Daily Quiz

* Go to Socrative.com and complete the quiz.
* Room Name: HONG5824

* Use your full name.
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k=2
Let f(z) = 1+ 2 + 2?. Find the 2nd degree Taylor polynomial of f(z)
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Obsevvation: T we hulbiply everything out, we get

TR = 3+3 -1+ (x> = 3+3x—3 + XP—ox + |
= (2-341) + (3r-2X) + X* | + X +x? ‘
Sinee £(X) ¢ & P°\Y'\°”\M‘; T, X) ¢ ‘H\o_ Sane po\ynomlal lau'l' )V\f{' WWW‘H‘QV\ with Cfn*kl' a=|.
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Approximating functions using polynomials is very useful!

Example: Approximating f(z) = cosz with Taylor polynomials centered at 0.

n

k n
Tk($) = Z f( )'(O)xn: 1 — :12‘_+LE_ e mw s f(k)(o)xk
n=0 ) :

https://www.desmos.com/calculator/chybqs87ex

Observation: We get better and better approximation as we increase the
degree k of the Taylor polynomial Ty (x).

What happens if we let £ — oo0? Can a function be equal to the limit of
its Taylor polynomials?
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In some cases, a function is indeed equal to its Taylor series T'(x). We
define the Taylor series of a function f(x) centered at 0 as

T(x)= lim Ty(x)

k—oo
ko r(n)
0 ,

= lim
n=0

>, f(n)
1) =32 120,

n!
k=0

To study Taylor series, we need to first understand the properties of a more
general mathematical object called the Power Series.
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8.5 Power Series

A power series (centered at 0) is a series of the form
oo
n 2 3
E Ch =cCg+c1x+cex” +czxr” +---
n=0

where x is a variable and the ¢,,’s are constants called the coefficients of the
series.

A power series may converge for some values of x and diverge for other val-

ues of x. Note that the power series resembles a polynomial. The only
difference is that it has infinitely many terms.
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8.5 Power Series

Example. The Taylor series centered at 0,

— ") ,
Z n! +

n=>0

£ (0)
n!

1s a type of a power series where ¢, =
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Example. If we take ¢, = 1 for all n, the power series becomes the

geometric series

o0
 at=1+a+a2" 4

n=0

For what values of x is the geometric series convergent?

Use +he Rahio Tes+:

> on =
Nn=»o =
i | SnL
Lsn—aoo *n
— lim ‘X"'*
h20] x"
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Gine %] is )no(cfendw+ of n,

L= lm x| =

10/27/2018

||

|

By the Rodo Test +he Sevies convVerges aLSolukly whan

L=Ixl<1|.
The sevies diverges whun [ =(x|>];
imconclusive and furthey ‘\'ﬁS‘HN) is needed when
L=IxI=1,
Thrconclusive ! |X‘:\) X= l)“l . bo )
Checke %=11 Plug in %=l + Hu Sevies on + gt
%Z \n. This Sevies O(i\lelrf.! ‘ay Hre Di\/e\,’ﬂv\ce T€S+
Check X=-1 : Plug in X=-| o +he Sevies fx" o get

h=0

[>.]
)", This sevies diverges by +he Divey 2
Z,, g8 Py dune Test.
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To organize +he convergumce vesults above, we draw a number line o indicate

e inderval of CONVevgme . I%|< | describes the values of X Fhat awe less tha, 1
Aisctone awayy Form 0. Hence the 'ln‘|€YVA\ of COV\VQV?«M\L& IS (_l) |)

and e can dvaw
<+ —

— | o) ;
We excluded %= L=l and [X[>| fom the inkevial of convergmee be cause The
poweyr senes o\we\r,,es od‘ wae. valwes of Y.
O\/)SCYV“C ‘H‘\K‘\' +‘AL FO\VCV Sf.V'\CS fxﬂ s C«eV\'l'(\f'CO( 0\+ O On "‘lf\b M‘k\f\ﬂ\l o‘F

h=0

CONVEYV gamie &\obve) +he distance Fom +the Cenktr O b +le bov\no(o\vy of

e inkvval is 1 . Tn oty words, The Radius of Convergmce g

Yhe distance fiom the cenky fo He boundany on ke inkerval of CONVeramme
ard ¥ 15 egual o L in ths example
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Dbsexrve +hat e ‘\nezwx\ﬂ-\/ |x\ < | gives away +re radius of Conver gnce.
When e coeffictent of w is 4, Hae numbey on +he vight -hand side b come ¢
e \cadins of Cor\\levw(_e_:

+he numbey on +he
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e \oO\AV\Al’\V\, po'\vxj(s of +he ih-k\rva\‘ o-f COV\WVWQ. These 4’\»'0 Poamlf
must be che cked mahuah\/ WSiny othey Convevaumece 4ecie.

boundavy) points

4= ¢ e a—
= | l
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Ratio Test for Power Series Centered at 0.

= E pB T Cni1
. . . mn . n
Given a power series E cpa’, let L(x) = lim = |z| - lim
5 n—o00 ey il n—00 B
n—

1. For values of x where L(x) < 1, the power series is absolutely convergent.
2. For values of  where L(z) > 1, the power series diverges.

3. For values of x where L(x) = 1, the Ratio Test is inconclusive and we
must use other testing methods to determine convergence.
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8.5 Power Series

Theorem. For a given power series (centered at 0) Z cnx” there are only
n=0

0. @)

three possibilities:
1. The series converges only when z = 0. (R = 0)
2. The series converges for all z. (R = c0o)
3. There is a positive number R such that the series converges if |x| < R and

diverges if |z| > R.

Definition. The number R is called the radius of convergence of the
power series.

The interval of convergence of a power series is the interval that consists
of all values of x for which the series converges.
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8.5 Power Series — Finding the Radius of Convergence

The Ratio Test is used to determine the radius of convergence R.

The Ratio Test is inconclusive on the boundary of the interval of convergence,
so the endpoints must be checked with other tests such as the diver-

gence test, integral test, direct comparison test, limit comparison test, or the
alternating series test.
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8.5 Power Series

i EXAMPLE1 A power series that converges only at its center

oo

For what values of x is the series D, n!x" convergent?

n=0
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8.5 Power Series

EXAMPLE 3 A power series that converges for all values of x Find the domain of the

Bessel function of order O defined by s pagp g ‘BV\A“H-L irdeyval of‘ (m\;ﬂy«,
Jo(x) = 2 (21,,() 1)? XZ
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