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1

10 points

1. Let (V,+, ·) be a vector space. Using only the definition of a vector space, show that
0 · v = O for all v ∈ V , where O is the additive identity of V .
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10 points

2. Consider the system of linear equations

3x1 + 9x2 + 27x3 = −3
−3x1 − 11x2 − 35x3 = 5

2x1 + 8x2 + 26x3 = −4

This system of linear equations can be written in the form

Ax = b

where A is a 3× 3 matrix, and x and b are both 3× 1 matrices. What are the matrices A,
x and b?
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20 points

3. Using the matrices A and b from the previous problem, put the augmented matrix

[A|b]
in reduced row echelon form using only elementary row operations. (You must show each of
your steps. Use the back of this page if necessary).
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10 points

4. Let A be the matrix from Problem 2.

4.(a). (3 points) Are the columns of A linearly independent? Explain.

4.(b). (3 points) Are the rows of A linearly independent? Explain.

4.(c). (2 points) What is the column rank of A? Explain.

4.(d). (2 points) What is the row rank of A? Explain.
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20 points

5. Let A be the matrix from Problem 2. The matrix A defines a linear map

f : R3 → R3

given by the rule f(x) = Ax.

5.(a). (5 points) Find the kernel of f .

5.(b). (2 points) What is the dimension of the kernel of f?

5.(c). (2 points) What is the dimension of the image of f?

5.(d). (1 point) Is f an isomorphism?
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10 points

6.(a). Verify (2,−1, 0) is a solution to the system of linear equations in Problem 2.

6.(b). Find all solutions to the system of linear equations in Problem 2.
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10 points

7. Let T be the set of functions f : R → R such that f ′′ exists. It is a fact that T forms a
sub-vector space of the vector space Map(R,R) consisting of all functions f : R→ R.

7.(a). Show that the map
F : T → Map(R,R)

given by the rule
F (f) = f ′′

for all f ∈ T is a linear map.

7.(b). What is the kernel of F?
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10 points

8. True or False. Mark T for true and F for false.

8.(a) Let A ∈ Mm×n(R). If the columns of A span Rm, then for any b ∈ Rm there

is an x ∈ Rn such that Ax = b.

8.(b) Let A ∈Mm×n(R). If the columns of A are linearly independent, then for any

b ∈ Rm there is at most one x ∈ Rn such that Ax = b.

8.(c) Let A ∈Mm×n(R). There is an x ∈ Rn such that Ax = 0.

8.(d) If a linear map is injective, then it is an isomorphism.

8.(e) Let f : V → V ′ be a linear map of vector spaces. Suppose there exists a linear

map g : V ′ → V such that g ◦ f = IdV . Then f is an isomorphism.

8.(f) The map f : R→ R given by f(x) = x2 for all x ∈ R is a linear map.

8.(g) If A =

[
1 1
0 1

]
, then An =

[
1 2n−1

0 1

]
.

8.(h) If A and B are m× n matrices, then A + B = B + A.

8.(i) If A and B are m×m matrices, then AB = BA.

8.(j) Every vector space is isomorphic to Rn for some non-negative integer n.
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