


HARVEY MUDD COLLEGE DEPARTMENT OF MATHEMATICS

WRITING MATHEMATICS WELL

Communicating mathematics well is an important part of doing mathematics. As you write up your
homework solutions, keep these things in mind:

• Write in sentences.
Complete thoughts are sentences that end in periods. You may still highlight important
equations by displaying them, but even displayed equations should have punctuation!
Use paragraphs to separate important ideas.

• Use helpful connective phrases.
“If”, “then”, “so”, “therefore”, “we see that”, “recall that”, ...

• Your audience is other students in the class who have not seen this problem before.
Remind the reader of any relevant facts from class or the book. Your solution should give
adequate detail so that the reader can follow your solution.

• It is possible to write too much!
If you write out every triviality, the reader may get lost in the details. This is not good
writing, either. (In particular, really trivial calculations need not be shown.)

• Avoid shorthand.
Don’t use arrows, and write out ’for all’, ’there exists’.

• You may wish to outline your problem-solving strategy at the beginning of the problem.

Example. Here are two different solutions to the same problem. Which one is easier to understand?

(0− 3)2 + (x− 2)2 = 25

32 = 9 + (x2 − 4x+ 4) = 25

x2 − 4x− 12

(x− 6)(x+ 2) =⇒ x = −2, 6 x > 0 x = 6

WHY THIS IS POORLY WRITTEN:
• You don’t know what problem the writer was solving.
• You can’t tell what’s an assumption and what’s a conclusion.
• Where does one thought end and another begin? There are no sentences!
• In the 2nd line: combining two thoughts can create untruths (32 is 9 but it isn’t 25).
• The 3rd line dangles; what’s being asserted here? It’s not a sentence.
• What’s the relationship between all these phrases? Connective phrases would help!

Problem. Find a point in the plane on the positive x-axis that has distance 5 from the point (2, 3).

Solution. The desired point is (6, 0).

To find this, we note if (x, 0) is a solution, then x must must satisfy the equation (x − 2)2 + (0 − 3)2 =
25, which follows from the planar distance formula between the points (x, 0) and (2, 3). It follows that
x2 − 4x+ 13 = 25. Then

x2 − 4x− 12 = 0.

Factoring, we obtain
(x− 6)(x+ 2) = 0,

satisfied by either x = −2 or x = 6. Since we assumed x > 0 and y = 0, we see (6, 0) is the desired point.

WHY THIS IS WELL-WRITTEN:
• The writer described the problem, and strategy for solution.
• Every thought is a complete sentence with subject and verb (the “equals” sign is a verb).
• She answered the question right at the beginning. (Boxing answers is customary.)
• Notice even the equations have punctuation (comma, periods) as they are part of sentences.
• She highlighted important ingredients, displayed important equations, avoided trivial algebra.

Writing well will benefit you, too! It helps you structure your own thinking, and you will thank yourself
when you re-read your solutions later.

































































Graphing Project Rubric Math 2400 Section 002 Calculus 3

Group Members:

Timeline for Project

• Sept 16: Project assigned

• Sept 17: Project proposals due via email by 11:59 PM

• Sept 18: Work on project in class and present progress as Check-in 7

• Sept 25: Work on project in class and present progress as Check-in 9

• Oct 6: Project and reflections due via upload to Canvas as Check-in 10 (Upload a .NB file of your
Mathematica notebook and a .PDF of your reflection questions. The grade will count toward Check-ins
10, 11, and 12)

Grading Rubric (24 points total)

• (+6 pts) There are at least 12 parametric plots

• (+5 pts) At least five of the equations are different quadric surfaces (ellipse, paraboloid, hyperboloid, etc)

• (+5 pts) At least five of the equations are different curves

• (+4 pts) Answer the reflection questions

• (+4 pts) Pledge below is signed by all group members

Bonus points

• (+3 pts) Math department favorite

• (+3 pts) Most diverse set of equations

• (+3 pts) Most difficult equation

• (+3 pts)

Pledge: I certify that every group member contributed meaningfully to this project

Signature Signature

Signature Signature
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Graphing Project Rubric Math 2400 Section 002 Calculus 3

Please complete these reflection questions together after completing your project.

1. Which part of your graph was the most difficult to make? What made it so difficult? How did your team
eventually figure it out?

2. What was your most meaningful contribution to the project?

3. What is one thing you learned about parametrizing shapes from working on this?
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surface = Plot3D[x y/(x^2 + y^2), {x, -2, 2}, {y, -2, 2},
  Mesh -> 5,
  PlotStyle -> Directive[Orange, Opacity[0.8], Specularity[White, 30]]
  ];
xapproach = ParametricPlot3D[{t, 0, 0}, {t, -2, 2}, PlotStyle -> Directive[Blue, Thickness[.01]]];
yapproach = ParametricPlot3D[{0, t, 0}, {t, -2, 2}, PlotStyle -> Directive[Yellow, Thickness[.01]]];
diagonalapproach = ParametricPlot3D[{t, t, 1/2}, {t, -2 , 2}, PlotStyle -> Directive[Green, Thickness[01]]];

Show[{xapproach, yapproach, diagonalapproach, surface},
AxesLabel -> {x, y, z},
AxesOrigin -> {0, 0, 0},
Boxed -> False,
AxesStyle -> {Black, Black, Red},
RotationAction -> "Clip",
AspectRatio -> 1.5
]











www.geogebra.com/m/kdphzd5k





























VectorPlot3D [{2x, 2y, 2z}, {x, -4, 4}, {y, -4, 4}, {z, -4,4}, VectorColorFunction -> "Rainbow"]







Directional Derivatives and the Gradient Vector Math 2400

Definition. The directional derivative of f at (x0, y0) in the direction of the unit vector
u = 〈a, b〉 is

Duf(x0, y0) = lim
h→0

f(x0 + ha, y0 + hb)− f(x0, y0)

h

if this limit exists.

Part 1: Find an alternate definition for the directional derivative of f at (x0, y0) in the direction
of the unit vector u = 〈a, b〉.

Define a new function g : R→ R as follows

g(h) = f(x0 + ha, y0 + hb).

