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Abstract

Chemical-mechanical polishing is an essential processing technique in the
electronics industry for planarizing materials that have been deposited on
silicon wafer surfaces. Recently, various statistical models have been introduced
to describe this process. The picture is one of surfaces evolving in time
according to a Markovian law. To date these models have been studied mostly
on the level of simulation. The purpose of this note is to put some of the
phenomena seen in simulations on firm analytical ground and to formulate
open probabilistic questions related to these problems.
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1. Introduction

We study a Markov process of surfaces which has as its motivating application
a fast growing and essential processing technique in the electronics industry known
as chemical-mechanical polishing (CMP). Roughly put, CMP is a procedure for re-
moving materials that have been deposited on silicon wafer surfaces and is known to
greatly simplify the task of building multilayer integrated surface structures. While the
mechanisms underlying CMP have been qualitatively described (from an engineering
perspective there is even the text [12]), most aspects of this important process had not
modeled mathematically until recently in [2] and [3]. Our work is based on a model
introduced in the latter paper.

In the class of CMP tools under investigation, the silicon wafer is held against a
rotating polishing pad (Figure 1). During polishing, a chemically-reactive slurry is
sprayed onto the pad ahead of the wafer while a diamond-covered rotating plate called
a conditioner is pressed into the pad, the purpose being to maintain the roughness of
the pad. The action of the slurry combined with dragging the roughened pad across
the surface is understood to be responsible for the removal of material from the wafer.
The goal of [3], continued here, is to well understand the conditioning process. Figure
2 (left) shows an example of the height distribution of a newly conditioned pad. In the
absence of conditioning, the height distribution forms an additional peak to the right
which then grows in time. This corresponds to the pad surface possessing expanding
planar regions, which in turn decreases the average contact pressure with the wafer
and so also the average polishing rate. It is therefore of great interest in industry to
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FIGURE 2: Left: Empirical probability density function of one-point surface height for a pad
after 20 minutes of conditioning ([8], [2]). The picture is shifted to produce zero mean. Right:
Scanning Electron Micrograph cross section of a conditioned void-filled polyurethane pad.
The scale bar at the top indicates 100 microns. Voids average about 30 microns in diameter
and occupy about 50% of any cross section. (Data by Letitia Malina, Motorola [2])

have an effective model for the evolution of this distribution along with other measures
of pad roughness due to conditioning.

One notable feature of the height distribution is the asymmetry of the tails. In
modeling this or any statistic stemming from the conditioning process, one needs take
into account that the pads themselves are typically made from soft materials such
as polyurethane which are locally far from uniform. A magnified cross-section of a
common pad material is depicted in Figure 2 (right); it is clearly not solid but “foamed”.
The darker circles correspond to voids which occupy roughly 35% of pad volume and
50% of any cross section. We will see that this void structure is largely responsible for
the left (or lower) tail of the distribution.

Let us now describe the stochastic model for pad conditioning introduced by the
authors of [3]. Understandably, it rests on a number of simplifications of the physical
system. First, time is discretized, and one projects down to a two-dimensional cross
section of the surface. In cross section, the diamond array of the conditioning plate
is replaced by a saw-toothed function lying above the pad. Now, the diamonds are
engineered to be of uniform size and shape and are distributed infirmly over the
conditioner. Based on this and the relative size and rotation speed of the conditioning
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plate to that of the pad, [3] argues that one may restrict attention to the effect of a single
diamond swept uniformly at random over a fixed segment of pad in each time step; the
picture then extended periodically. Lastly, the manner in which the conditioner moves
into the pad must be considered. In actuality there is a type of feedback mechanism:
a balance of forces controls the speed at which the conditioning plate is pushed into
the pad so that material is removed evenly across the surface. The model ignores
this dependence in favor of a rate of descent that is solely a function of time. The
result of these comments is the following Markovian law of surface development: with
z = H(z,n) the surface height at time n and position z along the pad,

H(z,n+1) =min{H(w,n),V(a:—Xn) —c(n)}. (1.1)

in which X;,X5,... is a sequence of independent identically distributed Uniform
random variables on [0, 1], V' describes the geometry of the diamond (below V(z) =
const|z|), and the (non-negative) ¢(n) models the movement of the plate into pad. The
evolution (1.1) is subject to a planar initial condition, H(-,0) = const, and is taken to
be periodic at its boundary: H is a map from the circle to a lower half plane (the pad
is extended indefinitely below).

