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Abstract

We consider an ensemble of interacting charged particles on the line consisting of
two species of particles with charge ratio 2 : 1 in the presence of the harmonic oscillator
potential. The system is assumed to be at temperature corresponding to f = 1 and the
sum of the charges is fixed. We investigate the distribution of the number as well as the
spatial density of each species of particle in the limit as the total charge increases to
00. These results will follow from the fact that the system of particles forms a Pfaffian
point process. We produce the skew-orthogonal polynomials necessary to simplify the
related matrix kernels.

1 Introduction

Let L, M and N be non-negative integers so that L +2M = N, and consider 1-dimensional
electrostatic system consisting of L particles with unit charge and M particles with charge 2.
We will identify the state of the system by pairs of finite subsets of R, & = {1, a9, ..., a5}
and & = {p1,02,...08m}, where aq,qq,...,ar represent the locations of the charge 1
particles and 1, Bo,. .., By represent the locations of the charge 2 particles.

The potential energy of state £ = (£1,&2) is given by

L M
Zlog\aj —ag|+4 Z log |Bm — B +2Z Z lae — Binl.
<k m<n =1 m=1

We assume that the system is in the presence of an external field, so that the interaction
energy between the charges and the field is given by

- ZV(O&@) -2 Z V(Bm)
=1 m=1

for some potential V : R — [0,00). Eventually we will specify to the situation where V is
the harmonic oscillator potential, but for now we maintain generality. The total potential
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energy of the system is therefore

L M
E=> loglaj —ox|+4 > 1og|Bm — Bal +2) > loglas — Bl (1.1)
i<k m<n £=1m=1
L M
—> Vi) =2 V(Bw)-
=1 m=1

Given a pair of vectors (c, 3) € RY x RM we will define E(a, 3) to be the right hand side
of (1.1), and call («,3) a state vector corresponding to the state £&. Generically, there are
LM state vectors corresponding to a given state.

Assuming the system is placed in a heat bath corresponding to inverse temperature
parameter § = 1, then the Boltzmann factor for the state vector («, 3) is given by

M
ap) _ Hwag H (Bm)* [T les = anl TT 18 - Bnl‘*HH\ae Bml? (12)

i<k m<n {=1m=1

where w(y) = e~V is the weight of the system. The partition function of the system is

given by .
ZrM = —— *E(O"ﬁ)d/LL « d/LM B 1.
L LIM! /RL /RMG ( ) ( )7 ( 3)

where p and pu” are Lebesgue measure on R and R” respectively. The multiplicative pref-
actor 1/(L!M!) compensates for the multitude of state vectors associated to each state.

Here we will be interested in a form of the grand canonical ensemble conditioned so that
the sum of the charges equals N. That is, we consider the union of all two component
ensembles with L particles of charge 1 and M particles of charge 2 over all pairs of non-
negative integers L and M with L 4+ 2M = N. The partition function of this ensemble is
given by

Xr e
Z XtZp = Z TIM] /]RL /]RMG BB dut (o) du™(B).

(L,M) (L,M)

Here X > 0 is the fugacity of the system, a parameter which controls the probability that
the system has a particular population vector (L, M). The sum over (L, M) indicates that
we are summing over all pairs of non-negative integers such that L +2M = N.

Note now that (L, M) is itself a random vector, though we will continue to use this
notation for the value of the population vector as well. For example, for each admissible
pair (L, M), the joint density of particles given population vector (L, M) is given by the
normalized Boltzmann factor, .

X B

Z(X) e . (1.4)
When X = 1 the probability of seeing a particular pair (L, M), or Prob(L, M), is the ratio
Zr.m/Z, where Z = Z(1).

Experts of random matrix theory will have already noticed that when X = 0 the above
reduces to a general orthogonal (or S = 1) ensemble. Likewise, as X — oo, the above
formally goes over to the corresponding symplectic (or 8 = 4) ensemble. This provides then
an unusual sort of interpolation between two classical and well studied point processes.
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2 Statement of results

In this paper we will primarily be concerned with global statistics of the particles when the
fugacity equals 1 and the potential V' is given by

V(vy)=+2/2, that is, w(y) = e /2,

Many of the results presented here are valid for other potentials and other values of X,
however unless otherwise indicated we will restrict ourselves to these choices of V and X.
We will also restrict ourselves to the situation where N = 2.J is an even integer.

Similar results for the two-charge ensemble constrained to the circle with uniform weight
were obtained by P.J. Forrester (see §6.7 of [7] and the references therein).

The goal of this paper is to present global results about the distribution of L and M
as well as the global spatial distribution of each of the species of particles. Along the way
we will derive a Pfaffian point process for the particles (similar to that of another two-
component ensemble, Ginibre’s real ensemble) as well as the skew-orthogonal polynomials
which allow us to present a simplified matrix kernel for the process. The local analysis of
this kernel (i.e. its scaling limits in the bulk and at the edge) as well an investigation of the
right-most particle of each species will appear in a forthcoming publication.

2.1 Distribution of the population vectors

Sharp results on the law of the state vector (L, M) are consequences of the following char-
acterization.

Theorem 2.1. For each non-negative integer j, let L; = Lg_l/Q) be the jth Laguerre

polynomial with parameter o = —1/2. Then, Prob(L, M) is the coefficient of X* of the
polynomial Ly/2(—X?)/Ly2(—1). That is,

Z(X)  Luys(—X?)

Z  Lnp(-1)7
and so
2L 2¢
1. Prob(L, M) = I i if L is even, and is equal to 0 otherwise,
Aomn
d o Lnj2(=X 2)} o
2. E(L™) = — )= for m non-negative integer.
(") [( X Lnj(=1) |y,

Properties of the Laguerre polynomials now allow for nice expressions for the mean,
variance, etc. of L for all finite values of N. For example, we have that

N/2—1 o
wros i g TEEE)CEDT
dX | Z |xoy T o Lvp(=1) Z/:{F (Zi+1>F<i+;)i!]_l

=0

Asymptotic descriptions of the law of L are just as readily obtained from Theorem 2.1.
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Theorem 2.2. As N — 0o it holds:
1. E(L) = V2N — 1+ = + O(N™") and Var(L) = V2N — 5 + O(N~'/?),

L — (2N)/2

2. ——————
(2_]\])1/4

converges in distribution to a standard Normal random variable,
3. Prob (|ﬁ -1/ > 6) < ONe (ADV2N with o numerical constant C' for any € > 0.

2.2 Spatial density of particles

We introduce the (mean) counting measures p; and py for the charge 1 and charge 2 particles
defined by

EnAmglu:/Adm and EnAmsgu:/Adm

for Borel subsets A C R (where, for instance, |A N & | is the number of charge 1 particles
in A). As we shall see in the sequel, these measures are absolutely continuous with respect
to Lebesgue measure, and we will write Rg{vo) (x) and R(()f\{)(a:) for their respective densities.
(The cryptic notation will be resolved in Section 3.2, when we define the ¢, m-correlation

function of the ensemble to be Rﬂz)
From Theorem 2.2 we see that, as N — oo,
o0 oo N
/ R (z)dz = E[L] ~ V2N, and / R (z) de = E[M] ~ 5

—c0 —o0
One then would ask, when suitably scaled and normalized as in

1 2
sV (@) = SR (VNe)and oY (@) = Z RV (V).

whether sgN) (x)dz and s(QN) (x)dz converge to proper probability measures. This is answered

in the affirmative in Theorem 2.3 below.