1. Verify that g′(0) = Duf(x0, y0) using the limit definitions of the derivative and the directional
derivative.

2. Use the chain rule and the fact that g(h) = f(x(h), y(h)) where x(h) = x0 + ha and y(h) = y0 + hb
to find g′(0).

3. Use your answers to parts (1) and (2) to give a formula for Duf(x0, y0).

4. What does the directional derivative Duf(x0, y0) represent?

Athena Sparks, CU Boulder 1



Directional Derivatives and the Gradient Vector Math 2400

Part 2: Cliff is hiking Montaña Derivado. Go to https://www.geogebra.org/m/raxnv2b8 to see
the surface f(x, y) that represents the mountain.

1. Each of the following points represents a location on the mountain the Cliff has hiked by. For
each point, find the directional derivative in the direction of u.

(i) (x0, y0) = (−1,−1),u = 〈0.9,−0.43〉 Duf(x0, y0) =

(ii) (x0, y0) = (2, 1),u = 〈−0.8,−0.6〉 Duf(x0, y0) =

(iii) (x0, y0) = (1, 0),u = 〈0, 1〉 Duf(x0, y0) =

2. What does the values of Duf(x0, y0) you found above represent?

3. For each of the following points, find the unit vector u such that Duf(x0, y0) is the largest
and the unit vector v such that Dvf(x0, y0) is zero. Draw the vectors on the contour plots
below.

(x0, y0) Duf(x0, y0) is the largest Dvf(x0, y0) is zero

(i) (1.5, 1.5) u = v =

(ii) (3,−1) u = v =

(iii) (−1,−.8) u = v =

4. Fill in the blanks.

(a) The directional derivative of f at (x0, y0) in the direction of u is largest when u is
to the contour line at (x0, y0). In this case, u is

pointing in the direction where the mountain is .

(b) The directional derivative of f at (x0, y0) in the direction of u is zero when u is
to the contour line at (x0, y0). In this case, u is

pointing in the direction where the mountain is .

Athena Sparks, CU Boulder 2

https://www.geogebra.org/m/raxnv2b8


Directional Derivatives and the Gradient Vector Math 2400

Definition. If f is a function of two variables x and y, then the gradient of f is the vector
function ∇f defined by

∇f(x, y) = 〈fx(x, y), fy(x, y)〉 = fx(x, y)i + fy(x, y)j

Alternate definitions. The directional derivative of f at (x0, y0) in the direction of the unit
vector u = 〈a, b〉 can also be written as

Duf(x0, y0) = · u
= cos(θ)

where θ is the angle between and u.

5. How can we use these alternate definitions to prove the statements in Problem 4?

Part 3: Now, Cliff is hiking Montagne Vecteur. The surface of the mountain is given by the
following equation

f(x, y) = 4− 0.5
√

3x2 − 2.5xy2 + y4.

1. Find ∇f(x, y).

2. Go to https://www.geogebra.org/m/fcvck9ca to see the surface f(x, y). A contour plot
of the mountain is shown below. Find the following gradient vectors and plot each on the
contour plot below.

(i) ∇f(−1.3, 1.42) =

(ii) ∇f(0.55,−1.54) =

(iii) ∇f(4.01, 1.15) =

(iv) ∇f(0, 0) =

Athena Sparks, CU Boulder 3

https://www.geogebra.org/m/fcvck9ca


Directional Derivatives and the Gradient Vector Math 2400

3. Cliff is at the point (−1,−1). He is debating whether he should take the steepest path to the
top of the mountain or stay at his current elevation and go around.

(a) What direction should Cliff head if he wants to take the steepest path to the top of the
mountain? Explain.

(b) What direction should Cliff head if he wants to go around the mountain, staying at his
current elevation? Explain.

4. After deciding to go around, Cliff is at the point (2, 1.27) when he spots a bear at point
(1.6, 1.1).

(a) What direction should Cliff run if he wants to run in the opposite direction of the bear?
Explain.

(b) What direction should Cliff run if he wants to run down the steepest part of the moun-
tain? Explain.

Athena Sparks, CU Boulder 4



























































12.3 and 12.4 Practice - Double Integrals Math 2400 Calculus 3

Name:

1. Sketch the region of integration for

∫ π

0

∫ x

0

y sinx dy dx.

2. Sketch the region of integration for

∫ 2

0

∫ y2

0

y2x dx dy.

3. Evaluate the following integral by reversing the order of integration:

∫ 1

0

∫ 1

√
y

√
2 + x3 dx dy

1



12.3 and 12.4 Practice - Double Integrals Math 2400 Calculus 3

4. Set up, but do not evaluate, an iterated integral for the volume below the graph of f(x, y) = 25 − x2 − y2

and above the plane z = 16.

5. Find the volume under the graph of 2x + y + z = 4 in the first octant.

6. Evaluate the integral

∫∫
D

xy dA, where D is the disk with center (0, 0) and radius 3, by changing to polar

coordinates.

7. Use polar coordinates to find the volume of the solid below the paraboloid x2 + y2 + z = 16 and above the
xy-plane.

2



12.3 and 12.4 Practice - Double Integrals Math 2400 Calculus 3

8. Evaluate the integral

∫ 3

−3

∫ √9−x2

0

sin(x2 + y2) dy dx by converting to polar coordinates.

9. Evaluate the integral

∫ a

0

∫ 0

−
√
a2−y2

x2y dx dy by converting to polar coordinates.

10. Evaluate the integral

∫ 1

0

∫ √2−y2

y

(x + y) dx dy by converting to polar coordinates.

11. (Challenge) Evaluate the integral

∫ 2

0

∫ √2x−x2

0

√
x2 + y2 dy dx by converting to polar coordinates.
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youtu.be/B-3CtvmSf3k





















Quiz 5 Practice Math 2400 Calculus 3

Name:

1. Determine whether each statement is TRUE or FALSE

(a)

∫ 1

0

∫ x

0

√
x+ y2 dy dx =

∫ x

0

∫ 1

0

√
x+ y2 dx dy.

(b) If D is the unit disk centered at the origin, then

∫∫
D

f(x, y) dA =

∫ 1

−1

∫ 1

−1

f(x, y) dy dx.

(c) If D is the unit disk centered at the origin, then

∫∫
D

f(x, y) dA =

∫ 2π

0

∫ 1

0

f(r cos θ, r sin θ) dr dθ.

