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Abstract: We take up the old problem of micro-canonical conditioning in the
context of diffusion. Starting with a potential F : R? — R, the Schrédinger
operator —®&g = (1/2)A — F with ground state 1) is carried by a conjugation into
the diffusion generator & = (1/2)A+ (Vi /1)) -V with invariant density 1)?. The
latter motion ¢ — X (t) is made micro-canonical by first conditioning the path to
be periodic, X (0) = X (L), and then further conditioning on the empirical mean-

square or “particle number” (1/L) fOL | X (t)|?dt ~ D. The thermodynamics are
then studied by taking L 1 oo while D remains fixed. The problem in this form
owes its inception to McKean-Vaninsky [8] who obtained the following result.
For F(z)/|z|*> 1 oo with |z| 1 0o, they showed the same type of diffusion appears
in the thermodynamic limit, but with drift arising from the shifted potential
F +c|z|?, ¢ being such that the limiting mean-square equals D. Their method of
proof predicts the same outcome for F(z)/|z|? | 0, so long as D is smaller than
the canonical mean-square Do = [, |z|?>4?(x)dx, while if D > Dy, the matter
was unresolved. The purpose of this note is to show a type of phase transition
takes place in this case: the conditioning is overcome in the limit and one sees
the original (stationary) diffusion on the line. The proof employs an entropy
inequality due to Csiszar [1].

1. Introduction

Consider the diffusion ¢t — X (t) € R? with infinitesimal operator

1y o Vi(z) [ O oy 1, V¢
_5(6_1%_}_...4_6_'%.?!)_}_%.(6_“,...,6_%)_§A+7.V

where ) is smooth and satisfies [, (z)dz = 1; it is the Brownian Motion plus
restoring drift of the title. The corresponding Markovian measure on paths start-

& (1)
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ing from e € R? is denoted by P,. We are concerned with the micro-canonical en-
semble obtained by first conditioning this motion to be periodic with periodicity
L and then further conditioning it to remain near the sphere fOL | X (t)|?dt = LD
with fixed positive D. The objective is to understand the thermodynamic limit,
that is, what are the limiting processes on the line as L 1 oco. The problem as
stated was introduced by McKean-Vaninsky [8] in connection with the study of
statistical mechanics for non-linear wave equations (see [7], [9], and also [6]).

To define the various ensembles, we first bring in the Schrédinger opera-
tor 8y = —(1/2)A + F with F = (1/2)yp"' A% and ground state ). We as-
sume throughout that F(z) 1 oo with |z| so that & has pure point spectrum:
Ap(Bg) < A1(Bg) < etc 1 oo. It is connected to & through the conjugation
&Y™ = —B¢ + Ag(By); this is one way to see that P, is reversible with re-
spect to ¢?(z)dz, its stationary measure. Note that the growth rate of F at oo
reflects the strength of the restoring drift.

Next, with p(t, z, z') being the transition density for P,, the periodic ensemble
Py, is defined by first conditioning on X (0) = X (L) and then distributing this
common starting/ending point according to the (finite) measure p(L, z, z)dz. In
symbols this is!

B 9(0) = 25" [ B [$(X0),X(D) = o]d
R4

with the normalizer Z;,. By reversibility and our assumption on F' the latter can
be expressed as

o0 o0
Z, = / P(L,z,3) do =3 elAn(®) = 3 = L(An(B0)=do(®0)),
R4 n=0 n=0

so that, not only is Z, finite, but in fact Zr ~ 1 for L 1 oo. The advantage of
enforcing the periodicity in this way is that Py, is invariant under rotations of
the circle as may be easily checked.