The previous result shows that, with probability one, for all NV large the number of charge
1 particles is v/2N(14-0(1)). This suggests that, in the thermodynamic limit, the statistics of
the charge 2 particles should behave as though there are no charge 1 particles present, or like
a copy of the Gaussian Symplectic Ensemble (again, arrived at from the present ensemble
upon setting L = 0). Indeed we find the scaled density of charge 2 particles approaches the
semi-circle law.

On the other hand, though the charge 1 particles exhibit the same level repulsion amongst
themselves as the eigenvalues in the Gaussian Orthogonal Ensemble (occurring here when
M = 0), the preponderance of charge 2 particles leads to a different limit distribution.

Ginibre’s real ensemble, the ensemble of eigenvalues of real asymmetric matrices with
i.i.d. Gaussian entries, has superficial resemblance to the ensemble we are considering here.
First, it is suggestive to think of the present ensemble as arising from real Ginibre by forcing
the non-real eigenvalues, which occur in complex conjugate pairs, to be identified with one
“charge two” particle on the line. A little more concretely, the (random) number of real
eigenvalues in real Ginibre has both expectation and variance of O(v/N), as does the number
of charge 1 particles here. (See [6] for the mean, and [8] for the variance). It is perhaps not
surprising, therefore, that the limiting scaled density of charge 1 particles is the same (up
to a constant) as that of the real eigenvalues in Ginibre’s real ensemble [4].
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Theorem 2.3. As N —> oo sgN)

law on [— \f f] and s converges in the same manner to the semi-circular law with the
same support. In partzcular, it is proved that

/eitms(lN) (z)dx — ﬁ sin(v/2t)

converges weakly in the sense of measures to the uniform

and
» 2
/e”zs(QN)(m)dx — %Jl(\/it),
where the convergence is pointwise.

We give an elementary proof of the above, making use of the explicit skew-orthogonal
polynomial system derived below. Given that the number of charge 1 particles is o(N), one
could undoubtedly make a large deviation proof along the lines of [2] or [3] of a stronger
version of the second statement: that the random counting measure of charge 2 particles
converges almost surely to the semi-circle law. However, it is not clear how to use such
energy optimization ideas to access the charge 1 profile.

d ‘ .

-2 -1 0 1 2 -2 -1 0 1 2

Figure 1: sgN) (left) and séN) (right) for, from lightest to darkest, N = 10,30 and 90.

3 A Pfaffian point process for the particles

All of the results in this paper follow, in one way or another, from the fact that our interacting
particles form a Pfaffian point process very much like that of Ginibre’s real ensemble and
related to the Gaussian Orthogonal and Symplectic Ensembles.

The results in this section are valid for quite general weight functions w and fugacities.
Thus, for the time being, we will return to the general situation.

3.1 The joint density of particles

The joint density of particles for a particular choice of (L, M) is given by

XL
mQ[,?M(a,ﬂ), where QLM(a,ﬂ) = e—E(a,,H).

More specifically,

w Bm H |Oé] —Oék| H ‘/Bm Bn|4H H |Oég ﬂm|2

1 i<k m<n {=1m=1

ﬁ::]z

Qe B) = [ ] w(aw)
(=1

where, for now, the only assumptions we will make on w are that it is positive and Lebesgue
measurable with 0 < Z(X) < oo.
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3.2 Correlation Functions

Given 0 < /< L and 0 < m < M, we define the ¢, m-correlation function Réﬁg ‘REXR™ —
[0, 00) by

RE,I\TQ (X; y) = (;AD (L — é)](ljw — m)' / / QL,M(X\/av y\/ﬂ) dML_Z(a) duj\/[_m(ﬂ)a

Lyt Moam RL—¢RM-—m

where, for instance, xV a is the vector in R” formed by concatenating x € R and o € RV,
We will often write Ry ,,, for Réf\fg in situations where NN is seen as being fixed.

The correlation functions encode statistical information about the configurations of the
charged particles. To be more precise, given a € RF and 8 € RM with L+ 2M = N, we set

5: g(a7ﬁ) = (51,62) = (fl(a)7£2(ﬁ)) = ({Otl, .. -aaﬁ}v{ﬁla .. -ﬂnz})-

Given an L-tuple of mutually disjoint subsets of R, A = (A1, 4s,...,AyL), and an M-tuple
of mutually disjoint subsets of R, B = (By, Ba,..., Bas), the probability that the system
is in a state where there is exactly one charge 1 particle in each of the A, and exactly one
charge 2 particle in each of the B,, is given by

PI‘Ob{|A10§1‘ :17...,|AL ﬂ§1|:1,|Blﬁ§2\ :1,...,|BMD£2| :1}

—E [{i{lmemgl}{ﬁl%mgﬂ}] .

This probability can also be represented by

1 ... .. L M

o€SL TESM B"(l)
Since the integrand is symmetric in the coordinates of o and 3, we find

L M
E { H |[Ae N §1|}{ H |Bm N §2|H = / / Qru(a, B) dp* () du™ (8).
=1 m=1 BJA
The correlation functions can be used to generalize this formula. If A = (43, A, ..., Af)

is a tuple of disjoint subsets of R and B = (By, Ba, ..., By,) another such tuple, then

. {jf[lmjﬂgl}{lﬁf?kﬁle} = [ [ ety o @) 9),

3.3 Pfaffian point processes

Consider, for the moment, a simplified system of indistinguishable random points { =
{71,72,-.-, 7~} C R with correlation functions R, (z) satisfying

E ﬁ[Ajmq =/Al---/Aan(z)du”(Z)
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for any n-tuple (Ay, As, ..., A,) of mutually disjoint sets.
If there exists a matrix valued function Ky : R? — R2*2 such that

Ry (z) = Pf[Kn (2, 2)]] s »

then we say that our ensemble of random points forms a Pfaffian point process with matriz
kernel K. Much of the information about probabilities of locations of particles (e.g. gap
probabilities) can be derived from properties of the matrix kernel. Moreover, in many
instances, we are interested in statistical properties of the particles as their number (or
some related parameter) tends toward co. In these instances, it is sometimes possible to
analyze Ky (x,y) in this limit (under, perhaps, some scaling of  and y dependent on N)
so that the relevant limiting probabilities are attainable from this limiting kernel.

For the ensemble of charge 1 and charge 2 particles with total charge N, we will demon-
strate that the correlation functions have a Pfaffian formulation of the form,

1,1 1,2 .o
Rem(xiy) = 20pr |y, @i 2y) Ky (g, 200) | 3 =120
e Klz\;l(zkairk’) K]2\;2((Ek,$k/) ’ ka ! 1a2a"'m

1,1 71,2 7-2,1 2,2 . .
where K~, K°, Ky~ and Ky~ are 2 x 2 matrix kernels.