Of course, (1.1) only describes a conditioning plate’s descent into a solid pad. In [3],
physical arguments along with a continuum in time limit lead to Hamilton-Jacobi
like equations for the development of a suitable approximation of the probability
distribution of H at a given point. This was carried out for stationary (c¢(n) = 0)
and constant rate (¢(n) = ¢ X n) conditioning. Simulations are then run and shown
to support the use of these PDE approximations. The effect of void-filled pads is then
added after-wards in a heuristic fashion.

In this paper, we first derive exact expressions for the (one-point) height distribution,
P(H(z,n) < z), for stationary and constant rate conditioning under the assumption
of a solid pad. In the stationary case which occupies Section 2 we can do more. We
consider the distribution of heights, meas{z : H(z,n) < z}, and can describe various
moments along with fluctuation formulas for long time. For constant rate conditioning
we compute the one-point function for large enough n and then give asymptotic formula
for the mean and variance of H; this is Section 3. Section 4 builds on the result of
Section 3 in order to describe the more important case of constant rate conditioning of
foamed pads. We model the pad by placing independent identically distributed voids at
each point of a two-dimensional Poisson random field.! In the presence of this random
environment the height distribution is described in terms of a convolution of the solid-
pad height distribution and one describing that of the typical void size. Interestingly,
this analysis touches on a classical problem of Queueing Theory. The result is a model
which captures the main qualitative features of the empirical distribution pictured
above. In a last section we describe some related problems for future work.

2. Stationary Conditioning of a Solid Pad

As in [3], we start with the idealization of stationary conditioning: ¢(n) = 0. In
this warm-up model we are able to obtain exact formulas for several measures of the

1. This model in itself is known ad the Poisson blob or Boolean model of continuum percolation

[9]-
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surface roughness. Also following [3], V(z) is chosen to be a symmetric wedge of
constant slope 1/e. Things are normalized so that the plate sits directly above the
(solid) pad at height = 1, the minimum of the diamond extending down to height = 0.
The evolution of the pad surface (1.1) then takes the form

1
H(z,n +1) :min{HS(x,n),g|x—Xn|}, (2.1)

where H?(z,0) = 1 (the superscript 0 indicating stationarity).
We consider the distribution of heights,

Dre(z) = meas{x : Ho(z,n) < z}, (2.2)

obtaining both moment and fluctuation formulas for this statistic. Note that by
stationarity (in z) E[Dy,(2)] = P(H?(-,n) < z), recovering the one-point function.
The key to our expressions is that the surface at time n may be reconstructed from
the position of the cuts. That is, all statistics of interest may be derived from the
distribution of the Order Statistics of n uniform random variables on the interval [0, 1].

Theorem 2.1. For H?(-,n) the random surface at time n there are the following
description of the height distribution D, .. With X', X? ..., X" the Order Statistics
of the first n cut positions:

n—1
Dnelz) = 3 (XH = X*) A (226) + ((1 — X"+ XA 2z5). (2.3)
k=1
This expression allows explicit computation of the mean and variance variance of the
height distribution:

E[Dn,s(z)] = P(Hg(x,n) < z) = 1—(1—2z)", (2.4)

and, as long as e < 1/4,

2

CESY (1 —22e)"*! + w(l —4ze)"tt — (1 —22¢)*"  (2.5)

(n+1)

Var [Dn,s (z)] =

It follows that Dy, c(z) — 1 with probability one as n 1 oo for any fixed z > 0.

Remark. It is interesting to note that the arguments in [3] led to an expression quite
close to ours for the mean of D, .(2).

Remark. The surface energy, &, . = fol |(H?)'(x,n)|?dz, provides another measure of
roughness. This object can also be described in terms of the Order Statistics of the
cut positions:

1

Ene = = Ti(xkﬂ — XY A (2¢) + 812((1 X"+ XY A 25)). (2.6)

An easy consequence is that &, . converges to 1/e? with probability one as n 1 oo.
Clearly from (2.6) one may compute various statistics as in (2.4) and (2.5).
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Theorem 2.1 shows that the surface falls below any pre-arranged level at exponen-
tial speed with fluctuations also exponentially decaying . A better way to view the
asymptotics is to consider small € and n ~ «/e for a > 0 and notice that

. . 7700, & 1 0 & — 1 _ p—22a
lslﬁ)lE[meas{x.HE(x,E)gz}] —lslﬁ)lP(HE(,E)Sz) l1-e . (2.7

This is to be compared to the exponential decay of the height distribution reported in
simulations ([3]), and demonstrates that optimal conditioning times should be inversely
proportional to the cutting slope, yielding a non-trivial (and predictable) distribution
of heights.