As to the micro-canonical ensemble, denoted by My, we pick a fixed § > 0
and take M, to be the measure on paths with partition function

3= /RE [/OL |X (t)|?dt € L[D,D + 6], X (L) = x] dr, (2)

from which you see what was meant by near the sphere fOL |X|? = LD. We note
that while [8] took the conditioning point-wise (6 = 0), our method requires
opening the ensemble up a bit, letting § | 0 after L 1 0o.2

Now, M, clearly inherits the rotation invariance of Py, and so to understand
the thermodynamic limit it is enough to examine a rich enough class of short test
functions of the path. That is, for some ¢ depending on X (') for 0 <t <t < L

1 Throughout we use the useful notion P[f(X) = z] and the like to indicate densities:
P[f(X) = ] = 8/02P[f(X) < 2]|z=e-
2 One may even take § | 0 with L 1 oo, but that changes nothing in the nature of the result.
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only, the problem is to compute the micro-canonical mean value
L
M [¢] = 37" / E, [¢(X),/ | X (s)|°ds € L[D,D + 6], X (L) = x} da
Rd 0

_ /R /R/Ooo dede'dI B, [(X), /Ot X (s)lds = 1,X(t) = ]
L—t

X3 Py [/0 |X(s)|?ds € L[D,D + 8] — I, X(L —t) = x] (3)

for L 1 oco.

In their investigation, McKean-Vaninsky treated the case d = 1 and developed
a method best suited to “strong” potentials, F(z)/|z|> 1 oo with |z|. Under that
condition they showed that the limiting mean-value M, [#] equals that for new
(stationary) diffusion with generator &* = (1/2)82 + (log®*)' 8. Here 9* is
the ground state for the Schrédinger operator with potential F*(z) = F(x) +
c|z|?; the number ¢ is adjusted so that M [|X[*(0)] = [*°_ |z|?[¢*(2)]?dz = D.
This shift from F to F* is as predicted by Gibbs’ Principle of Equivalence of
Ensembles.

The key to their approach was that the growth condition on F' permits the
assumption that the conditioned value of D and the canonical mean-square
[ |z[¢?(z)dz are actually the same. Indeed, in that case the factor e Jo X*(1)dt ig
integrable with respect to P, for any ¢, and, if incorporated into the P, mean as a
density, allows one to arbitrarily raise/lower the mean-square by raising/lowering
the constant c¢. Further, if 6 = 0, that factor may be added above and below
in (3) without any change to the overall My mean. Led by this observation
McKean-Vaninsky proceeded in the spirit of Doeblin [3] to establish the local
limit theorem

P, [/L X%(t)dt = LD, X(L) = x] ~ L7V292(2) x [L+0(1)]  for L1 oo.
0

Formal substitution of this estimate in (3) explains their result.

But what happens when the shift to the “correct” mean-square cannot be
made ahead of time? This is the case when, for example, the potential is “weak”,
F(z)/|z|*> = 0, and D > [|z[*¢?(z)dz. Whatever the outcome, it cannot be
described by a Gibbsian shift. Increasing the mean-square requires that ¢ > 0,
but, as one may check, E,[exp (c fOL | X (t)|?dt)] = +oo for such F’s. The answer
is that there is a type of phase transition: the conditioning is overcome in the
limit and you see the original (stationary) diffusion on the line. We will prove
the following.

Theorem 1. Let & and &g be as above and set Dy = [, |x[*¢*(x)dz. Our
method is partial to potentials satisfying lim sup ;1. F(z)/|z|? < oo - otherwise
[8] applies. There are two cases.

(1) If either lim inf|z\Too F(IIJ)/|.’L‘|2 > 0 or D < Dg then lim(uo limLToo Mg =
B2, the stationary diffusion with generator &* = (1/2)A+(Vy*/¢*)-V. Here
Y* is the ground state for &5 = & + c|z|?> and is such that E["‘W]z[|X|2(O)] =D.
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(2) If on the other hand F(x) = o(|z|?) in any cone tending to infinity and
D > Dy then limg g limpyoo M = Py2, the original motion taken stationary on
the line.

In both cases the convergence takes place in entropy, and so in total variation,
over short fields.

We will see that this transition is a consequence of heavy-tailed behavior: it
occurs when the micro-canonical fiat is not a rare enough event to produce a
shift, Gibbsian or otherwise, in the limit. Note the subtle dependence on the
shape of F'; the potential need only be “weak” along a given direction to result
in a breaking between micro-canonically raising/lowering the mean-square.

