )
= T LU

, Ou ) .

Similarly,
we can define  a sheaf Qt by

Ot CutsX ) = TCU
,
Out )

.×

Example: ( E tale descent )
.

Let f : Y -

- Spec KCET → X -
- Spec KEE ]

be defined by u
'

c- t

-

⇐ y

t

- x

f- is an  E tale  cover

The  set fin ( 0×41
.

a xxxx , )

can be thought of  as
' functions  on Y whose  values  are

invariant  along the fibers of f
"

•  The sheaf  condition  says

Q L x ) → Ox l R )
*

= firm 6×4 ) ?¥QCYx×Y)

is  an  isomorphism . Verify this by an  explicit  computation .



Re@lliAneffectiueCartievdiuiso_onaschemeXisasubschene.D

locally cut  out by

one equation . That  is
,

them  is  an  open cover I U :3 of X and fi  E Tali
, Q ) with Dtu

.
.

- V Cfi )

So that
each

i )

af
.  is  a  nonzero divisor ( so  we've  actually cutting things  out )

ii ) fi luinuj-uijfjlu.nu;
for some  uij  E T ( Uinuj ,

Of )
,  all i ,j ( the fi  s  cut  out the

Same thing where they
overlap)

This  is  what
'  '

codimension  one

"

is  if
you

think being cut  out by one equation  is being codimension .

( if
you

think being codimension  one  means you  are  maximal
.

closed
, proper  subset

, you get Weil divisors )

Problem: Cartier divisors don't behave  well under base change :

-1¥
.

Speck

x

Hf -

- Spec hcx
, yes

O - x

o -
y

Not only do x  and
y no longer define Cartier divisors

,
but they also  cannot be told apart .

This
causes us to experience negative emotions

.

The solution offered by log geometry is to decouple the divisors from the  ring .

Defy: A logscheine is a pair ( X
,

c : Mx → Q ) of

i ) A  scheme X

ii ) A  morphism of  E tale  sheaves of commutative monoid s  e : Mx → Ox
so that c : e-

 '

COE ) → Qi is  an  isomorphism .



Think of M× =

"

sheaf of  our favorite local equations of Cartier divisors
"

E- '
( 0¥ ) I 0¥ is  so  we  can tell algebraically if two local equations  cut  out the

same divisor .

We can  also define  a quotient  sheaf

MI = Mx I e
-  '

C 0¥ )

=  colin { c-
 '

COE) Mx }
called the characteristic of X

.

Writing down  what  a quotient  sheaf  is :

MI ( U ) = { (E)e It Nui
,

Mx ) Acu :
, ) I Ui  cover U

,filming =  Uij
. fjlu.nu

;

for  some

Uij E TCU in Uj , 6¥ ) }
.

=

"

sheaf of  our favorite Carlier divisors
"

The thing is
,

at this point it'srather hard to  write a log structure down :  we  need to

specify a  monoid for  every scheme ever
, satisfying the  identity - on - units condition

,
and satisfying the

sheaf  condition for  every
e' tale  cover  ever .

Associated log structures  allow  us  not to  worry
about getting the units right ; just glue them

in . . .

E

Defni If X is  a scheme and Mx → Ox is
any morphism of e' tale shaves

of mono  ids
,

we may take the push out

[  '
COE ) → Mx

at I
✓ ✓

0¥ → ME

a.
.

Then Mj Ox defines an  associated log structure on X
.



Explicitly,
MI is the  sheaf. fi cation of the pesheaf

If u ) = { ( f
,

u ) E Mda ) × ( U ) } Iff
,

o ) n ( o
,

ecf ) ) whenever  act ) tox }
.

Chaining this together  w/ the  constant  sheaf functor gives  a  way
to  construct log structures :

Constructor
: Suppose M is  a  monoid .

Given
any morphism C : M → Thx

, 0×3 ,
there  is  an  associated

morphism E : Me → Q from the  constant  sheaf  w/ values M to Ox
. Taking I : I

"

→ Ox gives

us  a log structure .

We  say C : M → Thx
,
6×1 is  a  cheat for  a log structure

.

( Differs from lit
.
)

Defy, Let CX
,

c : 14×-0×1 be a log scheme . If there  is an  E late  covering
I U ;

 → X } of X so that  each ( Ui
,

c : MIhis On ! arises from  a  chant
,

we say
the log structure  on X is quasi .

These
am the log structures that  same people think about

,
in the  same  way that QC oh sheaves

are the Ox - modules that  same people think about .

Now  we  can build log structures by picking local charts
.

x c- a

Example: p - is

I
a

Have )
" c ( Nao

Np
)

-
-

x n Ht#y .u u

k
I thx

, y ]
Y

✓
v

O fl X
O O

o - y

Can  still tell a
, p apart because they are decoupled from the  ring .

Therefore
,

we

may
think of log schemes as

"

schemes  w/ a family of favorite divisors
,

where the divisors possibly extend past the

scheme itself
.

"



Preview for Friday :

In  a family of  curves like  we  saw  on Monday

Ex
-

The divisors µ
,

Yy
,

and →  - are particularly interesting .

Log structures  allow  us to  remember them even  when  working only in the  special fiber
.