The observation (2.7) is really an old result of Smirnov [10] who shows that the sum
of the indicators of the events {X*+1 — X* > x/n} tends to exp (—z) in probability.
However, having computed the additional piece of information that 1/e = n times the
variance (2.5) is of order one, suggests that, in this simple model, D,, . has a central
limit theorem. The result is the following:

Theorem 2.2. With a fized e, z < 1 and n 1 oo, the difference between 1 and Dy, o(z)
when multiplied by n tends to an exponential random variable of mean one. More
informative, in the limit of small € with time of order €', one finds the following
convergence to a Gaussian distribution:

lsifol % [meas {a: : H(x, [%1) < z} -(1- 6_220‘)] = N(0,¢(a,z)) (2.8)

in which ¢(a,2) = 2a7te™22%(1 — (1 + 2za)e 272,
In the proofs of Theorems 2.1 and 2.2 we make repeated use of the following fact.

Lemma 1. Let X',..., X" denote the Order Statistics of X1,...X,, n independent
uniform [0, 1] random variables. Then for the corresponding spacings {X* — X*~1} in
the bulk (here we consider k from 2 to n) one has that

P(Xk S = da) =n(l—a)" 'da (2.9)
and
P(X’c — X"l e da, XI — X1 ¢ db) —nn—1)1-a-b"2dads  (2.10)

forany j #k, 0<a,b<1anda+b<1 where necessary. For the edge variable we
have P(1 = X" + X! € da) = n(n — 1)a(l — a)"2 and

P(l ~ X' - X" €da, X" - Xk ¢ db) =n(n —1)(n — 2)(1 — a — b)"3dadb

for the edge-bulk correlations.

Proof. Recall (see [4] pg. 127 for example) the equivalence in law between (X1, X2,
.. Xn) and (Tl/Tn+1,T2/Tn+1, . 7Tn/Tn+1) in which Tk =n+mn+t--+7 with
{7} independent exponentials of mean one. Then (2.9) follows from

P B _ 1 tn—le—t—s . o
P(X Xkl < a) _P<7-1 < aTn+1) _/0 o dedt=1-0-a"
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The proof of (2.10) and the expressions involving the edge variable are similar in spirit;
their verification is not reported.

Proof of Theorem 2.1. The evaluation of D,, (z) can be made in terms their Order
Statistics X1, X2... of the centers of the first n cuts is made evident by writing

1
meas{x : H?(z,n) < z} = / L{H0(e,n)<2} (7)d
0

n X+l
Z {/ l{Hg(w,n)Sz}(w)dx} (2.11)

=1 (/X"

where we take X! = X!, Focus on a bulk term (1 < k < n — 1), things being the
same. For the k-th integral in (2.11) there two cases depending on whether |X*+1 —
X*| < 2¢ or not. In the former case, the surface between X* and X**! forms an
isosceles triangle with peak e(X**1 — X*)/2 at the midpoint (X* + X*+1)/2. In
the latter it is a trapezoid: H? growing linearly from X* to X* + ¢, H® = 1 on
[X* + e, X% —¢], and then returning to 0 at z = X**1. Therefore, for 0 < z < 1,
the portion of the interval [X*, X*+1] with H? < z is either the entire interval when
| Xk+t — X*| < 22¢ or it is just the subintervals [X*, X* + 2] and [X*~! — ez, X*+1].
In symbols that is:

xk+1

/ . Lao(my<a}(@)de = (XH — XFY A (22¢),
X

proving the representation (2.3).

Next, with the aid of Lemma 1, obtaining the mean and variance of D,, .(z) are
straight forward (though tedious) computations. We record the results. For the
expectation, one needs that for any positive constant ¢ < 1,

1 (1 —¢)ntt
(n+1)_ (n+1) "’

E[(Xk — Xk /\c] = n/ol(s/\c)(l —5)" " ds =

and similarly

no Iy ALl — ' netg _ 2 (1—o"
E[(I—X +X )/\C] —n(n—l)/0 (sAhe)s(1—s)" 'ds = O RCES) (1—c+cn)

which explains (2.4).
As to the variance, we restrict to ¢ < 1/2 and compute separately for each spacing.
First for the diagonal terms: in the bulk we have

E[{(Xk — XA c}2] = e 1)2(n 2 (j(i 1_)(611”:12) (1 +c+ cn) (2.12)
with
E[{(l — X"+ XA c}z] =T lf(n ol fl;(;): 5 (6 —2¢® + 6en + 2c2n2)
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at the edge. For the covariances of the individual spacings there is