The proof of Theorem 1 is anchored by an entropy inequality due to Csiszar
[1], and we begin in Section 2 by describing his work on conditioned (micro-
canonical) sequences of independent identically distributed variables. Here we
also prepare the notion of relative entropy between a stationary process and a
diffusion and prove various properties thereof. The bulk is contained in Section
3. There, the important Lemma 4 identifies the thermodynamic limit and is a
version of Csiszar’s inequality for diffusions. Along with this the proof of Theo-
rem 1 is completed, the phase transition demonstrated through Lemma 5 which
analyzes a variational problem stemming from the free energy of the M, ensem-
ble. Section 4 explains the connection to non-linear waves. As a final remark,
Section 5 recasts the current work in terms of a parabolic Martin Boundary
problem.

Remark 1. The choice of the mean-square is natural and keeps things concrete.
The result of Theorem 1 is easily extended to My, obtained by conditioning on
other “energies.”

2. Preliminaries

2.1. Csiszar’s Original Inequality. Conditional limit theorems of the type we are
interested in have been widely studied for independent identically distributed
variables. Probably the most far reaching results are those of Csiszdr [1] whose
ideas we borrow freely.

For any two probability measures p and A on a nice space X, let H(u|A) be
the relative entropy of u given X: with C'(X) denoting the space of bounded
continuous functions,

H(u|X) 1nf /¢ (dr) <c+ log/e¢(z)A(dw) for all ¢ € C(X)}.

H(u|A) is nonnegative and convex as a function of p. It is finite if and only
if p is absolutely continuous with respect to A and du/d)\ = f(:z:) satisfies
J f(z)log f(x)A(dx) < oo, in which case H(u|X) = [log f(x)u(dz). Important
here is the fact that relatlve entropy bounds total variation d1stance.

Next let X7, X5,... be a sequence of say real valued independent random
variables with common distribution Px, and introduce the empirical distribution
L, = % > 1 0x,. Foraset IT C M;(R) — the space of probability measures on the
real line — let Pxn | be the distribution of the sequence X} : k < n conditional

on L,, € II. The remarkable observation of Csiszdr is the following.?

3 This is but an instance Csiszar’s Theorem 1 [1] — his technical setup is more elaborate.
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Let IT be a conver subset of My(R) with P(L, € IT) > 0. Also let P, be the
minimizer: inf peyy H(P|Px) = H(P«|Px) which may be shown to exist. Then

1 1
~H(Pxu|P}") < =~ 1og P(Ly € IT) = H(P"|Px).

Now for any p € M;(R") and X € M;(R), one has Y7 | H(u;|\) < H(u|A™),
in which p; denotes the marginal of p on the i-th co-ordinate. Using the ex-
changeable nature of the conditioned variables, Csiszar concludes that

1
H(Pxn|P.) < ——log P(Ly € IT) = H(P.|Py). (4)

The point being that the distance between the conditioned distribution and the
entropy minimizer is controlled by an object to which Large Deviation theory -
in particular Sanov’s Theorem - applies. Indeed, convergence of the free energy
to its anticipated value implies convergence of the conditional distribution of X3
to P, in entropy and so also in total variation.

The proof of Csiszar’s inequality (4) is based on a “triangle inequality” for
relative entropies, also proved in [1]: if P* minimizes H(-|P) over the convex set
II, then

H(QIP) > H(QIP.) + H(P.|P) forall Q € IT; (5)
the geometric picture being that if H(-|-) tries to be a squared distance, then
the angle between the lines connecting ) to P and @) to P* is acute.

Csiszar’s setup has been extended to discrete parameter Markov Chains by
Schroeder [14] and Dembo-Zeitouni [2].