3.4 A Pfaffian form for the total partition function

In order to establish the existence of the matrix kernels we first need a Pfaffian formulation
of the total partition function.
Given a measure v on R we define the operators €/ and €4 on L?(v) by

A1) = [ f)semly -0 wd ) = 1)

(Obviously €5 does not depend on v, but it is convenient to maintain symmetric notation).
Using these inner products we define

ol = / f(@)ag(@) - g@)af(@) dv@), b=1,2

We specialize these operators and inner products for Lebesgue measure p by setting e, = €)'

and (f|g)ts. We also write f(z) = w(x)f(z). It is casily scen that
(i = [ [Fe)erita) = la)er Fa)] duta) = (1o
Similarly,
(Fin = [ |7 i) - o) 1 7(@)| auto)
— [ vl @) (2) = g(o)f (@) do = (F1g)

We call a family of polynomials, p = (po(x),pl(as), e ,pN_l(:c)), a complete family of
polynomials if degp, = n. A complete family of monic polynomials is defined accordingly.



8 A Solvable Mixed Charge Ensemble on the Line: Global Results

Theorem 3.1. Suppose N is even and p is any complete family of monic polynomials.
Then,
Z(X)=Pf(X?AP + BP),

where Nt Nt
AP = [<ﬁm|ﬁn>l]m;z:0 and BP = [<ﬁm|ﬁn>4]m;z:0'

Corollary 3.2. With the same assumptions as Theorem 3.1, Z = P{(AP + BP).

3.5 A Pfaffian formulation of the correlation functions

In order to describe the entries in the kernels K]l\;l, K11\f27K12\f1 and KJQV’Q, we suppose p is
any complete family of polynomials and define

CP = AP 1 BP,

where AP and BP are as in Corollary 3.2. (Here we are setting X = 1, though similar
maneuvers are valid for general X > 0). Since we are assuming that Z = Pf CP is non-zero,
CP is invertible and we set

_ N-1
(CP) " =[Gl o
The (; 1 clearly depend on our choice of polynomials. We then define

Zp] )G rPr(y)- (3.1)

7,k=0

The operators €; and ey operate on sy (x,y) in the usual manner. For instance,

N-1
easen(@,y) = > eapj(x)¢peapr(y)
7,k=0
and
N1
uner(z,y) P; ()¢ ke1pr(y)-
J,k=0

(That is, € written on the left acts on the sy (z,y) viewed as a function of z, etc.).

Theorem 3.3. Suppose N is even, p is any complete family of polynomials and sy (z,y)
is given as in (3.1). Then,

1,1 1,2 .y
] 5 S1 ; : ’ :1 2 é
Rt = [ eer) K] 1t
N (e, xr) KN (xk, ) kE=1,2,...m
where ( ) ( )
K“ »“N (T, Y xNEL T, Y ’
(@y) = Lm(x,y) evsever(x,y) + L senly — )

2,2 - N (2, y) %N62($7y)
Ky (@y) = [ewzv(m,y) e2xne(T,y)

K2 = | 2N@y) - val(zy) d K2 () = | V@) nvea(ny)
N (@,y) [EzﬂN($7y) exner(x,y) a N () axn(z,y) earxne(r,y)
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Remark. The factor 2¢ can be moved inside the Pfaffian so that the entries in the various
kernels where an €; appears are multiplied by 2. This maneuver is superficial, but has
the effect of making these particular entries appear more like the entries in other g = 1
ensembles (e.g. GOE). For instance, %sgn(y — x) appears more natural to experts used to
these other ensembles.

We can simplify the presentation of the matrix kernels with a bit of notation. First, let
us write

_ v (@) sen(z,y) _ |t oy,
EN@o) =Ly sxwmy) ™ B0 o) 0502
Then,
1,1 _ 0 0
Ky (z,y) = ExKn(x,y)Er + {0 Lsen(y _x)} ;

K3 (z,y) = B2 Kn(2,y) By, Ky (2,y) = B1Kn(2,y) By, Kx'(2,y) = B2 Kn(2,y) B

We notice in particular that the functions Rg%) and R((ﬁ) given in Section 2.2 are given

by

—

N-—1
R%) (z) =2 Z pj(x)Cjrerpr(z)  and Réﬁ)(m) = D;(2)reabr(x).  (3.2)
J,k=0 4,k=0

3.6 Skew-orthogonal polynomials

The entries in the kernel themselves can be simplified (or at least presented in a simplified
form) by a judicious choice of p. If we define

(flg) = (flg)r + (flg)4,

then
~ |~ \1N—1
CP = [<pm |pn>]m,n=o'
Since >y (and by extension all other entries of the various kernels) depend on the inverse
transpose of CP| it is desirable to find a complete family of polynomials for which CP can
be easily inverted.
We say p = (po,p1,-..) is a family of skew-orthogonal polynomials for the skew-inner

product (-|-) with weight w if there exists real numbers (called normalizations) r1,ra,. ..
such that

(D2j|P2k) = (D2j+1|D2k+1) =0 and (D2j|P2k41) = —(P2k+1|D2j) = 0j k7.

Using these polynomials, the entries in the matrix kernels presented in Section 3.5 have
a particularly simple form. For instance,

J—1 - - _ _
25 (2)P2j11(y) — P2jr1(2)P2;(y)
sen (1, y) = P2y j j j
y JZ_:O

. b
Tj

and the entries of the kernels are computed by applying the appropriate € operators to this
expression.
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3.7 Specification to the Harmonic Oscillator Potential
We now return to the case where the weight function is w(z) = e=o/2,
Theorem 3.4. Let

(P = X200+ ()
A complete family of skew-orthogonal polynomials for the weight w with respect to {-|-)(X)
is given by

Py () = ZJ:(—U’“MMW% (3.3)
and

X X d (x
P (@) = 22 Py () = 2 Py (a)

m—1 %  y2
=4X%z (_1)kM U ———
=0 L; (0) Lin*(0)

where Li(x) = Lli_l/Q) (x) is the generalized kth Laguerre polynomial. The normalization of
this family of polynomials is given by

~(X) S dn(m + 1)!
PXNpX) ) I X2 (— X2, 3.5
(Pap | Pyry 1) Tm 3 (=X*) Ly (—X7) (3.5)

~—

We can recover a family of monic skew-orthogonal polynomials by dividing by the leading
coefficient. Specifically,

Corollary 3.5. A complete family of monic skew-orthogonal polynomials for the weight w
with respect to (-|-YX) is given by

b0 = 2O S A

25

and

X X d (x
Pl (@) = vl (@) = =95 (a).

The normalization for this family of monic skew-orthogonal polynomials is given by

() _ 5001500 100 _ g U+ DTG+ 3) Li (- X7)
Ty~ = P2 [P2j41 - j! Lj(—XQ) :

Setting X = 1, we recover a family of skew-orthogonal polynomials for the harmonic

oscillator two charge ensemble with fugacity equal to one, and we will write p,, for pg) and

r; for rgl).
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4 Proofs

4.1 Proof of Theorem 2.1

We set J = N/2. To prove 1, we use Theorem 3.1 and the skew-orthogonal polynomials
from Corollary 3.5 to write

0 réX)
_T(()X) 0 J—1
Z(X)="Pf _ TEX)
(X) j=0
0 Ty
X
RO

Hence,

200 7Y LX) LX)
Z =0 Tj LJ(_l)LO(_Xz) LJ(—l) ’

where again Lj(x) = LL(fl/z) (x). Note Lo(X) = 1.