(d) The double integral

∫∫
D

dA is always positive.

(e) The triple integral

∫∫∫
E

dV is always positive.

2. Evaluate the integral.

(a)

∫ 1

0

∫ x

0

cos(x2) dy dx

(b)

∫ π

0

∫ 1

0

∫ √1−y2

0

y sinx dz dy dx

(c)

∫∫
D

y

1 + x2
dA where D = {(x, y) | 0 ≤ y ≤ 1, y2 ≤ x ≤ y + 2}

(d)

∫∫∫
E

xy dV where E = {(x, y, z) | 0 ≤ x ≤ 3, 0 ≤ y ≤ x, 0 ≤ z ≤ x+ y}

(e)

∫∫
D

(x2 + y2)3/2 dA where D is the region in the first quadrant bounded by the lines y = 0, y =
√

3x

and x2 + y2 = 9

(f)

∫∫∫
E

yz dV where E lies above the plane z = 0, below the plane z = y and inside the cylinder x2+y2 = 4.

3. Find the volume of the solid tetrahedron with vertices (0, 0, 0), (0, 0, 1), (0, 2, 0), and (2, 2, 0).

4. Find the volume of the wedge cut from the cylinder x2 + 9y2 = a2 by the planes z = 0 and z = mx.

5. Sketch the solid whose volume is given by

∫ 2

0

∫ 2−y

0

∫ 2−x−y

0

dz dx dy

6. Find the surface area.

(a) The part of the plane 3x+ 2y + z = 6 that lies in the first octant.

(b) The part of the surface z = xy that lies within the cylinder x2 + y2 = 1

7. A lamina D lies on the xy-axes bounded by the parabola x = 1 − y2 and the coordinate axes in the first
quadrant with density function ρ(x, y) = y. Find the center of mass of D.

1



Quiz 5 Practice Math 2400 Calculus 3

8. A lamina occupies a circular disk D whose center lines on the line y = 2 and whose density is given by the
function ρ(x, y) = x2 + y2. Determine whether the following statements are true, false, or if not enough
information is given.

(a) If the center of D is (x0, y0) and the center of mass of the lamina is (x, y), then x > x0.

(b) If the center of D is (x0, y0) and the center of mass of the lamina is (x, y), then y > y0.

9. Rewrite

∫ 1

−1

∫ 1

x2

∫ 1−y

0

f(x, y, z) dz dy dx as an iterated integral in the order dx dy dz.

10. Decide, without calculation, whether the integrals are positive, negative, or zero. Let D be the region inside
the unit circle centered at the origin, let R be the right half of D, and let B be the bottom half of D.

(a)

∫∫
D

dA

(b)

∫∫
R

5x dA

(c)

∫∫
D

5x dA

(d)

∫∫
B

y3 + y5 dA

(e)

∫∫
D

sin y dA

(f)

∫∫
D

xy2 dA

2



Quiz 5 Practice Math 2400 Calculus 3

Answers
(1) F, F, F, T, T
(2) (a) (1/2)sin(1) (b) 2/3 (c) (1/4) ln 2 (d) 81/2 (e) 81π/5 (f) 64/15
(3) 2/3
(4) 2ma3/9
(5) tetrahedron with corners (0, 0, 0), (2, 0, 0), (0, 2, 0), (0, 0, 2)
(6) (a) 3

√
14 (b) (2π/3)(2

√
2− 1)

(7) (1/3, 8/15)
(8) C, A

(9)

∫ 1

0

∫ 1−z

0

∫ √y

−√y

f(x, y, z, ) dx dy dz

(10) (a) pos (b) pos (c) zero (d) neg (e) zero (f) zero

3



University of Colorado Boulder

Math 2400, Midterm 3

Spring 2017

PRINT your name:

PRINT instructor’s name:

Section #:

Question Points Score

1 13

2 16

3 8

4 8

5 15

6 8

7 16

8 16

Total: 100

• No calculators, cell phones, or other electronic devices may be used at any time during the exam.

• Show all of your reasoning and work for full credit, unless indicated otherwise. Use full mathematical
or English sentences.

• You have 90 minutes and the exam is 100 points.

• You do not need to simplify numerical expressions. For example leave fractions like 100/7 or expressions
like ln(3)/2 as is.

• For multiple choice questions, circle the correct answer.

• Notation: following the book, we use boldface to denote vectors, e.g., a,b are vectors.



8. (16 points) Let S be the surface of the solid obtained by taking a section of the cylinder

x2 + y2 = 1 between the planes z = 2− y and z = 0.

(a) (6 pts.) The upper face of S, the part lying in the plane z = 2 − y, may be

parametrized by r(x, y) = 〈x, y, 2 − y〉, where (x, y) ∈ {(x, y) : x2 + y2 ≤ 1}.
Compute the surface area of that portion of the surface S.

(b) (6 pts.) The portion of the surface S lying on the cylinder x2 + y2 = 1 may be

parametrized by r(θ, z) = 〈cos(θ), sin(θ), z〉. Find the bounds for θ and z and then

calculate the surface area of that portion of S.

(c) (4 pts.) What is the total surface area of S?

Page 8 of 8













































VectorPlot VectorPlot3D



student.desmos.com QDC AC8



VectorPlot VectorPlot3D







































Quiz 6 Practice Math 2400 Calculus 3

Name:

1. Determine whether each statement is TRUE or FALSE

(a) The integral

∫ π/2

0

∫ π/2

0

∫ 1

0

ρ2 sinφdρ dφ dθ gives the volume of 1/4 of a sphere.

(b) The integral

∫ 2π

0

∫ 2

0

∫ 2

r

r dz dr dθ represents the volume enclosed by the cone z =
√
x2 + y2 and the

plane z = 2

(c) If the work done by a force ~F on an object moving along a curve is W , then for an object moving along

the curve in the opposite direction, the work done by ~F will be −W .

(d) If a particle moves along a curve C, the total work done by a force ~F on the object is independent of
how quickly the particle moves.

(e) If f is a scalar-valued function, then

∫
−C

f ds = −
∫
C

f ds

(f) The line integral

∫
C

~F · d~r is a vector.