2.2. Technicalities. For us the the chain of iid variables above is replaced by the
diffusion X with generator & = (1/2)A + (Vy/¢) - V conditional on X (0) =
X (L) and fOL |X|?2(t)dt € L[D,D + 4. It is a point of good fortune that the
joint motion ¢t — [X (¢),I(t) = fg | X (s)|?ds] is also a diffusion with generator
&, = & + |z|20/01. While the latter is degenerate in that 82/3I? is missing
from the top, a theorem of Hérmander shows that &, is “hypo-elliptic,” i.e., the
joint density P,[X(t) = 2, f(f | X (s)|>ds = I] is smooth in all its variables and
also positive, provided only that ¢,I > 0.* Thus, we also have a smooth positive
density function for the micro-canonical marginal My [X (-) € dz] = mg (z)dz:

L

mu(z) = 3,1 P[x(@) =, / X (1) dt = N]aN,
L[D,D+4] 0

a small technical point that will be useful in what follows.

Next, in the diffusion format, the Donsker-Varadhan I-function will play the
role of relative entropy; we review a few definitions. For our reversible operator
&, the I-function takes the particularly nice form: with u(dz) = f2(z)dz a
probability measure on R?,

A
I(p:8) = %/Rd|Vf|2dx+/Rd 2—$de3¢.

4 Krylov [5] explains such matters. Replacing |z|?> with a more general energy U(z) is
amenable to the same theory provided U has no zero of infinite order.
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The importance of the I-function lies in that it controls the large deviations of

L(t, X)(dz) = (1/t) f(f 1x(s)edzds, the occupation measure of the process. To
wit, Donsker and Varadhan [4] have proved that:

1
lim inf I log Po(L(L, X) € G) > — 122 I(p:®) for open sets G C M;(R?)
w

L—oo

and

lim sup 1logP.(L(L,X) € F)< —inf I(u:®) for closed sets F C M;(R?),
L—oco T neF

with I(p : &) = 0 if and only if p is the invariant measure of the process. The

relevance here, of course, is that our micro-canonical event fOL | X (t)|?dt ~ LD

may be written [, |z|*L(L, X)(dz) ~ D.

Finally, as the convergence of the micro-canonical ensemble will be shown to
hold in entropy, properties of the relative entropy between a diffusion P and a
stationary process M are now described. In these computations, the initial point
of the diffusion is distributed according to the marginal of M. Lemma 1 shows
that entropy defined in this manner is super-additive; Lemma 2 relates it the
I-function. In both ¢t — w(t) denotes the generic path.

Lemma 1. If M is a stationary processes with marginal M[w(0) € dz] = m(dx)
and P, is a diffusion, then the relative entropy Hg:(M|Pp,) is super-additive in
t: for 0 <t <t,

Hiyy (M|Py) + Hoyomo (M|Pr) < Hay (M]|Ppa).

tl
0
Proof. Tt is well known that entropy increases over fields, that is, we have the
identity

Hiyy(M|Pn) = Hyy (M|Py) + B [Hyy (M) [ P 0)] -
Here M, ) is the regular conditional probability distribution of M given 3’”6'

and likewise for P,,. The paths of M, s, Py () agree on 3'"3’. This, together
with the stationarity of M and the Markov property of P, imply

Hgy (M) | Mon,(0,0)) = Hgt, (Mo, | Poge)) = SI;P{EM(“’“) [6]—log E"-[e?]},

the supremum being taken over all continuous functions ¢ : w — R which are
measurable over the field F%,. However, for any such ¢,

EM[¢] =EM [EM(w’tl)[‘ﬁ]] < EM [H’?:, (M(w,w)lpm,(w,t’)) + log EPw(il)[e(ﬁ]] )
and so

EM [ Hyy (Mg )| P )| > Sgp{EM[dﬂ — BM [log BP0 [e]] }

> sup{ EM[g] — log B[]} = Hopomv (M|P).
¢

t—t!
H:0

Jensen’s inequality and the stationarity of M are used in the second line. The
proof is finished.
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Lemma 2. Now let M be a stationary process whose marginal distribution has
positive C1 density function with respect to Lebesgue measure, M [w(t) € d:v] =

m(z)dz. Further, let P, be the diffusion process generated by & = (1/2)A
+(V/m/y/m) - V. If, as before, Py corresponds to the generator & = (1/2)A +
(Vyp/9) -V, then

t(m: ®) = Hyy (M|Pyy) — Hy (M]|Py).