E[{(Xk — XP YA (X — XYY A}

= (- 1)/1 /l(s/\c)(t/‘\c)(l s — )" 2dsdt
0 0
1 _ 29T (-2

m+1)n+2) m+Dn+2) nw+1)(n+2)
for the bulk-bulk and

E[{(l X" XY A H(XE - XY A (2z5)}] (2.13)

- n(n—l)(n—2)/01 /Ol(s/\c)(t/\c)(l—s—t)"3sdsdt

2 (1—c)tt (1 = 2¢c)nH!
- (4—2c+nc)+—(n+1)(n+2)

2—2c+ nc)
m+1)n+2) H+1Dn+2) (

for the edge-bulk terms. Putting together the displays between (2.12) and (2.13) in
the appropriate fashion with ¢ = 2ze yields (2.5). The proof is complete.

Proof of Theorem 2.2. Noting the exchangeability of X*+1 — X*  one could employ
general techniques ([14], for example). However, we find it easiest to do things by
hand, making use of the equivalence in law noted in the proof of Lemma 1.

For the first statement we may write: with {73} independent exponentials of mean
one and T}, their running sum,

n—1
: _ . 770 % _ k1l _ yk
lellglon{l meas {z : HY(z,n) gz}} —rlblTrglon[l ;(X XY N (2e2)
n
= Jim 7 [Tn+1 . ;[Tk e A (zszTnH)]]

with the second equality holding in distribution. Now the ratio n/T),;1 tends to one
almost surely, and as 7,41 ~ 7 for any n, the claim follows because
n 2 n
E[> I = A 222T01)]] < n?E[P (> 226> 1) =0
k=1 k=2

by a large deviation estimate.

The proof of (2.8) follows the same format. The desired sum of terms in the Order
Statistics is replaced by

[a/c]
1 —Z4ZO
m [ Z T N\ (2Z€T[a/s]+1) - (1 —e 2 )T|'a/5'|+1] (2.14)
k=1
. fa/<]
S R 1 S SR YT RT
fa/e1+1 pt

[a/e]

+ \/g( Z K N\ (ZZET[Q/E'|+1) — T A\ 22&)
k=1
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Similar to before €T a141—a with probability one as € | 0 and so may be considered
constant from the start. Next the computation E[r1 Ay — 7 (1 —e™7)]? = 2e77(1 —
(1 +v)e~7) and the central limit theorem combine to show that for the first term,

[a/e]
\/5[ D (rk A2za) — (1 - 672”)T[a/s1+1]
k=1

[o/e]
= e Z (Tk AN2za—T1(1 — 6_2”‘)) + \/ET[Q/EHl — N(O,a¢(a,z))
k=1
in distribution as € | 0. The proof is finished by overestimating the variance of the
remaining sum in (2.14) by an object tending to zero. The details are straight-forward.

3. Moving Plate Conditioning

Next we consider ¢(n) = ¢ X n, which describes the motion of the conditioner into
the (still solid) pad at fixed velocity 0 < ¢ < 1. To distinguish from the previous
section this process is denoted by

1
HE(z,n + 1) =min{H§(m,n),g|x—Xn| —cn}. (3.1)

At time 0 we fix H:(-,0) = 0 and note that H can reach arbitrarily low depths. Also,
the diamond is taken to extend indefinitely (it is a semi-infinite wedge of slope 1/¢).
We will make essential use of this assumption below, though admittedly that it has
serious failings in terms of a model. The real diamonds are of fixed height with the flat
part of the plate simply pushing (not cutting) into the pad when in contact. The hope
is that the infinite wedge is a reasonable approximation at the tip, and gets better at
smaller velocities.

The surface can no longer be reconstructed from knowing the positions of the cuts:
for that both the position and the time of occurrence would be required. Instead, we
observe that the process is stationary in time once that parameter is larger than a
constant n* defined below. In this stationary regime we compute explicitly the law of
the one-point surface height. The result is the following:

Theorem 3.1. The law of the random variable H:(z,n) is independent of z € [0,1)
and also of time (n) once that value is large enough. In particular, for n > 21? =n*,
we have the equivalence in law

C 1 H
Hi(z,n) = —nc+ {%J c+ mm{ul,uz, .. 'uLﬁJ} (3.2)

in which the Uy, are independent and uniformly distributed on the interval [—kc, —kc+
1
% B

The surface at time n is then supported on [—nc, —nc + %] and is described by the
distribution function: with 0 < z <1,

P(H,f(w,n) < -—nc+ %z) = E[meas{m €1[0,1]: H (z,n)(z) < —nc+ %z}]

[}
o]
- 1-]] (25kc+(1—z)). (3.3)

k=0
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FIGURE 3: Probability density of the normalized random variable 2¢(HZ (-, n) + nc) where the
parameter (2ce)”" equals 500,100, and 50 from left to right.