The remaining claims follow from the above by definition and the properties of Laguerre
polynomials.

4.2 Proof of Theorem 2.2

Point 3 of Theorem 2.1 specified to the first two moments produces

Now, since L;(x) = leJ/_Ql(a:) and Lj(z) = L}/Q(x) - LlJ/_Q1 (x), we have that

L1/2 _ 1/2,

Further, using the differential equation L’ (z) + (1/2—z)L/;(x)+ JL;(x) = 0, we also have
that

d d
. <$deJ(_$2)) = —daL/;(—2?) + 423 L'} (—2?)

= (=22 + 42*) L/} (—2?) + 42 J L ;(—2?).

This yields
Var(L) = 4J — E(L) — E(L)?,
and so asymptotics of the variance follow from those for the mean.
Next introduce a version of Perron’s formula (see [5]),

1
Lg(fl) = 27\/7577#!/271/4@2\/% (1 + Cl(a)mfl/Z + C’g(a)mfl + O(m73/2)) 7
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where m = n+1 and Cj(«) are known explicitly. In particular, C1(1/2) = —1/6, C2(1/2) =
—7/144, C1(—-1/2) = —2/3, and C2(—1/2) = 77/144. Substituting into the above we then
obtain

_2 O H=2v/T -1+ Ly o1

3V J+1 3V ’

and Var(L) = 2v/J — % + O(J~1/2) which completes the proof of point 1 (recall J = N/2).

Moving to the limit law for L, we introduce a little new notation. Set
Cn
M -5+ 0r+ D+ 1)

E(L)=2VJ+1—1—

pn (k) = =Cnan (k)"
with Cy = I'(§ + 4)[Ln/2(=1)]7". For k even, pn(k) is the probability of k particles
of charge 1, otherwise this probability is zero, compare point 1 of Theorem 2.1. In the
continuum limit this distinction is unimportant; we will show that, as N — oo
6702/2
(2N)4px (@N)/2 + @N) i) = S (1 + O(N /%)) (4.1)
V2T

uniformly for ¢ on compact sets.

First note that by Stirling’s approximation (in the form I'(z) = /2% (z/e)*(1 + O(1)))
);

and again Perron’s formula (now in the simpler form L,(—1) = 2\/;@(32\/5(1 + O(%))

Cy = 2mVNe (N/2)N/2e=N2=V2N (1 L O(N—1/2)). (4.2)
Next, with both £ and N — k large we have

an(k) = (2n)*2V/ Nk (N/2)N/2)e=N/2=k/2 (4.3)
« e[(N/ka/Q) log(lfk/N)+(k/2)log(kQ/QN)](l + O(k71 V. (N o k)71 V. kNil)),

again by Stirling’s approximation. Restricting to k = O(v/N), (4.2) and (4.3) yield

pn(k) = /e VB 4 O(NTV/2)), (4.4)
2k
where kN k ko k. k2
— V2N — 2 4 (= — Hylog(l — =) + S log(—).
o (k) o (5 —)losll = )+ 5 loe(5 %)
Now, quite simply
Nk k EOk2
S Mgl - oy = 24 2 ~1/2
(3 —Posll = F) =—5 + ;5 HOWNTT),

if k= O(v/N), and, if k is also such that 1 — % = O(N~1/%), we further have

k k2 k k2 k k2 1

e Y= (1 Yy - (1= —1/4

5 log(oy) = —5(1—55) — (1= 5)" + O/
More precisely, from the last two displays we readily find that

2

L
2v2N

ON(V2N + 1) = % + + O(N~Y4), uniformly for £ = O(N'/%).
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Substituting back into (4.4), since (V2N + £)71/2 = (2N)~V4(1 + O(N~/)) again for
¢ =O(N~Y*%), completes the verification of (4.1).
Last, for the tail estimate, revisiting (4.2) and (4.3) shows the conclusion of (4.4) may
be modified to read
CH 20N < p (k) < Cem ™),

for all 1 < k < N with a numerical constant C. (Here we understand (1 — £)log(1 — £) to
be zero at k = N.) Differentiating yields

d 1 k>
%¢N(k) = glog (Z(Nk)) )

and so ¢n (k) is decreasing for k < ¢~'v/2n and increasing for k > ¢v2N for any ¢ > 1.
Now, since (1 — €)log(1l —€) > —¢ and log(1 +¢€) > e —€?/2 for 0 < e <1,

on((L+e)V2N) > —eV2N +2(1 +¢)V2N log(1 +€) > eV2N,

also for 0 < e¢ < 1. Hence, for ¢ > 1, Prob(L > ¢v2N) < Npy(cv2N) <
CNe~((e=DADVEN  Tpe proof for the left tail is much the same.

4.3 Proof of Theorem 2.3

In both cases we use the expression of the one point function in terms of Hermite polyno-
mials, see (4.17) and (4.20) below.
We start with

55\1[)(33) _ ﬁNg:l €192n+1(2)P2n(VNZ) — P21 (VNZ)e1p2n (VNT)
n=0 Tn
and
g 2 N/ZQ:  ouis (VND)on (VNT) = a1 (VN2 (VNT)
N \/N . )

n=0
along with the relations ffooﬁgnﬂ = €e1pan+1(x) = 2pon(x) and p,(z) = epon(z) =
_%ﬁ2n+1(.r). An integration by parts in both instances then allows: with ty = ¢/V N,

/ eitwsg\l,) (x)dx (4.5)

N/2—1 . N/2—1
4v/2 R 2+/2it PR _
= ﬁ Z Tnl/ e (p2n(x))2d$_ \/NN Z Tnlf ety D2n(7)€1D2, (T)dz,
n=0 > n=0 >

and

/ e”zsg\?)(x)daj (4.6)
N/2—-1 N/2—1

2 N A 2it I
= ¥ Z rnl/ ey (p2n+1(x))2dx—TN Z rnl/ "N Po () Pan1 (z)dx.
n=0 - n=0 —00

The first, and primary, step is to show that the advertised limits stem from the first sums
on the right of the above expressions.
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Lemma 4.1. Let A(l)( t) and 8(2)( t) denote, respectively, the first term on the right hand
side of (4.5) and (4.6). Then,

Wy - V2 e V25

§ , 8 —
N \/it N
as N — 0.
Proof. SinceNfNIk(x) = Hy(z)e ="/ 2~are the eigenfunctions of the Fourier transform — in
particular (Hy) (z) = \/% 75 e Hy,(u)du = i* Hy(z) — we have that
Dan(z) = Z(_l)kakﬁ%(x)a (4.7)
k=0
Pans1(z) = i) (=1)*ax(Hopsr () + 4k Hop—1 (7)) = mz )Fay Hop,(z).
k=0

The last equality makes use of the three term recurrence Hy, 11 (z) = 20 H,(z) — 2nH,,_1 (z).
Plancheral’s identity then yields,