ProofA. P, and P, are mutually absolutely continuous over short fields, and P,
and P, inherit this feature. It follows that

Now the claim will follow from evaluating the second term on the right as tI(m
®). To see this, take Brownian Motion (BM,) as reference measure and use the
Cameron-Martin formula to express

dPpn,

Hay (M|Pr) = Hgg (M| P) + M [log{ 75"

2
. t vVym . n_ 1 rt|Vvym ] ]
i i o0 RSB ae - 1 |2 wwnar]
dPp, : 2
WPnlh T e |y S ) - do(0) - 3| %[ ear|

An application of It0’s Lemma, yields

bl m(w(t)) D(w (b))
APy |5~ P [l(’g m(w(0) '8 w<w<o>)
t
w3 [ Snar - 5 [ e

After taking logarithms and then expectation under the M-measure of the right
hand side, you will see that the first two terms in the exponent vanish by the
stationarity of M. What remains is

M [10 {Zi }] — EM B /Ot{%(w(t'))— A\/\/mﬁ(w(t’))}dt’]
:t/ {?:Z() ?\\//__ )}m(x)dw

:t{i/Rd|V\/ﬁ| dw+/ ?—;/)m( )dm} =tl(m: &),

where the second line is justified by Fubini and another application of the sta-
tionarity of M. The proof is finished.

Remark 2. In the applications to follow, the stationary process M will be our
periodic or micro-canonical diffusion. The statements of Lemmas 1 and 2 remain
valid in this case so long as the periodicity L exceeds t.
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3. The Thermodynamic Limit

The intuition is as follows. We know at least that M, is stationary. Suppos-
ing it is also Markovian there is an obvious program before you. Minimizing
the I-function over the micro-canonical set produces some measure p*(dx) =
[¢*(z)]?dx which should serve as the marginal for the limiting P;. To pin down
the full limit, one notes that as it must be absolutely continuous to P, over
short fields (their relative entropy being finite), its generator takes the form
®* = (1/2)A+b- V. For d = 1, P} would now be determined. The scale and
speed measures, which uniquely characterize the process, satisfy:

scale(dr) N speed(dzr) N,
—ar exp{—?/o b(z")dx } and gy = o {2/0 b(z')dx },

the latter being [¢*]? up to a normalizer, i.e., b = (log4*). For d > 1, one may
only say 0 = (&*)1[y*]2 = (1/2) A[v*]? — V(b[4)*]?), and, while b = Vloge* is a
solution, there is no uniqueness. However, as one would expect, this is the limit
identified below.

3.1. The entropy bound. To carry out the above, we develop a version of Csiszar’s
Inequality (4) for (reversible) diffusions - Lemma 4 below. This in turn relies on
Lemma 3, the “triangle inequality” for I-functions; compare (5).

Now, as these are both rather generic tools, we state them in a slightly broader
context than needed in the present. An entire class of micro-canonical ensembles
may be derived by restricting 1, to the those paths satistying L(L, X) € II C
M;(R?) - our choice of fOL | X (t)|?dt € L[D, D + 8] is but an example. Lemmas
3 and 4 require only that (1) IT is convex and (2) that Pr(L(L,X) € IT) > 0.

Lemma 3. Given the generator & = (1/2)A+ (Vi /¢)-V with smooth invariant
density 2, let u* minimize I(v : ®) over the convex set IT:

I(IT : &) :Viglfjl(l/:é) =I(p*: &).

This is useless if I(u* : ) = 4oo. If I(u* : B) < oo, then p* has a density
[¢*)2 such that ¢* € WH2(R?) (see [4)]), and one may define the generator &* =
(1/2)A+ (V* [¢*) - V with invariant measure p*. The processes corresponding
to & and &* are mutually absolutely continuous over short fields, and for any
vell,

Iv:8)>1I(v:6")+I(u" :&).