Note the normalization is made so that z = 0 corresponds to the deepest part of the
surface.

Remark. The energy for this model is easily seen to be constant = 1/&2 for n > n*.

Figure 3 depicts the density identified in Theorem 3.1 for various values of the
parameter ¢ X €; it is quadratic at its peak and vanishes linearly at z = 0. While the
upper tail appears to well reflect the observations, we see that the assumption of a solid
pad misses even the roughest properties of the lower tail. The figure puts attention on
a natural asymptotic regime in which velocity is small and/or the slope of the wedge is
large (ce < 1). In this regime the normalized height distribution is well approximated
as in

P(2e(nc + HS(z,n)) € dz)/dz =1- exp[fi] log<2csk' +(1- z))] (3.4)
k=0

1
~ 1-— exp[;z/o log(zz + (1 — z))dac] =1-—exp [—;E(z + (1 —2)log(l—2)|.

This expression may be used to approximate moments of the surface height. For
example, when (3.4) is valid, one has that

1 |~2c5
—nc+ —/ H 205k +(1- z))dz (3.5)

e+ i/ el sts (+(-2) 108 (12D gy ~ _pey L [T
2e Jo 2V €

after a Laplace integral approximation. An expression for the variance,

E[Hg(-,n)]

1R

Var [Hg(,n)] ~ é Z—Z (3.6)

is arrived at by a similar procedure.

Proof of Theorem 3.1. That past a certain point the law of the surface is stationary
in time is one advantage of having the cutting wedge extend indefinitely. With n large
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enough, the surface at time n is completely determined by the last 21? steps or cuts of
the diamond array. Since these cuts are independent and of the same distribution, the
stationarity follows. Simply observe that, for any k, min,{H¢(z, k)} = —kc and, after
an additional n* = [51-] steps, max,{H¢(z,k +n*)} = —kec. In other words, in time
n* the current surface is erased and so does not figure into the statistics of the process
for all future times.

Now focus on the height at some fixed z € [0, 1) and consider times n larger than n*.
Each time there is a new cut, the surface at £ may or may not be affected depending
on whether the height at x is greater than or less than the potential new height created
by this cut. The latter in turn is a simple function of the distance between the center
of the cut relative to . (We use the word potential to indicate that that this would
indeed be the new height provided there had been some surface at x to cut away.) The
fortunate fact is that because surface refreshes itself so-to-speak in a finite number of
steps, we do not need to keep track of whether a given cut is felt or not at = (we say
real or potential) in order to describe the distribution of the surface at large times.

Not only is the value of HS at z at time n — n* replaced by a new height at time
n caused by the intervening cuts, which particular cut is irrelevant: the height at time
n is simply that due the cut of minimum height (maximal depth) achieved among the
last n* cuts. That is,

1

H{(z,n) = —nc+ —+ min {potential new height at time k}.
2¢  n—z<k<n

Computing the distribution of the later is not difficult. With X} the uniformly

distributed position of the k-th cut we have th following equalities in distribution:

1
—kc+ 1|$ — Xi| = —ke+ 1|Xk| = Uniform[—kc, —kc+ [—1]
€ € 2ce

in which the first equality is due to the fact that we are working on the circle.
This completes the derivation of (3.2), denoting by Uj the random variable which
is uniformly distributed on [—kc, —kc + n*].

The expected measure of that part of the surface below a fixed level now follows
from the rotation invariance along with the representation (3.2) of the surface as the
minimum of independent variables. With H¢(z,n) € [—nc, —nc + 5], we make the
normalization in terms of 0 < z < 1:

E[meas{x :H(z,n) < nc— 2—15,2} = /1 EI:].{Hg(z,n)S—nc—i-iz}] dz
0

. 11 1. 1

= P[HE(-,n) < —nc+ %7 = P[mln{ul,L{Q,...ui} < %(z - 1)]
2 1 M5 ]

1-}}:[1P[uk > %(z—l)] =1- g(l—z+2ec5).

The last line is due to the independence among the Uy’s. The proof is finished.