N 2-1 oo
W) /Z LY () aga / Hop(z + tn /2) Hoo(z — tn/2) dz, (4.8)
0<k,£<n >
and
N/2 1 oo
5D Z LS (c1)HHaga, / (22— (b /2)2) Hon (-t /2) Flng (z—ty /2)
0<k f<n -

(4.9)
We begin with the asymptotic considerations of (4.8) which is slightly simpler.
From the expansion H,(a+b) = Y}_, (})Hi(a)(2b)"~* we find that

2(kAL)

/_Zﬁ2k($+t/2)ﬁ2g(x—t/2)dm = e tlyT Z (%) (24) \(—aymgzita—am,

Given this, §§\1,) is equivalent, as N — oo, to

N/2—1 n 2%k 2\ ™
HORC) 4v2m 1 2% t
i, = S Sy, S (- (110
\/N n=0 = m=0 2N
N/2—-1 2k L—k+m
8\/27T Z Z akaﬂkM 2]{} Z 22 2k+m 7&
26 2k +m)! \ 2N ’
n=1 0<k<t<n m=0

in which we have introduced a self-evident notation for the diagonal and off-diagonal com-

ponents as well as the (nontraditional) shorthand (n),, := (nfi;n),

Next, recall the definitions a,, = (Qﬁ:),L( 1/2)( 1), rp = /722220 + 2)la,a,41 and

note the simple appraisals: with ¢ = (4mre)™!,

-1 _ L NG —1/2
.t = 4c7r\/ﬁe (I+0(n=)), (4.11)

a2 (20)) = e/Tn Y2V (L 4 O %)),
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where the latter will be used for m nonnegative and moderate (compared with n'/2). We
will also make repeated use of the fact

an 1247 — nme4f(1+0( —1/2y), (4.12)

valid for any real m.
Continuing, we change the order of summation to write

N— 2 N/2—-1 n
(1 4v/27 = (=262 /N)™ ~1 262k (91.\1
SNa=—F= ' E T g (2k)mai 2" (2k)L.
N =0 (m!)? n=[m/2] k=[m/2]

Then, for fixed m,

Nf:_l 1 zn: 262k N7H1/2
Tn (2k)pmaz 27" (2k)! —— (1 + o(1)),
n=[m/2]  k=[m/2] 4v/2m(2m + 1)
by (4.11) and (4.12), and a dominated convergence argument yields
lim 5 = i L Y A (V2tz)d (4.13)
N oo TN T m2@em+1)  J, 7° x)dx, .

m=0

for the diagonal contribution. Next, for the off-diagonal terms (second line of (4.10)), we

(1 )

again change the order of summation and have 5, equal to

N/2—1 N—2q—2 N/2—-1 n—q
8 V 2m (=2t2/N)atm -1 2k+
v = mz gl 2 T 2 (R 20)aem g (2)/2

n=q+[m/2] k=[m/2]
With now ¢ and m fixed,

N/2—-1 n—q

Z 7“;1 Z (2k + 2q)2q+makak+q(2k)!22k+q
n=g+[m/2] k=[m/2]

+m N/2 n
9q+m _4ﬁqu+m—1/ze4ﬁ(l +o(1)) =

ML

again by (4.11) and (4.12). Hence, for bounded ¢,

Nq—i—m—i—l/Q
1
427 (2q + 2m + 1) (

+ 0(1))a

N/2—1 N—2¢—2

Nel $2/9)a+m
0= 2 Z mgo — 2q+m/(2)q—|—2m—|—1)(1+0(1))
(—12/2)" &
22 W/l > a gt o)

=1 q=1
(—t2/2)¢ (22 1
(2¢+1) ((26)! - (g!)z) (1+0(1)),

I
gy
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after changing variables and the order of summation in line two. That is, 35\1,)0 tends to

S“‘T‘;Et — fol Jo(v/2tz)dz, which, combined with (4.13), proves the first statement of the

lemma.

Turning to (4.9), the preceding shows that, asymptotically, the (22 — (¢ /2)?) within the
integrand may be replaced by 1H,(x) = 2% — 1/2 for which there is the related evaluation:
assuming k < £,

/ Ho () Hon (2 + £/2) Hoe(z — £/2)e="" da (4.14)
2%\ (20 nlm!2" 5" {2k 42l —n—m
0<n<2k 2 ! 2 ! 2 :
n—m=0,+2

The resulting diagonal term (when k = ¢ in (4.9)) then reads

N/2 1 2k

(2 _ Qk‘ m) 2\
ng)d = Z 12@ 22k (2k)! Z — <_2N) (4.15)
N/2 1 2k—2 9 \ m+1
—1 2% | (2K)my2 ([t
NX e X e ()

This object does not converge on its own; cancellations from the off-diagonals are required.
With similar notation to the above we decompose s( ) as in szl §§3?(O, +p) in which

8N (0, 4) is arrived at by choosing ¢ = k + p in (4.9). ertlng out the p =1 case in full we
have that
N/2—1 2k 2\ ™M
(2) _ 16\f (2k -‘r 2 m+2 t
SN (o,4+1) - N Z Z akak+12 2k Z _ﬁ (416)
N/2 1 n—1 m+1
32f 1 (2k + 2)1m12(2k — m) t?
22k (2k -
> Zakam ) Z ml(m + 2)] oN

N/2 1 n—1 2k—2

16 _ %4+ mua [ 2\
\f Z 1Zakak+12 (2k)! Z M (2]\7) )

m=

Consider now the first sum on the right of (4.15) for k = n only:

1

N/2 m
8vm Z rla222m(2n)! Z(Qk)m(anm)(_tQﬂ

m=0 (m')2
N-2, .o m N/2-1
= 8]\\/[E 0( t(rfi)];]) Z ’f‘_1 222n(2n) (2n)m+1(1+0(1))
m= n=[m/2]
N
_ (=t2/2)™
= 22 GaEm o)
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by the same type of estimates used in the analysis of §§\P. Next, using the additional fact
that 1 — dkagi1a; ' = —k~Y2(1 + O(k™')) the remainder (or k < n — 1 part) of the first

sum in (4.15) plus the first sum in (4.16) is asymptotic to

N/2 n—1

Bf Z t2/2) Z 7";1 Z ai22k(2k)! X %(2k)m+1

n=[m/2] k=[m/2]

N t2/2)7n
Z P 1) (14 o(1)).

mO

The last two displays combine to produce the advertised limit ?Jl(\@t).
The above ideas propagate. In particular, the remaining terms of §S\2,)d +§5\2,)(0 1) balance
to produce a o(1) contribution, and this appraisal extends to the full sum over p > 1 of

§§37)(o, 4p) ‘We do not reproduce the details. O]

Revisiting second terms in (4.5) and (4.6) shows that the proof of Theorem 2.3 can be
completed by the following (rough) overestimates.