Proof. Let v € II satisfy I(v : &) < oo. This implies that v is absolutely
continuous with respect to u and has density ¢? with ¢ € W2(R?). Consider

HEe)=Iev+ (1 —e)u* : 8)

for 0 < e < 1. By the convexity of the I-function, H(¢) is a (bounded) convex
function of €. Since

I(p*: &) <I(ev+ (1 —e)p*:8)=I(ep® + (1 —e)p* : &),
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H(e) is a non-decreasing function of e. Thus

H™(0) = lim di Iev+ (1—¢e)p* : 8) >0,

e—=0 ae

the existence of the limit being automatic.
The proof of the inequality follows Csiszar quite closely. One starts from the
obvious

Iv:6)—I(p":8) 2 I(v:®) - I(u": )—%[H(E)—H(O) ; (6)

holding for all € > 0. The limit € ] 0 is then taken, and the lemma is proved by
means of the evaluation

HY0)=I(v:8)—I(v:&*) - I(u*: &).
It is convenient to introduce the notation v, = ev + (1 —¢)p* and

_dve  dv dp* ¢ P*?
fs—E—6@4‘(1—5)%—E$+(1—E)W:6f1+(1—5)f0

Note that v/f- € W12, Then

H(E)Z/Rd Vi (~eVF) du=/Rd|v\/E|2 dp

and so, if the differentiation could be passed inside the last integral, the conclu-
sion would be

wo-1f, 2% o=t o

To see that this is the case, consider the limit of ¢! [H (¢) — H(0)] in conjunction
with the whole right hand side of (6). Setting H(e) = [ h(e, z)du(z), we write
in which h(e,z) = (1/2)|VV/f-(z)|>. Then

I:8) = I(u* - ®) = - (H(e) - H(0))

1 , 1 R 1

3 [VVAR dut@) =5 [ VAP duta) = Z[(e) - HO)]
1

/Rd {h(l,w) ~ h(0,2) — = [ (e, ) — h(0,2)] } du().

The advantage of this being, of course, that, for each z, e — h(e,z) = (1/2)|VV/f:(2)|?
is convex on (0, 1]. It follows that

h(1,2) — h(0,2) — % (e, ) — h(0,)]
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is monotone non-decreasing, and the manipulation inherent in (7) holds by mono-
tone convergence. Now, since

i[vfs]: VA-Vh _1VA+1A-9Vh
e VI eh+0=-9fe 2 Eh+0-efo)? ’

_Vhi-Vfo 1V (fl—fo>

Vi 2VR \ fo

at ¢ = 0, we have that

i (vVER) =57 (2 i

and so also,

mo = [ I Loy au= [ (- f-e) dn

R4

In the rightmost expression of the last display the /fy upstairs refers to the
conjugate or “h-transform” of & defined by

Vi~ L Vi o, Bfo _ g E(M*_%)
& mes\/fo q5+f0 V+f0 =6+ o 5 )

The proof is then finished by

Iv:®)—I(p*:8) - H(0)

= [ VACeVR) du= [ VFi(-®) Vo du
- [ (1= f)-8YF ) du
Rd
= [ ViR (-evm) Y au- [ pe/m) dn
R4 0

- [ Eem g - [ Le/m g
e ()
-I. [?3 (<—"5*“>> )]

_ @ * __ A = I(v: &*
_Rdm( d /Rd\f \/7 =1I(v:8%),

as advertised.
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Lemma 4. Assume the convex set II satisfies I(II : &) = I(u* : &) < oo and
that p* admits a nice (C*, positive) density. Further assume that the micro-
canomnical marginal My [X () € dz] = PL[X(-) € dz|L(L,X) € II] has a C*
positive density. Then, for fixed t < L,

. Lt
Hye (M| P5,) < [

1 L-1
—— | —=logP LX)yell)-——I(p*:
< s [~ 0B PL(L(L, X) € IT) = == 1" : ©)

L
2 e ]| ®

Proof. Since M, (I') = Pr(I' UL(L, X) € II /P (L(L,X) € IT), it follows that
My, is absolutely continuous with respect to Py, and that

Hg-é‘(ML”P’L) = —IOgPL(L(L,X) (S H) < 0.

