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Name

PRACTICE EXAM

Please answer the all of the questions, and show your work.
You must explain your answers to get credit.

You will be graded on the clarity of your exposition!
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20 points
1. Let V be an n-dimensional vector space over K ∈ {Q, R, C}, and let v1, . . . , vn be a
basis for V. Give the definition of a determinant function for the vector space V with respect to
the basis v1, . . . , vn.
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20 points
2. Let V be the real vector space spanned by 1, cos t, sin t in the real vector
space Diff(R, R) of differentiable real valued functions.

2.(a). Let T : V → V be the linear map defined by differentiation, i.e., T( f ) = f ′. Give the
matrix form of T with respect to the basis 1, cos t, sin t.

2.(b). Find two bases v1, v2, v3 and w1, w2, w3 for V so that with respect to these bases, the matrix
form of T is diagonal.

More precisely, find two bases v1, v2, v3 and w1, w2, w3 for V so that if the first basis defines
an isomorphism φ : R3 → V and the second defines an isomorphism ψ : R3 → V, then
the matrix associated to the composition

R3 φ−−−→ V T−−−→ V
ψ−1

−−−→ R3

is diagonal.
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20 points

3. Find the reduced row echelon form of the following matrix:

A =


1 −3 0 −1 4 −2
0 0 1 −1 0 1
3 −9 0 −3 2 4
1 −3 1 −2 4 −1
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20 points

4. Let A be the matrix in the previous problem.

4.(a). Let AT : R4 → R6 be the linear map associated to the transpose of A.
Find a basis for the image of AT.

4.(b). Let A : R6 → R4 be the linear map associated to A. Find a basis for the kernel of A.

4.(c). Find all real solutions to the system of linear equations:

x1 − 3x2 − x4 + 4x5 = −2
x3 − x4 = 1

3x1 − 9x2 − 3x4 + 2x5 = 4
x1 − 3x2 + x3 − 2x4 + 4x5 = −1
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20 points

5. Find the determinant of the following matrix:

B =


1 −3 2 0 −1
0 3 1 −1 1
2 −6 2 −3 2
0 3 3 −2 2
0 −3 1 1 1
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20 points6. For K ∈ {Q, R, C}, show:

A matrix A ∈ Mn×n(K) has rank n− 1 ⇐⇒ det A = 0 and there is some (n− 1)× (n− 1)
minor Aij of A with det Aij 6= 0.
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