2. Evaluate

∫∫∫
E

x dV , where E is enclosed by the planes z = 0 and z = x + y + 5 and by the cylinders

x2 + y2 = 4 and x2 + y2 = 9.

3. Find the volume of the part of the ball ρ ≤ 5 that lies between the cones φ =
π

6
and φ =

π

3
.

4. Evaluate

∫∫
R

(x2 − xy + y2) dA where R is the region bounded by the ellipse x2 − xy + y2 = 2. Use the

transformation given by x =
√

2u−
√

2/3v, y =
√

2u+
√

2/3v

5. Use an appropriate change of variables to evaluate

∫∫
R

x− y
x+ y

dA where R is the square with vertices (0, 2),

(1, 1), (2, 2), and (1, 3).

6. Sketch the following vector fields in the xy-plane.

(a) ~F(x, y) = 〈y, 0〉

(b) ~F(x, y) = 〈2, 3〉

(c) ~F(x, y) = 〈−y, x〉

7. Calculate the following line integrals.

(a)

∫
C

3x2 − 2y ds where C is the segment from (3, 6) to (1,−1)

(b)

∫
C

2x3 ds where C is the portion of y = x3 from x = 2 to x = −1.

(c)

∫
C

2yx2 − 4x ds where C is the lower half of the circle centered at the origin of radius 3.

(d)

∫
C

~F · d~r where ~F = 〈y2, 3x− 6y〉 and C is the line segment from (3, 7) to (0, 12).

(e)

∫
C

~F · d~r where ~F = 〈x + y, 1 − x〉 and C is the portion of
x2

4
+
y2

9
= 1 in the fourth quadrant with

counterclockwise orientation.

1



Quiz 6 Practice Math 2400 Calculus 3

8. For each vector field ~F and curve C shown below, is the value of

∫
C

~F · d~r positive, negative, or zero?

(a)

(b)

(c)

(d)

2



Quiz 6 Practice Math 2400 Calculus 3

Answers
(1) F T T T F F
(2) 65π/4

(3)

√
3− 1

3
125π

(4) 4π/
√
3

(5) − ln 2
(6) Use Mathematica function VectorPlot[] or this online plotter [https: // academo. org/ demos/ vector-field-plotter/ ]
to check your answers.
(7) (a) 8

√
53 (b) (1453/2 − 103/2)/27 ≈ 63.4966 (c) −108 (d) −1079/2 (e) 5− 3π

(8) pos, neg, pos, neg

3

https://academo.org/demos/vector-field-plotter/






























https://youtu.be/rB83DpBJQsE









See animations at mathinsight.org/curl_subtleties
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Quiz 7 Practice Math 2400 Calculus 3

Name:

1. Determine whether each statement is TRUE or FALSE

(a) If ~F is a vector field, then div ~F is a vector field.

(b) If ~F is a vector field and curl ~F = ~0, then ~F is conservative.

(c) If S is a sphere and ~F is a constant vector field, then

∫∫
S

~F · d~S = 0.

(d) The line integral

∫
C

~F · d~r is a scalar.

(e) If C1 and C2 are oriented curves and the length of C1 is greater than the length of C2, then∫
C1

~F · d~r >
∫
C2

~F · d~r.

(f) If ~F = ∇f , then ~F is path-independent.

(g) The value of a flux integral is a scalar.

(h) The flux of the vector field ~F = 〈1, 0, 0〉 through the plane x = 0, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1, oriented in the
positive x-direction is zero.

2. Evaluate

∫
C

~F · d~r.

(a) ~F (x, y, z) = 〈y2 cos z, 2xy cos z,−xy2〉
C : ~r(t) = 〈t2, sin t, t〉, 0 ≤ t ≤ π

(b) ~F (x, y) = 〈y + e
√
x, 2x+ cos y2〉

C is the boundary of the region enclosed by parabolas y = x2 and x = y2

(c) ~F (x, y, z) = 〈ey, xey, (z + 1)ez〉
C : ~r(t) = 〈t, t2, t3〉, 0 ≤ t ≤ 1

(d) ~F (x, y) = 〈ex + x2y, ey − xy2〉
C is the circle x2 + y2 = 25 oriented clockwise.

3. Is ~F (x, y, z) = 〈ez, 1, xez〉 a conservative vector field? If so, find f such that ~F = ∇f .

1



Quiz 7 Practice Math 2400 Calculus 3

4. Evaluate

∫∫
S

x2+y2 dS where S is the surface with vector equation ~r(u, v) = 〈2uv, u2−v2, u2+v2〉, u2+v2 ≤ 1.

5. Evaluate

∫∫
S

z + x2y dS where S is the part of the cylinder x2 + y2 = 1 that lies between the planes z = 0

and z = 3 in the first octant.

6. Evaluate the flux

∫∫
S

~F ·d~S where ~F (x, y, z) = 〈xzey,−xzey, z〉 where S is the part of the plane x+y+z = 1

in the first octant with downward orientation.

7. Evaluate the flux

∫∫
S

~F · d~S where ~F (x, y, z) = 〈0, y,−z〉 where S is the part of the paraboloid y = x2 + z2,

0 ≤ y ≤ 1, and the disk x2 + z2 ≤ 1, y = 1.

8. The figure below shows the level curves of f(x, y).

(a) Sketch ∇f at P .

(b) Is the vector ∇f at P longer than, shorter than, or the same length as ∇f at Q?

(c) If C is a curve from P to Q, evaluate

∫
C

∇f · d~r.

Note: For more great review problems, see exercises at the end of Chapter 13, questions 11-28

2
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Answers
(1) F F T T F T T F
(2) (a) 0 (b) 1/3 (c) 2e (d) 625π/2
(3) f = xez + y + C
(4)
√
2π

(5) 12
(6) −1/6
(7) 0
(8) (a) arrow from P pointing up and slightly left, perpendicular to the level curve (b) vector at P is longer (c) −0.3

3











Let’s take a look at a couple of examples. 
 

Example 1  Use Stokes’ Theorem to evaluate curl
S

F dS∫∫


  where 2 3 33F z i xy j x y k= − +



 

 and S 

is the part of 2 25z x y= − −  above the plane 1z = .  Assume that S is oriented upwards. 
 