Lemma 4.2. As N — oo,

N/2-1 N/2-1

> / [Pan ()€1 Pan (@) |dz = O(N'/?), N~ vy / |[P2n (2)P2n+1(x)|dz = O(N).
n=0 n=0
Proof. Along with the well known evaluation ||Hy||2 = w!/427/2\/nl used several time

already, it holds that ||Hy||z: = ¢2"/2v/nln"1/4(1 + O(n~!) with a (known) numerical
constant ¢. Next note that ||fe1g||rr < || fllz1]lgl|z: and so

~ ~ ~ & 77 2
[PanerPonl |0 < [Panllfe = (Y axl|Hakllr)
1
O —=eVF)2 = 0.

Here we have used, again, that a,28v/2k! ~ k=/4e2Vk. Recalling that ;1 ~ n=1/2¢4Vn
finishes the first part.

For the second estimate we can get by with an application of Schwarz’s inequality. Simply
compute

|Banl |22 = ZakHH%HchfeM O(eV™),

and
n " » n—1 "
onsall}e = > af ([ Hokrall}2 + 16K Haox1|[32) + 2> apar—1|[Haxia][32
k=0 k=0
n
< C’Z \/EBAL\/EzO(neZl\/E)7
k=0

to find that 7, ||pan||z2||P2n+1]|2 = O(1), which suffices. O
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4.4 Proof of Theorem 3.1

We will prove something slightly more general which will be useful in the sequel.
Given measures v and v on R, define

vi,V2 1 4 Jug 2 L M
257 =z [, [ { Ty = aul TT 16— 5u1* IT T e — 8 b ) o (5,

i<k m<n ¢=1m=1
(4.17)
and

Zn(X) = Y XPzpe. (4.18)
(L7M)

Theorem 4.3. Suppose N is even and p is any complete family of monic polynomials.
Z"(X) = Pf (X?AP + BP), (4.19)
where

v N—1 ve1N—1
AP = [<pm|pn>1l]m,n:0 and BP = [(pm|pn>42]m,n:0 :

4.4.1 The Confluent Vandermonde Determinant

A special case of the confluent Vandermonde determinant identity has that

1 1 1 0 1 0
ag ag, B1 1 Bu 1
det | @ - of B 2651 e By 26m
W A SDE T g (V-
L M
= [ —ap) [T B =BT I] (v = Bm)*.  (4:20)
i<k m<n {=1m=1

We will denote the matrix on the left hand side of (4.20) by V(«, 8) and its determinant
by A(e, 3). We will later use the fact that the monomials which appear in the definition
of V(a, 8) can be replaced by any family of monic polynomials p = (pg, p2,...,pn—1) with
degp, = n without changing the determinant. We will write the resulting matrix VP(a, 8),
and we note that A(a, 8) = det VP(a, B3).

It follows from (1.2) and (1.3) that

1
Vi,V2 P L M
203 =g L, L, det Vel @lavt (@) ! 9).

4.4.2 Notation for minors

Given a non-negative integer L, we denote the set {1,2,...,L} by L. By convention, if
L = 0, then L is the empty set. Given a function t : L ,* N we denote by t' the unique
function N — L ~ N whose range is disjoint from t. We denote by i the function L ' N
which is the identity on L.
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We define sgnt as follows: Let e1,es,...,ex be any particular basis for RY. We then
specify that

ey N Aeypy Nepy N~ ANeynv_p) =sgnt-e; Aea A--- Aen.
That is sgn t = (—1)* where k is the number of transpositions necessary to put the set
t(1), - #(L), ¢ (1), - ,{(N = L)

into order. Clearly, sgni = 1.
Given an increasing function t : L N and a vector o € RY, we define the vector
oy € RE by
o = (), Qi) 1))

Ifu: L ~ N is another increasing function, and A = [a,, ] an N x N matrix , we define
A, to be the L x L minor of A given by

L
A= o) ] e, -

4.4.3 The Laplace expansion of the determinant

Using this notation, the Laplace expansion of the determinant is given by

det A = Z sgnt-det Ag;i-det Ay iv.
tL /N

In particular, the Laplace expansion of the determinant of VP (e, 3) is given by

VP(e,B) = > sgnt-det VP () - det Voo (B),
tL /N

where the notation reflects the fact that minors of the form V; depend only on o and
minors of the form Vy j» only depend on 3.

4.4.4 The Total Partition Function

Using the previous definitions, we may write

| det VP (e, B)] = Z sgn t{ H sgn(ay, — aj)} det V() det Vi 1, (B),

tL/N Jj<k
and
V1,V 1
ZLf}\f = Z sgntﬂ - { H sgn(ag — aj)} det Vsi(a) dulL(a)
tL/ N i<k
1
X /RM det V ;,(8) dy" (B).
We define

1
A= o e { Hcsgn(ak - aj)} det VY (ax) dvF(a),
i<



20 A Solvable Mixed Charge Ensemble on the Line: Global Results

and 1
By = M/ det Vi ,,(B) vy (8),
. RM
so that
ZP5i = ) sent- Ay, (421

tL /N

4.4.5 Simplifying A

If L is even,

H sgn(ax — o) = P T(a),
J<k

where T(«) is the L x L antisymmetric matrix given by

T (o) = [sgn(a — ij)]ik:l :

A similar formula is available when L is odd, but since N and therefore L is even, we will
not need that here.
It follows that

1
Ay = 7/ PfT(a) - det VP () dvi (),
L! Jpeo !
and
L
det V{fi(a) = Z sgno Hpt([)—l(ao(é))a
oeSy, =1

where Sy, is the symmetric group of L elements, so that,

A= 4 Z/ {Ptf) 1(a o(N}SgM Pf T(a) dvf ().

L ceSL

Now, Sp, acts on R* by permuting coordinates—denote the action of o by a + o - . It is
easy to verify that
PfT(c-a) =sgno - P{ T(a).

Consequently,

I Z/ {Hpt 1((r) }PfT(U-a)dvlL(a),

Ll ocEeSL

and by reindexing the integral by o — o~ ! - a, we find that

A= I Z/ {Hp{(é) 1(ag }PfT( ) dvy (o / {Hpt(e) 1(a }PfT(a)dlﬁL(a)

oceSL
Next, we write L = 2K and expand Pf T(«) as a sum over the symmetric group:

K

1
PfT(a) = KT E sgn T H sgn(aur(2k) — Qr(2k—1)),
.TESL k=1
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so that
1 K
Ag= KK Z sgnT/ { Hpt(2k71)—1(a2k71)pt(2k)71(a2k) sgn(ar(ok) — aT(le))} dvi ()
" resy RE Loy
1
g X
TESL
K
L
X /L { H ptor(2k71)fl(a‘r(2k71))ptO‘r(Qk)fl(a‘r(Wc)) Sgn(a‘r(2k) - aT(ril))} dvy’(a)
RE N =1
1 K
= BY 974l Z sgn T H /2 PtOT(Qk—U—l(fﬂ)Ptor(Qk)—l(y) sgn(y — x) dvi(x) dvi (y) = Pf A{)-
" resy k=1"R

4.4.6 Simplifying By

Turning to By, we first write

M
det V?y B) = Z sgno H Pt/oa(Qm—l)—l(5m)P1/oU(2m)71(ﬁm),
oESanm m=1

so that

M
1
By = Vil Z SgnU/RM { H pt'00(2m—1)—1(ﬁm)pi/oa’@m)1(5m)}dyév[(ﬁ)
’ m=1

o€Sam
1 M
= M Z sgno H /Rptloa(szl)*l(B)p/t’oa(?m)—l(ﬁ) dV?(ﬁ)
gESan m=1
Next we set
Ion = {o € Sopr:0(2m — 1) < o(2m) for m=1,2,..., M},
then

M
1
By il Z sgno H/R|:p’£/00'(2m—1)—1(ﬁ)plt’oa(Qm)(/B)_pt’OO'(Qm)(B)p/t’oa'(mel)fl(ﬁ) dvy(B)
’ m=1

o€llanm

— PfBP.

