INTRODUCTION TO LINEAR ALGEBRA
MATH 3130

HOMEWORK 11
SOME SOLUTIONS

SEBASTIAN CASALAINA-MARTIN

1. REVIEW OF CHANGING COORDINATES

Let V' be a vector space, and let vy,...,v, € V and wy,...,w, € V be two ordered bases for V. Suppose
that we are given expressions for wi,...,w, in terms of vy,...,v,. In other words, suppose that

wy = S$1191 + S1202 + ... +  SiaUn

wao = S21V1 + S§92U2 + ...+ SonpUn

w; = Si1v1 + S22+ ...+ SinUn

Wy = Sp1¥1 +  Sp2V2 + ...+ SpaUn
for some real numbers s11, S12,. .., Spn-

If (a1,...,a,) € R™ are coordinates for a vector v € V with respect to the ordered basis vi,...,v,
(le. v =331 a;v;), then (b1,...,b,) € R™ are the coordinates for the vector v with respect to the ordered
basis wy, ..., w, (i.e. we also have v =", bw;), if and only if

T
by S11 t Sin a
bn Snpl Snn Gnp

Conversely, if (b1,...,b,) € R™ are coordinates for a vector v € V with respect to the ordered basis
wi,...,wy, (le.v =731, bw;), then (a1,...,a,) € R™ are the coordinates for the vector v with respect to

Date: April 17, 2013.



the ordered basis vy, ..., v, (i.e. we also have v = "7 | a;v;), if and only if

T
ay 511 S1n by
(279 Snl Snn bn
For brevity, let us use the notation:
a1 S11 *° Sin b1
a= , S= , b=
(79 Snl T Snn bn

In shorthand, we then have

We say that:
(1) The matrix (ST)f1 is the change of coordinates matrix from the ordered basis vq,...,v, to the
ordered basis wy, ..., w,.
(2) The matrix ST is the change of coordinates matrix from the ordered basis w, ..., w, to the ordered
basis vy, ..., Up.

2. PROBLEM §4.7 #1

Problem A (Problem §4.7 #1). Let V be a vector space, and suppose that v1,vy € V and wy,wy € V are

two ordered bases for V. Assume further that

w, = 6U1 — 2112

Wy = 9U1 — 41}2.

(a) Find the change of coordinates matrix from the ordered basis wy, ws to the ordered basis vy, vs.

(b) Find the coordinates for the vector —3w; + 2wy in terms of the ordered basis vy, vs.

Solution to A. The solutions to the problem are:

6 9
(a)
—2 4

(b) (0,-2).



Here is how we can find these solutions. From what is in the previous section, the first thing to do is to

find the matrix S. Since

w; = 6’01 - 2’1}2
wyg = 9U1 - 41)2,
we have that
6 —2
S =
9 —4

Thus the solution to part (a) is the matrix

ST _ 6 9
-2 —4
The solution to part (b) follows directly from this. We have found that the matrix ST above is the change

of coordinates matrix from the ordered basis wi,ws, to the ordered basis vy, vs. The coordinates for v =

—3w; + 2wy in terms of the ordered basis wy,ws are

(b1,b2) = (—3,2).

Thus the coordinates (aj,as) for v = —3w; + 2wy in terms of the ordered basis vy, vy are
a 6 9 -3 0
! = STb = =
as -2 —4 2 -2

In other words, the answer to (b) is (0, —2).

3. PROBLEM §4.7#8

Problem B. Consider the ordered bases

wy; = ,Wo = and 1z = , Ty =

for R2. Find the change of coordinates matrix from the ordered basis w;,ws to the ordered basis z1, z2, and

conversely, from the ordered basis x1, x2 to the ordered basis wy, wo.

Solution to B. We will solve this problem using the algorithm above. The only observation we need to

make is that if we set

U1 = , U2 =



to be the standard basis vectors in R2?, then the expressions for w1, ws, 1, 2 tell us that

wp = (=lv; + 8vg
we = 1oy 4+ (=Tve
and
1 = 1lvy +  2ve
xo = 1lvy + 1o

Now, for instance, to find the change of coordinates matrix from the ordered basis wy,ws to the ordered
basis x1, r2, we can first find the change of coordinates matrix from the ordered basis wy,ws to the ordered
basis v1, v2, and then find the change of coordinates matrix from the ordered basis v, vs to the ordered basis
z1,Ta.

To do this, let us focus for the moment on the ordered basis w1y, ws. If we set

-1 8
Sw =
1 -7
then
T -1 1 . . .
Sy = is the change of coordinates matrix from wy, ws to vy, va,
8 —7
and
7\—1 71 . . .
(Sy) = is the change of coordinates matrix from vy, vy to wy, wo.
8 1
Similarly, if we set
1 2
Sx =
1 1
then
T 1
Sx = is the change of coordinates matrix from xy, xo to vy, va,
2 1
and
-1 -1 1 ) . .
(SX) = is the change of coordinates matrix from vy, vs to x1, xs.
2 -1
Finally, we have
—1
(SX) s



is the change of coordinates matrix from wy,ws to 1,2, and
T\~ 1qr
(Sw) Sk

7 1 1 1 9
= = is the change of coordinates matrix from x1, z2 to wy, ws.

8 1 2 1 10 9

Remark 3.1. One can come up with a little faster algorithm if one remembers that in this case one is simply
looking for the matrices (S%) ™" 8%, and (8%,) 7" S%. For instance, in the problem above, the algorithm for
finding the change of coordinates matrix from the ordered basis x1, x2 to the ordered basis wi,wy would be

the following. Recall we are given ordered bases
wy = , Wy = and z; = , To =

for R2. To find the change of coordinates matrix from the ordered basis 1,z to the ordered basis w1, ws,

the algorithm says to enter the basis vectors in column form into a matrix:

In our notation above, this is the matrix

(st ]sx)

The algorithm then asks you to row reduce this matrix. This of course gives the matrix

1 0, 9 8

(ra]s5)s% )=

0 1710 9

and the 2 x 2 matrix on the right is the matrix we are interested in.