4. Conditioning of Foamed Pads

Finally we come to the problem of constant rate conditioning in the presence of void-
filled (foamed) pads. This process will simply be denoted H*(-,n) though it depends
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on ¢ and ¢ in a similar manner as before. In fact, H*(-,n) is described as the process
HE(-,n) descending into a random environment which, importantly, is independent of
its motion.

We model this random environment by centering a circular void of independent
identically distributed radius at each point of a Poisson random field in the plane.
(The idea being that the pad in the mechanical setup is a sample of a much larger
piece of statistical homogeneous material, see Figure 2.) While this model itself is well
studied under the name of the Poisson blob or Boolean model of Continuum Percolation
[9], we have not seen the particular statistic needed here discussed directly in that (or
any other) literature. Of interest to us in understanding the effect of such a Poisson
cloud of voids on the one-point height distribution of H* is the process induced along
any fixed line in the plane by its intersection with the set of voids.

We denote the input parameters as v, the Poisson rate, and t, the individual void
radius with density P(t € dr) = f(r)dr. It is assumed that the latter is compactly
supported, f(r) = 0for r > Rp; the pad cross section indicating there are no arbitrarily
large voids. Next, let us fix a vertical line Z corresponding to a given horizontal
coordinate z at which we want to measure H*(x,n). This line is only influenced by
the voids in the strip [z — Rg,z + Ro]. Now, the (normal) projection of every point
lying in this vertical strip onto the center line Z is also a Poisson point process with
the new rate 2vRy. Of course, not all these points are seen in the sense that not every
void will intersect Z. That is, this process must be thinned, leaving us with a rate

Ro h
A= 21/R0P<given void intersects Z) = 21// / f(r)drdh. (4.1)
o Jo

(Conditioning on a point in one half of the strip being at a fixed vertical coordinate,
its horizontal position is uniformly distributed on [0, Rq]). Centered at each remaining
point on Z (after thinning) is a hole of length £ caused by the intersecting void. The
law of £ is easily computed. With A the distance from Z to the corresponding Poisson
point and given that v < h (the void indeed intersects), one has £ = 24/t2 — h2 and so
also

‘ Bo f(r)dr

Syl rf@)dr Jep2 /12— B[4

in which the notation indicates a density in £ € [0,2Rp]. The description is then as
follows. Along any vertical line in the pad we have a Poisson point process of rate
A augmented by independent holes with law (4.2) centered at each such point. We
will view this process restricted to a half-line [0, 00)? but observe that as defined it is
in stationarity. We denote by Pg the corresponding law with Eg its expectation. As
a final remark, it is most convenient for the present application that it is the same
to consider the holes as initiated at the individual Poisson points (instead of being
centered as was natural from the construction):

P(e=10)=

(4.2)

Lemma 2. The process Ps is equivalent in law to that of having independent random
holes of distribution £ initiating at each point of a Poisson process of rate .

2. The process of cuts descends into the pad seen as occupying the negative half-line. Still, it is
convenient to keep hole lengths and other distances along the line as positive quantities.
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The proof of this fact is deferred to the end of the section. Continuing, we note
that the individual holes under Ps may of course overlap forming (again independent
and identically distributed) composite holes of arbitrary length. It is this composite
length that is important here. More to the point, denote by ® the distance from any
given point along Z to bottom of the hole that point lies in. This definition is made
noting that ® will certainly have a positive probability of being zero (there being a
positive probability the general point does not find a hole). With the distribution of
® in hand, the distribution of H*(z,n) is easily seen to agree with HS(x,n) of the
previous section when that value does not happen to coincide with a hole, and, if it
does, it is simply the sum of HS and the distance to the bottom of the that hole.

Now the determination of the law of ® happens to be a problem in Queueing Theory,
this length being connected to the busy periods of the M/G/oo queue, and we may
follow ideas from [13] and [11]. The result is:

Theorem 4.1. Bring in m = E[£], the mean of the individual hole length (4.2), as
well as the distribution function

G(z) — (1 —e A IS P(E.Zu)du)/(l _ eAm)
with g the corresponding density. We have

Ps (@ € dz) = e Mho(de) + (1—e ™) S (e A (1 —e MM )gW(2)dz  (4.3)
k=1
where g*) denotes the k-fold convolution and e=*™ identifies Ps(no hole at a given point).
The law of H*(x,n) is now determined by H*(xz,n) = HS(z,n) — D.