Solution 
Let’s start this off with a sketch of the surface. 
 

 
In this case the boundary curve C will be where the surface intersects the plane 1z =  and so will be 
the curve 

 
2 2

2 2

1 5
4 at 1

x y
x y z

= − −

+ = =
 

 
So, the boundary curve will be the circle of radius 2 that is in the plane 1z = .  The parameterization 
of this curve is, 

 ( ) 2cos 2sin , 0 2r t t i t j k t π= + + ≤ ≤


 

  
 
The first two components give the circle and the third component makes sure that it is in the plane 

1z = . 
 
Using Stokes’ Theorem we can write the surface integral as the following line integral. 

 ( )( ) ( )
2

0
curl

S C

F dS F d r F r t r t dt
π

′= =∫∫ ∫ ∫
  

  

    

 

Here are some excellent worked examples from Paul's Online Notes.
Original document found at
https://tutorial.math.lamar.edu/pdf%5CCalcIII%5CCalcIII_StokesThm.pdf



So, it looks like we need a couple of quantities before we do this integral.  Let’s first get the vector 
field evaluated on the curve.  Remember that this is simply plugging the components of the 
parameterization into the vector field. 

 
( )( ) ( ) ( )( ) ( ) ( )2 3 3

3 3

1 3 2cos 2sin 2cos 2sin

12cos sin 64cos sin

F r t i t t j t t k

i t t j t t k

= − +

= − +




 





 

 

 
Next, we need the derivative of the parameterization and the dot product of this and the vector field. 

 
( )

( )( ) ( ) 2

2sin 2cos

2sin 24sin cos

r t t i t j

F r t r t t t t

′ = − +

′ = − −

 





 



 

 
We can now do the integral. 

 ( )

2 2

0

23

0

curl 2sin 24sin cos

2cos 8cos

0

S

F dS t t t dt

t t

π

π

= − −

= +

=

∫∫ ∫




 

 

Example 2  Use Stokes’ Theorem to evaluate 
C

F d r∫




  where 2 2F z i y j x k= + +



 

 and C is the 

triangle with vertices ( )1,0,0 , ( )0,1,0  and ( )0,0,1  with counter-clockwise rotation. 
 
Solution 
We are going to need the curl of the vector field eventually so let’s get that out of the way first. 

 ( )
2 2

curl 2 2 1

i j k

F z j j z j
x y z

z y x

∂ ∂ ∂
= = − = −
∂ ∂ ∂



 


  

 

 
Now, all we have is the boundary curve for the surface that we’ll need to use in the surface integral.  
However, as noted above all we need is any surface that has this as its boundary curve.  So, let’s use 
the following plane with upwards orientation for the surface. 



 
 
Since the plane is oriented upwards this induces the positive direction on C as shown.  The equation 
of this plane is, 
 ( )1 , 1x y z z g x y x y+ + = ⇒ = = − −  
 
Now, let’s use Stokes’ Theorem and get the surface integral set up. 

 ( )

( )

curl

2 1

2 1

C S

S

D

F d r F dS

z j dS

fz j f dA
f

=

= −

∇
= − ∇

∇

∫ ∫∫

∫∫

∫∫

 



 










 

 
Okay, we now need to find a couple of quantities.  First let’s get the gradient.  Recall that this comes 
from the function of the surface. 

 
( ) ( ), , , 1f x y z z g x y z x y

f i j k

= − = − + +

∇ = + +


 

 

Note as well that this also points upwards and so we have the correct direction. 
 
Now, D is the region in the xy-plane shown below, 



 
 
We get the equation of the line by plugging in 0z =  into the equation of the plane.  So based on this 
the ranges that define D are, 
 0 1 0 1x y x≤ ≤ ≤ ≤ − +  
 
The integral is then, 

 
( ) ( )

( )
1 1

0 0

2 1

2 1 1

C D
x

F d r z j i j k dA

x y dy dx
− +

= − + +

= − − −

∫ ∫∫

∫ ∫




  



 

 

 
Don’t forget to plug in for z since we are doing the surface integral on the plane.  Finishing this out 
gives, 

 

( )

1 1

0 0

11 2

0 0

1 2

0

1
3 2

0

1 2 2

2

1 1
3 2
1
6

x

C
x

F d r x y dy dx

y xy y dx

x x dx

x x

− +

− +

= − −

= − −

= −

 = − 
 

= −

∫ ∫ ∫

∫

∫







 

 
In both of these examples we were able to take an integral that would have been somewhat unpleasant 
to deal with and by the use of Stokes’ Theorem we were able to convert it into an integral that wasn’t 
too bad. 
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Math 2400: Calculus III Divergence, Stokes’, and Green’s Theorems and the FTC of line integrals

Part I - Summary of higher-dimensional versions of the Fundamental Theorem of Calculus
Fill in the blanks (assuming appropriate hypotheses are met for the integrands).

1. The theorem regarding the equation

∫∫
S

F · dS =

∫∫∫
E

divF dV can be stated as follows:

Given a surface integral of a vector field F over a surface S, if the surface S is closed , the surface integral
is equal to a triple integral of divF over the region bounded by the surface. ( Divergence Theorem)

2. Given a line integral of a vector field F over a curve C, if F is conservative , then the value of the line integral
is the difference between f evaluated at the start point and end point of the curve, where ∇ f = F .
( FTC for line integrals )

3. Given a line integral of a vector field F along a curve C, if the curve C is closed , the line integral is
equal to a surface integral of ∇× F over any orientable surface that has the curve C as its boundary.
( Stokes’ Theorem )

4. Given a line integral of a vector field F = 〈P,Q〉 over a planar closed curve C (oriented counter-clockwise),

the line integral is equal to a double integral of
∂Q

∂x
− ∂P

∂y
over the planar region bounded by C.

( Green’s Theorem )

5. To evaluate

∫∫∫
E

∇ · F dV , you can calculate

∫∫
S

F · dS , where S is the boundary of the solid E .

( Divergence Theorem )

6. To evaluate

∫∫
S

∇× F · dS (over an orientable surface S), you can calculate

∫
C

F · dr , where C is

the boundary of the surface S . ( Stokes’ Theorem )

Part II - Practice problems

1. The figure below shows a surface S, which is a sphere of radius 5 centered at the origin, with the top cut
off, so the upper edge of the surface lies at z = 4. Use one of the theorems from Chapter 13 to evaluate∫∫

S
curlF · dS, where F = 〈y,−x, z〉.