4.4.7 The Pfaffian formulation for the total partition function

It follows from (4.21) that
ZyE = > sgnt-PfAP - PfBY,
&L/ N
and therefore that,

z2(X)= Y X% )" sgnt-PfAP-PfBP
(L,M) tL /N

= > > sent-X"PfAP.PfBY.
(L,M) tL N



22 A Solvable Mixed Charge Ensemble on the Line: Global Results

Next, we set X = XTI where I is the N x N identity matrix. It is clear that, for each
t:L "N,
(XAPXT), = X APX],

and
Pf(X;APX{) = det X - Pf AP = X* Pf AP.

It follows that

7 (X)= Y > sgnt-P(XAPX"), - PfBY = Pf(XAPX' + BP)
(L,M) L N

where the last equation comes from the formula for the Pfaffian of a sum of antisymmetric
matrices [10]. Finally, since XAPXT = X2AP_ we arrive at Theorem 4.3.

4.5 Proof of Theorem 3.3

Given z1,...,TN,Y1,---,Yyny € R and indeterminants aq,...,an,b1,...,by we define the
measures 77 and 72 on R given by

N N
dm(a) = Z andd(a — xy,) and dn2(B) = Z bndd(B — yn),
n=1 n=1

where ¢ is the probability measure with unit point mass at 0. Using these measures, we will
specialize the situation in Section 4.4 to the measures v; = w(u +n1) and vy = w?(u + 12).
We will derive a Pfaffian form for the correlation functions of the microcanonical ensemble
with weight w by expanding both the integral and Pfaffian sides of (4.19) for this choice of
v1 and v, and equating coefficients of the various products of the indeterminants.

4.5.1 Expanding the Integral Definition of Z"*"2
Starting with (4.17), and setting Z**-*2 = Z¥»*2(1), we have

ZU;Q =2 LJW! /RL /RM Qpau(e, B) d(p+m)" (@) d(u+n2) (8).

(L,M)

It is easily verified that

L
dp+n) (@) =>" Y dyf(aw) dp (o)
=0 ul AL
and "
dp+n)™B)=>_ > dny'(B,) du™ ™ (B,)
m=0v:m "M
so that,
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We may relabel the o and the 8 in any manner we see fit. In particular, we may replace
eachu:¢ "Lando:m "Mbyi:¢ " Landi:m 7~ M respectively (the redundancy
in the notation should cause no confusion). We compensate by a factor of (1;7) (% ) which
counts the number of pairs (u,v) we are summing over. That is,

ZV1,V2
Z ZZE'L ('m'M m)!

(L,M) £=0 m=0

X// Qr.m (e, B) dnf (e) d™ = (ewr) dny(B;) du™ ™ (By ).
RL R]Vf

Now,
¢ N m N
dnt (o) = H Zau dé(oy — xy,) and dn(B; H Zb dé(Br — yv),
j=1lu=1 k=1v=1
and exchanging the sum and product in each of these expressions,
¢
dnf(cq) = Y [[aug doe; —ui)) and df(B) = > H o(k) A6(Br — Yo (k))-
wf—N j=1 v:m—N k=1

Notice that the sums in the latter two expressions are over all (not only increasing) functions
from ¢ and m into V.
So far, we have that

ZVI’VQ ZZZ Z Z (L — glmlM m) / /RMQLvM(a

L,M) =0 m=0uf—N v:m—N

X { T euydd(ey xu(J))}duL o) { 1T bocyds(B, — yu(k))}du " (By)

Jj= k=1

ii Z N AL g)lmlM m) {Hau(J ﬁbn(k)}

(L,M) £=0 m=0 u:{—N v k=1

/ / Qp a1 (%0 V o yo V B)dpt (o) dp ™ (B,).
RL—¢ JRM—m

—

Next we notice that, if u or v are not injective,
QL,M(Xu Vaoa,y, V /6) = 03

and we can therefore replace the sums over £ —+ N and m — N with sums over £ <— N and
m — N. In fact, since Qp p(xy V @, yy V B) is symmetric in the coordinates of x,, and yy,
we may replace these sums with sums over £ /' N and m ' N so long as we compensate
by factors of ¢! and m!. Putting these observations with the definition of Ry ,,, we arrive at
the fact that

m

e anl >D 2 YD MID VI | 1) | () TSN R TE

(L,M) £=0 m=0u:£ /N v:m "N

That is, Z"1*2 /7 is the generating function for the correlation functions of our microcanon-
ical ensemble.
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4.5.2 Expanding the Pfaffian Formulation of 712

It is easily computed that

10t = Floh 423 an [Fereten) e o)

n=1
sen(x, — Tm
_QZZanamf $7L xm) g ( D) )7
n=1m=1

and

(flo)e = (fl9) 4+Zb [Flum)eaum) = Gum)eaf ()] -
For convenience let us write

1
Eia(z,y) = 1 sgn(y — x) and Eio(x,y) =&z, y) = E22(x,y) =0,

and define
2 N <n<2N,”’

o — 2a, 1<n<N; and R 1<n<N;
no bn—nN N <n<2N, no Yn—N N <n <2N.

. {1 1<n<N;
i(n) =

so that,

(Flo) + (Fla)s = (Flgh + f\94+zcn[ 2)€in(zn) = )€ T ()]

n=1
2N 2N _
- Z Z Cncmf(Zn)g(zm)gi(m),i(n)(Zma Zn)
n=1m=1
Defining AP and BP as in Theorem 3.1 and
v v 1N v vV
AP = [<pj|pk>11]j7k:17 B = [<pj|pk>1l]j7k:17

we immediately see that
AP¥1 + BP:2 = CP _i_‘A[li’7

~—~—
—=AP{+BP
where the j, k entry of WP is given by
2N
> n [Pz )i Pr(zn) = P (zn) i)y (2n)]
"~ 2N 2N
— Z Z CnCmPj (2n) Pk (Zm)Ei(m),itn) (Zm), Zn)-
n=1m=1

Next we define the N x 4N matrix X by

= [\/cmﬁj(zm) \/cmei(m)ﬁj(zm)} j=0,...N—-1; m=1,...,2N.
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We also define the 4N x 4N matrix J by

and the 4N x 4N matrix Y by

2N
Y=-J+ m&m)di(n) (2m,2n) O
m,n=1

Finally, we set Z = (CP)~T = [Cj,k]j.vk;lo.