Remark. Recall that from the results of the previous section, Theorem 4.1 provides
a closed form of the density of H*(x,n) for all sufficiently large n only.

The structure of the distribution (4.3) allows for simple expressions for moments of
H* at a given point in terms parameters coloring the model. For example,

E[H*(z,n)] = E[H{(z,n)] = (X" — 1) /oo zg(z)dx
0
and
Var[H*(z,n)] = Var[H (z,n)] + (*™ — 1) [/oo z?g(x)dx — </oo xg(:c)da:) 2].
0 0

More important is the description of the tail of the distribution (4.3) which we see
to be exponential. This is detailed in the following.

Corollary 4.1. The random variable ® conditioned on being strictly positive is stochas-
tically dominated above and below by random variables X, and Xy whose laws are given

by

o
P(X,p € dz)/dz = e *=tMate Aas® z Ab 3 Pi(z/map) (4.4)

k=1
in which Py, is the density of the sum of k independent [0, 1]-uniform variables and the
constants are: A, = A andm = 2Ry, Ay = AP(t > r) and m = \/2r for anyr < Ry. The
law(s) (4.4) exhibit an ezponential tail: for x > 1, 7' log P(Xap > x) = —c < 0 with
¢ = A p(1+ 2%) in which z* is the non-zero real root of z + 1 = "% with k = Ag pMq p-



Models for CMP 13

Note that one is free to optimize over r in the above in order to produce the best
possible lower estimate. The main point is that it has been demonstrated how a simple
model of foamed pads can produce a left tail which is qualitatively similar to that of
the empirical law pictured in the Introduction. In fact, a numerical fit of the empirical
tail carried out in [3] indicates that it exhibits exponential decay.

Proof of Theorem 4.1. Let us denote by f the density of interest. To begin the
analysis, we must consider a non-stationary version of our process Pg of random holes
along the vertical line. In particular we take the same statistical description on [0, 00)
with the condition that there is no hole at z = 0. We denote by Py, Eg and the like the
measure, expectation and other quantities computed under this 0-boundary condition.
Then, according to [13] (p. 210),

My(z)

Ey [# holes with initial point in [0, z]] (4.5)

)\/ Py(u)du = )\/ Py(no hole € du) = / e Mo P(e2v)dv gy,
0 0 0

On the other hand
Mo(2) = (1)(2) + (To R)(2) + (To Ro R)(2) + -+~ (4.6)

in which 7(z) is the exponential distribution of rate A and R is the distribution of the
distance between the start of two consecutive holes.
Back in our stationary regime these same quantities take the form

Ps(z) = lim Py(z) = e ™ and Mg(z) = / Ps(u)du = Aze™ ™, (4.7)
0

z1oo

in which we have identified the probability of the conditioner not finding a hole. And,
similar to (4.6) there is the expression

Ms(z) = (to f)(2) + (ToRof)(2) + (ToRoRo f)(2) +---

This may then be combined with (4.6) and (4.5) to produce Ms(z) = (Mp o f)(z) and
so also

A oo oo » -1
f(s) = / e f(r)dz = [se)‘m/ e =2 o P(Ezu)d”dm]
0 0

e—)\m
= —. (4.8)
1—(1—e2m)sG(s)

The distribution G(z) is as in the statement and and, of course, sG(s) = §(s) with
g = G'. Written another way this is

Jls) = e+ (1—e ™) 3 e Am (1 — e R L),

which may be inverted to complete the proof.
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Proof of Corollary 4.1. The domination is done by coupling to an environment of
square holes of deterministic size. To go above, clearly H* is only made larger by
replacing each random circular void by a square void of side 2Ry = m,. On the other
hand, removing any voids will make D and so H* smaller. Let us remove all voids of
radius smaller than some r > 0 which reduces the rate figuring in Ps to AP(t > r) = Ap.
Things are made smaller still by then replacing each remaining void with the inscribed
square of side v/2r = m;. In this way we have determined the parameters figuring into
versions of the Pg induced by fixed square voids.

The rest of the analysis is the same and so the form of the law (4.4) follows from
(4.3) upon noting that now: P(£ > u) =1 for u < m,; and 0 otherwise. It is then the
case

9(2) = Gan(2) = Aap(l = reemer) L emhan,

and (4.4) comes out with a little algebra.