Xingzhou Yang
S is oriented outward.



Math 2400: Calculus III Divergence, Stokes’, and Green’s Theorems and the FTC of line integrals

2. Consider the surface integral

∫∫
S

F · dS, where S is the closed yurt-shaped surface shown below, and

F = 〈3x, 2y, z〉. Notice that the surface comprises three separate pieces: the circular base, the cylinder walls,
and the conical top. The cylinder has radius 3 and height 2, and the cone has radius 3 and height 3.

(a) Discuss with your group the list of steps required to evaluate this surface integral directly.

(b) Use one of the theorems from Chapter 13 to set up a different type of integral with the same value as
the given surface integral.

(c) Interpret the new integral geometrically to find its value without evaluating it.

3. Consider the two integrals

∫
C1

F ·dr and

∫
C2

F ·dr, where F = 〈y,−x, 0〉, and where C1 is shown below (solid),

and C2 is shown below (dashed). A top-view of the vector field F is also shown. Do the two line integrals
give the same value, or not? Explain.

−3

3

−3

3

10

x
y

z

-5 0 5

-5

0

5

Xingzhou Yang
S is oriented outward.



Math 2400: Calculus III Divergence, Stokes’, and Green’s Theorems and the FTC of line integrals

Part I - Summary of higher-dimensional versions of the Fundamental Theorem of Calculus
Fill in the blanks (assuming appropriate hypotheses are met for the integrands).

1. Given a surface integral of a vector field F over a surface S, if the surface S is closed , the surface integral
is equal to a triple integral of divF over the region bounded by the surface. ( Divergence Theorem)

2. Given a line integral of a vector field F over a curve C, if F is conservative , then the value of the line integral
is the difference between f evaluated at the start point and end point of the curve, where ∇ f = F .
( FTC for line integrals )

3. Given a line integral of a vector field F along a curve C, if the curve C is closed , the line integral is
equal to a surface integral of ∇× F over any orientable surface that has the curve C as its boundary.
( Stokes’ Theorem )

4. Given a line integral of a vector field F = 〈P,Q〉 over a planar closed curve C (oriented counter-clockwise),

the line integral is equal to a double integral of
∂Q

∂x
− ∂P

∂y
over the planar region bounded by C.

( Green’s Theorem )

5. To evaluate

∫∫∫
E

∇ · F dV , you can calculate

∫∫
S

F · dS , where S is the boundary of the solid E .

( Divergence Theorem )

6. To evaluate

∫∫
S

∇× F · dS (over an orientable surface S), you can calculate

∫
C

F · dr , where C is

the boundary of the surface S . ( Stokes’ Theorem )

Part II - Practice problems

1. The figure below shows a surface S, which is a sphere of radius 5 centered at the origin, with the top cut
off, so the upper edge of the surface lies at z = 4. Use one of the theorems from Chapter 13 to evaluate∫∫

S
curlF · dS, where F = 〈2y, x, z〉.



Math 2400: Calculus III Divergence, Stokes’, and Green’s Theorems and the FTC of line integrals

2. Consider the surface integral

∫∫
S

F · dS, where S is the closed yurt-shaped surface shown below, and F =

〈3x, 2y, z〉. Notice that the surface comprises three separate pieces: the circular base, the cylinder walls, and
the conical top. The cylinder has radius 3 and height 2, and the cone has radius 3 and height 3.

(a) Discuss with your group the list of steps required to evaluate this surface integral directly.

(b) Use one of the theorems from Chapter 13 to set up a different type of integral with the same value as
the given surface integral.

(c) Interpret the new integral geometrically to find its value without evaluating it.

3. Consider the two integrals

∫
C1

F ·dr and

∫
C2

F ·dr, where F = 〈y,−x, 0〉, and where C1 is shown below (solid),

and C2 is shown below (dashed). A top-view of the vector field F is also shown. Do the two line integrals
give the same value, or not? Explain.
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−3

3

10

x
y

z
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1. Multiple Choice: For the following multiple choice questions, no partial credit is given. Fill

in your answer on the bubble sheet.

(1) (3 points) Fill in your answer on the bubble sheet.

Suppose f(x, y, z) = x+ y2 + z2, and let S be the level surface f(x, y, z) = 8. Find the

equation of the tangent plane to S at the point (−2, 1, 3).

(A) (x+ 2) + 2(y − 1) + 6(z − 3) = 0

(B) (x+ 2) + 2(y − 1) + 2(z − 3) = 0

(C) (x− 2) + 2(y + 1) + 6(z + 3) = 0

(D) (x− 2) + 2(y + 1) + 6(z + 3) = 8

(E) (x− 2) + 2(y + 1) + 6(z + 8) = 0

(F) (x+ 2) + 2(y − 1) + 6(z − 3) = 8

(2) (3 points) Fill in your answer on the bubble sheet.

Find the parametrization of the part of the elliptic paraboloid y = 4x2 + z2− 4 that lies

inside the cylinder x2 + z2 = 4.

(A) 〈x, 4x2 + z2 − 4, z〉 for −1 ≤ x ≤ 1 and −2 ≤ z ≤ 2

(B) 〈x, x2 + z2, z〉 for −2 ≤ x ≤ 2 and 0 ≤ z ≤ 4

(C) 〈x, 4− x2 − z2, z〉 for −2 ≤ x ≤ 2 and −
√

4− x2 ≤ z ≤
√

4− x2

(D) 〈r cos θ, r2 + 3r2 cos2 θ − 4, r sin θ〉 for 0 ≤ r ≤ 2 and 0 ≤ θ ≤ 2π

(E)
〈
r cos θ, r2 − 4, 2r sin θ

〉
for 0 ≤ r ≤ 2 and 0 ≤ θ ≤ 2π

(F)

〈
1

2
r cos θ, r2 − 4, r sin θ

〉
for 0 ≤ r ≤ 2 and 0 ≤ θ ≤ 2π
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(3) (3 points) Fill in your answer on the bubble sheet.