As entropy increases with the field,

—log P (L(L, X) € IT) > Hyr—1 (M [Pr)

dP,,,
= g'é_l(MLLPmL) +ML [log{m

s |]

where my,(dz) = My, [X(0) € dz], the assumed positivity of the corresponding
density makes the last line have a sense.

The rotation invariance of My then allows an application ofALemma 2 for
short fields F&' with L' < L and P, the diffusion generated by & = (1/2)A +
(Vmyg/myg) - V. The outcome is,

Hgrr(Mg|Pr,) = Hgé_l(MmeL) +(L—1) I(my : &);

in particular, the right hand side is finite as Pr,(L(L, X) € IT) > 0. Thus, you
may also write

—logPr(L(L, X) € II)

A dP,,,
> Hygos(Mu P + (L = DI(m ) 4 My, [log{ 7

s}] ®

Next, apply Lemma 2 once more to give
Hyr(Mg|Py,,) = Hgg_l(MmeL) +(L—=1) I(my, : &%) (10)

where both the first and third term may, perhaps, be infinite. To see that is
not so, first notice that by the rotation invariance of My the marginal mp is
contained in the (convex) set IT for each L < co. An application the triangle
inequality of Lemma, 3,

Imgp :8) > 1(mp : )+ I(p* : &), (11)
then shows that I(my, : &*) is finite. Substitution of (10) into (9) produces
—lOgPL(ﬂ(L,X) € H) > Hff(f;—l(ML|P;L)
s ]

(L =) [I(my, : ®) — I(my, : )] + My [log{dc%
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which, together with (11), gives you

1 *
T Hyps (M| Py,,)

1 L-1 1 dP,
< —= L,X)ell)- —I(p":®)— =M |1 L
<~ log Pr(L(L, X) € IT) = “7—I(u" : ®) — My [log{ “=

i}

Finally, by the super-additive property established in Lemma 1, H. FL-1 Mg |Py,,) >
(L —1)/tHgt(Mg|Py,, ). The proof is finished.

3.2. Identifying the Limit. The proof of Theorem 1 may now be completed; it
follows from Lemma 4 and a few quick checks. Note that with the micro-canonical
fiat taken fOL | X (t)|?dt € L[D, D+ ] the assumptions of the lemma (smoothness
of the micro-canonical marginal densities etc.) are satisfied due to the discussion
of Section 2.2.

The point is that convergence of the right hand side of (8) to zero as L 1 oo
implies the desired result of the convergence of the micro-canonical ensemble
M, in entropy over short fields to the diffusion P* with generator

vy
¢*
in which ¢* is the square-root of the minimizing density - p*(dz) = [¢* (z)]?d=
- for the variational problem

& = %A+ v (12)

(u" - ) 510 [ |z[20(dz)e[D,D-40] (v:®) )

There are two limits to be established. The first, which encodes the identification
of My, = P*,

1 b
oo 1 > _I(u*
%ﬁ}llﬂlﬁf LloglP’L [/0 | X|*(t)dt € L[D,D—i—é]] > —I(u":8),

is an application of the work of Donsker-Varadhan (see, for example, [11]), and
we omit the proof. Then there is the “error term”: we need

L1 dPp,,
imint 730 lon{ T2

- }] > 0. (14)

This is treated in Lemma 6 below. First however, we turn to the particulars
of the phase transition. This manifests itself in the limiting drift through the
variational problem (13). We have the following.

Lemma 5. Let F'(z) be continuous and tending to oo with |z|. Define

_1 [ Vi@
Ir(f) = g/Rd de+ RdF(x)f(a:)dx.