As for the estimate of rate of exponential decay, this is seen from the Laplace
transform of © in the present setting. Forgetting the (a, b)-subscripts, we consider Pg
with rate A\ and fixed individual hole length, £ = m. The transform (4.8) is then

- Cam s+ A
f(s)=e 5+ he—mGHN)’
and the decay of the corresponding law coincides with the abscissa of convergence.
That is, one has decay of type e “* for —c the right-most pole of (4.9). Note that
the singularity s = —A\ is removable and that there is just one other real root of
s+ Xe™(5+A) = 0. Tt is the latter that determines the decay.

Changing variables z = —s/A — 1, puts attention on the left-most solution (besides
z=0)of z+1 = e** for k = Am. Take k > 1, the opposite case being treated similarly.
There is a real root z* lying in (—1,0). To show there are no other roots of smaller real
part, we apply Rouche’s Theorem ([1], p.153) to f(z) = e"* —(2+1) and g(z) = 2+ 1
along a contour Cg defined as follows. Pick a real z such that z* < 2 < 0 and let Cg
consist of the vertical line segment R(2) = z, |(z)|] < R which is then attached to
the half-circle of radius R extending into left half-plane. It is required to show that
le®*| = |f + g| < |g| = |z + 1| along Cg, then by taking R 1 oo it follows that there is
just the one zero of f in R(z) < z. On the vertical segment, we have that e** < z +1
by design, and this inequality maintains up and down the line as |e*#| is constant there
while |z + 1| grows. The necessary bound for the half-circle is even easier. The proof
is finished.

(4.9)

Proof of Lemma 2. This is accomplished by identifying the generating functions.
First, build up Ps by discretizing. Let A\, = AP(£ = k/N)1/N with £, = k/N for k
running between 1 and |2RyN|. Consider the k-th process of Poisson points of rate
Ar with symmetric holes of (fixed) length ¢ about each point. Ps may be obtained
by the superposition of these processes followed by the continuum or N 1 oo limit.

Next let uj denote the counting measure of points for the k-th process. The support
of the measure ©

m(dx) = / L=ty /2,00 /21 (2 — ) (dy)
—0o0

describes the process of holes created at this level. Its generating function is

E[exp{/ﬁOo fdnk}] = exp{)\k /00 (e Shsa Ity _ l)dx}

—00
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in which f is any reasonable, compactly supported test function. Therefore, with
7 = limn+oo p Nk the totality of holes under Pg we find that

Es [exp{/z fdﬁ}] = exp{/\/ooo P(£ € do) /oo (e ‘s f ety _ l)dm}. (4.10)

— 00

Now with the integration in x on the right of (4.10) extending over the line, a simple
change of variables will shift the domain of the inner-most integral to [0, £]. But that is
just what one would have found by carrying out the entire procedure, beginning with
the holes initiating rather than centered at each Poisson point.

5. Comments and Future Directions

The ideal would be that our final model (Section 4) is simple enough (i.e., one can
make rather direct estimates and some exact computations) while possessing enough
freedom in its parameters to be tuned in line with the real statistics. We have made
no attempt at carry out a true statistical comparison of this model to real data, but
hope that such a test might be undertaken by practitioners. On this note we mention
that even the statistics of the pad itself poses a possibly interesting problem. The
Poisson cloud of voids considered here was taken out of sheer convenience (it allows us
to compute) though it did reproduce qualitatively features of the height distribution
indicated by numerics.

Next, recall that the goal along the way was to describe the evolution of the
roughness of the pad. The engineering literature contains several studies of surface
roughness (see [5], [6], and [7] for example), typically assuming an apriori statistical
description of the heights (for example, multi-variate Gaussian). With this, measures of
roughness are built out of curvature statistics, numbers of local maxima/minima, and
the like. The present work marks a beginning for CMP in that we have computed the
one-point function for the height, but certainly any real measure of surface deviation
from planar should include spatial correlations or other higher order statistics. It
would therefore be interesting to extend results of Section 3 to encompass the types
of statics computable in the stationary model. (In fact, one reason we spent time
on this simpler model was to contrast how much more one can compute here than in
the more important constant rate case.) Of equal or greater interest would be multi-
point correlations of the type P(HE(xg,n) € dzo, HS(21,n) € dz1), after which one can
consider the same in the presence of voids.

Also, one obvious gap in the above is a description of the transient behavior of the
fixed rate conditioning problem. It may be that optimal roughness is obtained prior to
stationarity. In another direction, one might consider a non-constant velocity model
in which the current rate depends on the current surface statistics. This is more in
line with the actually process in which the conditioner descends into the pad due to a
balance of forces.

Finally, we mention that the real process is three dimensional. It seems that it
would not be too hard to extend the above in a natural way to that setting.
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