INTEGRATION BY PARTS
B THE PropuctT RULE

Let f and g be functions and suppose that G is an antiderivative for g. This means that G'(z) = g(z).
The product rule states that

I (@)G(2)] = f(2)9(x) + f'(2)G(x).

We can rewrite this rule in integral notation as

/[f(ﬂf)g(ﬂﬁ) + f'(2)G(2)] dx = f(z)G(2).

Distributing the integral over the sum we get

/ f(@)g(x) de + / f(2)G(x) dz = f()C(x)

and moving the second integral to other side of the equation gives the formula

/ f(#)9(z) de = f(2)G(z) — / (@)G(a) da.

The usefulness of this formula is that if the integral on the left is too difficult, we can replace it
with the expression on the right, which contains a different integral, one that might be easier to
evaluate. This method is called integration by parts.

This formula can be rewritten as follows. Let u = f(z). Then du = f'(x)dz. Also let v = G(x).
Then dv = G'(z) dz = g(z) dz. Then the formula above becomes

/udv—uv—/vdu

» Example 1 Use integration by parts to evaluate the integral

/a:lna:dac.

Solution Keep in mind when choosing u and dv that we will need to integrate v du. With
this in mind choose

u=Inzx
dv =xdz
Then differentiating v and integrating dv we get
1
du = —dx
x
2
v=—
2

Then by the formula we have

/xlnxd:p — (Inz) (%2) -




Making the correct choice for u and dv comes with practice, but sometimes the following
method is helpful. If we want to integrate f(x)g(x) and f and g are functions that fall into
different categories in the list:

(1) Logarithmic

(2) Inverse trigonometric
(3) Algebraic

(4) Trigonometric

(5) Exponential

If the category of f comes before the category of g then set u = f(z) and dv = g(z)dz. A
helpful mnemonic device might be

Learning Integration Always Takes Effort

» Example 2 Use integration by parts to evaluate the integral

/a: sin 3z dx

Solution Using the above strategy, since x is algebraic and sin3x is trigonometric we should
choose
u=ux
dv = sin 3z dx
Then differentiating v and integrating dv we get

du = dz
v = —3 cos 3x

Then by the integration by parts formula we have

1 1
/:L’sin3xd:c = (x) <_§ cosSx) —/—§ cos 3x dx

1 1
— _gg;cosiia: + g/cosi%xdx

1 1
= —gx0053x+§sin3x+0



B REPEATED APPLICATIONS

Sometimes it is necessary to use integration by parts several times before we obtain an
integral that is easy enough to evaluate.

» Example 3 Use repeated integration by parts to evaluate the integral
/ z2e” dx

Solution Using the L.I.A.T.E. strategy, since z? is algebraic and e® is exponential we should

choose
2

u=ux
dv = e" dx

Then differentiating v and integrating dv we get
du = 2z dx

v=-e"

Then by the integration by parts formula we have
/x2ez dr = (2%)(e") — /err dx
= (2?)(e") — 2/%636 dx (%)

This isn’t quite enough since we still can’t integrate xze® directly. But we can do this integral
by parts. Now using the L.LA.T.E. strategy on [ ze® dx we choose

U=z

dv = e*dx

Then differentiating v and integrating dv we get

du = dx

v=e¢e"
By the formula for integration by parts we have

/wex:xex—/exdx:xex—ex

Now we can substitute this expression back into (*) to get

/xQeI dx = (2%)(e") — Z/xem dr = v*e” — 2 (ve* — ") + C