Suppose

f(x, y) = ye−x + 3x.

Find the direction of the maximum rate of increase of f(x, y) at (0, 1).

(A) 〈2, 1〉

(B) 〈−2,−1〉

(C) 〈3, 0〉

(D) 〈−3, 0〉

(E) 〈2e−1, e〉

(F) 〈−2e−1,−e〉

(4) (3 points) Fill in your answer on the bubble sheet.

Find the following limit, if it exists.

lim
(x,y)→(0,0)

x2 − 2y2

x2 + y2

(A) 0

(B) 1

(C) −1

(D) 2

(E) −2

(F) The limit does not exist.
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(5) (3 points) Fill in your answer on the bubble sheet.

Let

f(x, y) =


x+ 2

x2 + y2 + 1
, if (x, y) 6= (0, 0)

a if (x, y) = (0, 0)

Find a, such that the function f(x, y) is continuous at (0, 0).

(A) 0

(B) 1

(C) −1

(D) 2

(E) −2

(F) There is no a for which f is continuous at (0,0).

(6) (3 points) Fill in your answer on the bubble sheet.

Let

f(x, y) = (x3 − x)(y2 − 1).

Find fxy(x, y).

(A) (x3 − x)(2y)

(B) (3x2 − 1)(2y)

(C) (3x2 − 1)(y2 − 1) + (x3 − x)(2y)

(D) (3x2 − 1)(y2 − 1)

(E) 0

(F) 6x2y + 2y − 3x2 − 1
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(7) (3 points) Fill in your answer on the bubble sheet.

Let S be the surface parametrized by ~r(θ, z) = 〈3 cos(θ), 3 sin(θ), z〉, for 0 ≤ θ ≤ 2π and

0 ≤ z ≤ 2. Evaluate ∫∫
S

1 dS.

(A) π

(B) 2π

(C) 3π

(D) 9π

(E) 12π

(F) 18π

(8) (3 points) Fill in your answer on the bubble sheet.

Let
~F (x, y, z) = 〈xyz, xy + yz + zx, x+ y + zy〉.

Find curl~F .

(A) 〈yz, x+ z, 1〉

(B) 〈1− x− y + z, −1 + xy, y + z − xz〉

(C) 〈1 + x+ y, xy, xz〉

(D) 〈yz + y + z + 1, xz + x+ z + 1, xy + x+ y + 1〉

(E) 〈1, 1, 1〉

(F) 〈y + z, x+ z, x+ y〉

Page 4 of 12



(9) (3 points) Fill in your answer on the bubble sheet.

Let
~F (x, y, z) =

〈
x3 + y2, ze−y, x2 sin(z)

〉
.

Find div~F

(A)
〈
3x2,−e−yz, x2 cos(z)

〉
(B)

〈
−e−y, −2x sin(z), −2y

〉
(C)

〈
3x2 + 2y, −e−y, 2x cos(z)

〉
(D) 3x2 − ze−y + x2 cos(z)

(E) 3x2 + 2y − e−y + 2x cos(z)

(F) 3x2 + ze−y − x2 cos(z)

(10) (3 points) Fill in your answer on the bubble sheet.

Let f be a scalar-valued function of three variables and ~F a vector field on R3.

Which of the following must be true for all such f and ~F? (Assume all functions and

their components are polynomials.)

(A) div(div f) = 0

(B) div(grad f) = 0

(C) curl(div f) = 0

(D) div(curl(curl ~F )) = 0

(E) curl(curl(div ~F )) = 0

(F) grad(curl ~F ) = 0
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2. (7 points) Convert the following integral from rectangular coordinates to cylindrical coordi-

nates. Fill in all 7 blanks.∫ 3

0

∫ √9−x2
−
√
9−x2

∫ 18−2x2−2y2

0

yz dz dy dx

=

∫ ∫ ∫
dz dr dθ

3. (7 points) Convert the following integral from spherical coordinates to rectangular coordi-

nates. Fill in all 7 blanks.∫ π/2

0

∫ π/4

0

∫ 2
√
2

0

sinφ dρ dφ dθ

=

∫ ∫ ∫
dz dy dx
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4. (10 points) Evaluate the integral∫
C

(
xy2 + y

)
dx+

(
2x2y + ey

2
)
dy

where C is boundary of the rectangle in the xy-plane oriented clockwise with vertices (0, 0),

(0, 3), (2, 3), and (2, 0).
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5. (8 points) For the following function, find all local maximums, local minimums, and saddle

points.

f(x, y) = x4 − 2x2 + y3 − 3y
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6. (5 points) Consider the vector field ~F on R2 given by

~F (x, y) = 〈π cos (πx) + y, x+ 2y〉 .

Find a potential function f(x, y) for ~F (x, y) such that ∇f = ~F .

7. (3 points) Let ~F = ∇g where g(x, y) = ecos(πx) + xy. Evaluate the integral∫
C

~F · d~r,

where C is the path pictured below from

(
−1

2
,−2

)
to (2, 1).
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8. (10 points) Let S be the helicoid parameterized by

~r(u, v) = 〈u sin v, 2v, u cos v〉 for 0 ≤ u ≤ 1, 0 ≤ v ≤ π,

oriented in the direction of the positive y-axis. Let ~F be a vector field given by

~F = xy~i+ (y2 + 1)~j + yz~k.

Evaluate

∫∫
S

~F · d~S.

Page 10 of 12



9. (10 points) Let ~F be a vector field on R3 given by

~F = (cosx+ y)~i+ (ey + xz2)~j + (2z2 + yx)~k.

Let C be a circle of radius 1 centered at (0, 0, 2) lying on the plane z = 2, which is oriented

counterclockwise when viewed from above. Evaluate

∫
C

~F · d~r.
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10. (10 points) Let

~F (x, y, z) =
(
x3 + ey

2+z2
)
~i+

(
cos(x4) + y3

)
~j +

(
ln(x2 + 4) + z3

)
~k

be a vector field on R3, region E be the part of the solid sphere x2 + y2 + z2 ≤ 4 in the first

octant, and S be the boundary of E oriented outward. Find the total flux of ~F through S:∫∫
S

~F · d~S.
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MATH 2400 Tentative Schedule Fall 2020

• For hybrid sections, only: MWF are in person until Fall Break, and TTh are remote for the
duration of the semester. M-F are remote after Fall Break.