A Dbit of matrix algebra reveals that
APV L BPY: = 77T L XYXT,

and therefore,

zvove PRZTT - XYX)

z Pf(Z-T)

This is useful, since by the Pfaffian Cauchy-Binet identity [9, 4],

Znve PRY T - XTZX)

z Pf(Y-T)

A bit more matrix algebra reveals that

N-1 N-1 2N
VEnCm Z ﬁj('zm)@’kﬁk(zn) VEnCm Z @'(zm)gj,kei(n)l’ﬁk(zn)
X'ZX = Njﬁfzo Niﬁkzo
VCnCm Agoei(m)ﬁj(zﬂ”)gj,ki)’k(zn) VCnCm ;Oez(m)ﬁ](Zm)gj,kez(n)ﬁk(zn)
Jk= Jk= m,n=1
And since
yT=-3-1" 0 .

10 CmCn Eimy i) (Zms 2n) =l
we have that Pf(Y~T) = (—1)". This implies that

V12
VA

=Pf(X"ZX-YT)
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Looking at the entries of XTZX and using the definitions of sy, €; and €5, we see

N-1
Z Pj(2m)Cj kDr(2n) = 2N (2m, 2n)
§,k=0
N—1
D5 (2m) G k€in)Pr(2n) = #N€i(n) (Zm; 2n)
k=0

€i(m)Dj (2m)Cj kPk (2n) = €i(m) 2N (2m> Zn)

7,k=0
N-1
Z € m)p] Zm Cj kez(n)pk(zn) = ez(m)%N(Zma Zn)Gz(n)
7,k=0
It follows that
ZV17V2 N
7 = (-1)" Pf(-J — K) = P{(J + K),

where
2N

— [,/cmcnK%m)’i(n)(zm, zn)}

Using these definitions and the formula for the Pfaffian of the sum J + K, [10], we find

that
sz Z Y PIK,

n=1tn 2N

m,n=1

where K is the 2n x 2n antisymmetric matrix given by

n

iot(j),i0t(k
K= [\/C«j)Ct(k)K?vt(m ‘ )(Zto)’Zt(k))}

jk=1

For each t : n 2N there exists non-negative integers ¢ and m such that £ 4+m = n and
functions u: £ N N and v: m ' N given by

u(y) = t(y) for all j such that t(j) < N

and
o(j)=t(j)— N for all j such that N < () < 2N.

In this situation we write t = uV v. (We allow for the possibility that u or v is the “empty”
function, in which case uV v = v or uV v = u respectively.) It follows that we may write

zz > X PiKu

=0m=0u:f "N v:m "N

Finally,

N ) u) KN (@) Yorr))
PEK. — a bon b pr [N @i muin) Ky (@) vow)
e { H v H U(k)} [ F Wty Tun) KN Mok Vo)) k=1

£.4m,m



B. Rider, C.D. Sinclair, Y. Xu

and thus,

YAZRD N N 4 m
=2 2 % {Tmo [Tk
k=1

(=0m=0uf "N vom "N ~j=1

1,1 1,
e[ o)

2
KN Yoy Tu(gr)) -

(»Tu(j), yu(k’))
N Wok)> Vo))

27

(4.23)

£,6,m,m

J,3"k, k' =1

Comparing the coefficient of ajag - - - agbibs - - - by, in this expression with that in (4.22)

we find that

9

0,4,m,m
K];\fi(wjv zy)  Kyi(aj, yk)]

Rym(x5y) = 2f Pf {
( ) ‘K—]\/3 (ykaxj') K]2\/12(yk:7yk:’)

5,3 kK =1

as desired.

4.6 Proof of Theorem 3.4

Let H,, be the standard Hermite polynomial. It is known (cf. [1])
<H2ma H2n+1 - 4nH2n71>1 = 4h2n6m,n»

where

hy = / Hfl(x)efxzdx = /m2"nl.
R

Using the fact that H} (x) = 2kHj_1(z), it follows readily that

(Hom, Hapt1)a = /R (Ham (x)Hy,, 41 (x) — Hy,p, () Hopoya () dae

= 2(2TL + 1)hn6m,n — 4mh2m,15mﬁn+1

- h2n+16m,n - h2n+15m,n+1-

We look for skew orthogonal polynomials in the form of
Py () = Zangk(x), ap =1,
k=0

and determine the coefficients ay, 1 < k < m, by the orthogonal conditions
<P2m,H2k+1 —4]{5H2k,1> :O7 k‘:O,l,...,m—l.
This gives, by (4.24) and (4.25), the following equations on ag,

—hokag—1 + [hows1 + 4(k + X?)hor] ar — hoproari1 =0, k=0,1,...

(4.24)

(4.25)

where we define a_; = 0. Rescale by setting ay, := (Zk—k!)!ak., the above equations become

—(k+ Daksr + 2k + 3 — X*)a, — (k+ L)ap_1, k=0,1,...,m—1,
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which can be used to determine aj, recursively, starting from @_; = 0 and ag = 1. It
(—X?).

M\»—l

turns out, however, that this is precisely the three-term recurrence relation for L,

Consequently, a, = L, 2 (—X 2). Hence, we conclude

m Kl .
Pop(x ZakHZk ay = (2k)'L 3 (—X?). (4.26)

The Hermite polynomials are related to the Laguerre polynomials by [11, p. 106]
Hap(z) = (—1)*2%RIL, 2 (0?),  Hoppa(z) = (—=1)F22 ke L /2 (02). (4.27)
Using this relation and the facts that

L2(0) = (k ;: O‘) and  (2k)! = f;;F(k + 10k +1), (4.28)

we see that (4.26) becomes (3.3). Since Pa,, is determined by (4.24) and (4.25), the same
process shows that

m k' .

Py (z Zak Hojy1 (%) — dkHop(2)), ap = @ya( X?). (4.29)

Using the fact that Hj;(v) = 4jHaj-1(z) and Hajy1(z) = 22Hzj(z) — Hj;(x), we see that
Pomyr (z Z an (22 Hop () — 2HY, (2)) = 22 Poy, (z) — 2P5, ().

It remains to compute (Pay,, Pamy1). By (4.24) and (4.25), we have
(Poms Pomt1) = am(Pom, Hopg1 — 4mHop 1)
= am[*thQm—l + (h2m+1 + 4(m + Xz)h2m)a2’m]
= apy/T2™ ] [ 2m — L2 (—X2) + (dm + 2X2 + 1) L? (— X?)}

m—1

= /A2 mi2(m + 1)L, L (- X),

where the last step follows from the three-term relation of the Laguerre polynomials, from
which (3.5) follows readily.

Finally, we turn to the proof of (3.4). Using -LL%(z) = Lgill( ) and L (z) =
Lot (z) — Lg_,(2) ([11, p. 102]), (3.3) gives

m—1
=2 [Z(l)’%; (2) (L (=X = L (-X2) + <1>mLm2<X2>me2>] ,
where LO‘ (x) :== L¢(x)/LY(0), the formula (3.4) then follows from

2Li(2) = —(a+1) (L§(@) - Li_1 ().

which is a rescaling of the identity L3+ (z) = —(k + 1)L, (z) + (k + 1 + a)Lg(z) ([11,
p. 102)).
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