• For remote sections, only: M-F are remote for the duration of the semester.

• WebAssign assignments will be due each Sunday for the previous week’s topics. However, you
should complete each assignment during the week after the topic has been covered.

• The textbook section coverage for each biweekly quiz can be found at the end of this document.

Monday Tuesday Wednesday Thursday Friday

Aug 24th

9.1 - 3D
Coordinate
Systems

25th

9.2 - Vectors
Check-in 1
A: Intro to
Mathematica (at
home)
A: Guidelines for
3D Graphing (at
home)

26th

9.2 (cont.)

A: Vectors and
Mathematica (at
home)

27th

P: Mathematica
and 3D Graphing

HW 1 due

28th

9.3 - Dot Product

Check-in 2

Check-in 3
(Proctorio check,
due Sunday)

31st

9.4 - Cross
Product

Sep 1st

9.5 - Equations of
Lines and Planes

QUIZ 1

2nd

9.6 - Functions
and Surfaces

3rd

P: What is This
Thing? #1

HW 2 due

4th

9.7 - Cylindrical
and Spherical
Coordinates

Check-in 4

7th

Labor Day

No Class

8th

A: Quadric
Surfaces

Check-in 5

9th

10.1 - Vector
Functions and
Space Curves

10th

P: Parametrized
Curves and
Surfaces

HW 3 due

11th

10.2 - Derivatives
and Integrals of
Vector Functions

Check-in 6

14th

10.3 - Arc Length

15th

10.5 - Parametric
Surfaces

A: Parametric
Matching

QUIZ 2

16th

10.5 (cont.)

17th

P: Introduction to
Line Integrals

HW 4 due

18th

11.1 - Functions
of Several
Variables

Check-in 7

21st

11.2 - Limits and
Continuity

22nd

11.2 (cont.)

Check-in 8

23rd

11.3 - Partial
Derivatives

24th

P: Limits and
Polar Coordinates

HW 5 due

25th

11.4 - Tangent
Planes and Linear
Approximations

Check-in 9
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Monday Tuesday Wednesday Thursday Friday

28th

11.5 - The Chain
Rule

29th

A: What is the
Derivative of This
Thing?

A: Composition
of Functions

QUIZ 3

30th

11.6 - Directional
Derivatives and
the Gradient
Vector

Oct 1st

P: Gradient
Graphically

HW 6 due

2nd

11.6 (cont.)

Check-in 10

5th

11.7 - Maximum
and Minimum
Values

6th

11.7 (cont.)

Check-in 11

7th

11.8 - Lagrange
Multipliers

8th

P: Optimization

HW 7 due

9th

12.1 - Double
integrals over
rectangles
12.2 - Iterated
Integrals
Check-in 12

12th

12.2 (cont.)

12.3 - Double
Integrals Over
General Regions

13th

12.3 (cont.)

QUIZ 4

14th

12.4 - Double
Integrals in Polar
Coordinates

15th

P: Slices vs.
Skyscrapers and
Order of
Integration

HW 8 due

16th

12.4 (cont.)

Check-in 13

19th

12.5 -
Applications of
Double Integrals

20th

12.6 - Surface
Area

Check-in 14

21st

12.7 - Triple
Integrals

22nd

P: Applications of
Multiple Integrals

HW 9 due

23rd

12.7 (cont.)

Check-in 15

26th

12.8 - Triple
Integrals in
Cylindrical and
Spherical
Coordinates

27th

12.8 (cont.)

QUIZ 5

28th

12.8 (cont.)

29th

P: Introduction to
Surface Integrals

HW 10 due

30th

12.9 - Change of
Variables in
Multiple Integrals

Check-in 16

Nov 2nd

12.9 (cont.)

3rd

13.1 - Vector
Fields

A: Vector Field
Matching

Check-in 17

4th

13.2 - Line
Integrals Over
Scalar Functions

5th

P: Line Integrals
Over Vector
Fields

HW 11 due

6th

13.2 - Line
Integrals Over
Vector Fields

Check-in 18

9th

13.3 -
Fundamental
Theorem of
Calculus for Line
Integrals

10th

13.3 (cont.)

QUIZ 6

11th

13.4 - Green’s
Theorem

12th

P: What is This
Thing? #2 (Line
Integrals)

HW 12 due

13th

13.5 - Curl and
Divergence

Check-in 19
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Monday Tuesday Wednesday Thursday Friday
16th

13.5 (cont.)

17th

A: Conservative
or Not?

Check-in 20

18th

13.6 - Surface
Integrals Over
Scalar Fields

19th

P: Introduction to
Flux

HW 13 due

20th

13.6 - Surface
Integrals Over
Vector Fields

Check-in 21 (last)

23rd

13.7 - Stokes’
Theorem

24th

Review

QUIZ 7
QUIZ 8

25th

Remote office
hours during class
time

26th

Fall Break

No Class

27th

Fall Break

No Class

30th

13.7 (cont.)

Dec 1st

13.8 - Divergence
Theorem

2nd

13.8 (cont.)

3rd

P: What is This
Thing? #3
(Types of
Integrals)

HW 14 due

4th

A: Fundamental
Theorem Practice

A: Fundamental
Theorem
Matching

7th

Review

8th

Fall Reading Day

No Class

9th 10th 11th

Quiz Coverage

All quizzes are 30 minutes long. Quizzes 1-8 will be open between 7pm and 10pm on the date indicated
below. Quizzes 9 and 10 will be open during the final exam time on the University’s schedule.

• Quiz 1 (Sep 1): 9.1-9.3

• Quiz 2 (Sep 15): 9.4-10.2

• Quiz 3 (Sep 29): 10.3-11.4

• Quiz 4 (Oct 13): 11.5-12.1

• Quiz 5 (Oct 27): 12.2-12.7

• Quiz 6 (Nov 10): 12.8-13.2

• Quiz 7 (Nov 24): 13.3-13.6

• Quiz 8 (Nov 24): comprehensive

• Quiz 9 (during the assigned final exam time): 13.7-13.8

• Quiz 10 (during the assigned final exam time): comprehensive