The infimum of Ir(f) for [ f(z)dx =1 is achieved at a unique strictly positive
fo, V/fo being the ground state for & = —(1/2)A + F.
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Next let Do = [, || fo(x)dz. To understand (13) is to examine

I (D) = inf{ In(f /f x—l/ (2 f(a)dz = D};

there are two cases.

(1) If either D < Dq or if the growth of F is fast enough (liminf |, o
F(z)/|z|? > 0), then the infimum Jr(D) is achieved at a unique nonnegative
[« such that [, |x|? fu(x)dx = D and there exists a constant ¢ = ¢(D) such that
VF« is ground state for the adjusted operator &} = —(1/2)A + F(x) + c|z|?.

(2) If, on the other hand, D > Dq and F(zx)/|z|?> — 0 for |z| 1 oo in some
cone, then Jp(D) = Ip(Dy) with minimizer f. = fo.

Remark 3. This describes the limiting drift in (12): ¥* = /f..

Proof. (1) Take F(x)/|z|* 1 oo, this being typical. All that needs be checked
is the existence of a constant c¢ such that the ground state for &; has second
moment D. Now, for ¢ 1 oo, the ground state v/f, for &} satisfies

/|x| fu(@)dz < = /|V\/f*—|2d;c+/ F*(2) f.(z
<5 [ W@+ [ P+ /R laf f @)z

for any smooth non-negative f with [ f = 1. Thus, [ |z|*f. may be made as
small as you want by concentrating f near the origin. Likewise, for ¢ | —oo,
[ |z|? f« can be made large by spreading f out. The uniqueness is obvious.

(2) We show that there exists a sequence of strictly positive functions f, with

[ fo=1[lzffn=D and
llmlanF(fn) S IF(fO) = inf IF(f)
ntoo [r=1

We can assume that we are working in the cone {z : z1 > |z|cos8} with
0 < 0 < /2. Now, fy is strictly positive so inf{fo(z) : |z| < 1} = § is positive.
Next define

Fala) = Jola) + ez (T2"L) 4 po(a) = fo + 10+

where 1o € Cg§° is positive with support in the ball B, about the origin of radius
r = asinf; and pg is a smooth function supported in the unit ball, such that
S |z|?po(z )dm =0 and [ po(z) dz < 0 as may be achieved by concentrating the
negative part of py near the or1g1n

To show that f,, can be adjusted to satisfy [ f, =1 and [ |z|?f, = D, first
note that proper choice of the constant a permits you to make

—aen
/ |z %7, (2) d:c—nd+2/ |:c|2170 ! )d:cz/B |z + aer|*no(z)dz

equal to D — Dy and thus to adjust the mean-square for a given 79. Also, by the
evaluation

1 Tr— aen 1
Jm@de = i [ (2w = [ wo(@yda
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you see that taking [ 1o = — [ po keeps [ f, = 1. Lastly, for all large n, ||pn||oo
will lie under §: in short, the f,, are honest probability densities.

To finish, observe that f — Ir(f) is convex and so sub-additive; this gives
you IF(fn) < IF(fo) + a, + b, with

_ 1 [Voo(@)?
an = F{/Bl m()i(m)dm—'_ . F(m)po(x)dm} - 0

and

1 |V (E=2e1m) |2 1 T — aen
b nd+4 / no(w—fnn) T+ nd+2 / (.Z') "70( n ) €

_1 [ [Ym@P, 1
=5y ) e 5 [, P0G el o)

1 1
< —401 + —202 sup |F(z)] — O.
n n TEB,,+anei

The proof is complete.

Lemma 5 shows that the phase transition - the possibility that the micro-
canonical conditioning is overcome and the thermodynamic limit is the original
(stationary) diffusion - obtains if in the I-minimization problem (13) the opti-
mizer falls out of micro-canonical set and takes place at the global minimum.
The latter is of course the original invariant density (¢* = ¢) which explains the
change of phase as a consequence of heavy-tailed behavior: the event defined by
the micro-canonical condition is not exponentially rare and so not felt at L = oo.

Finally we provide the proof of (14) in the case that F' is at most quadratic at
oo - exactly when phase transition may occur. This finishes the proof of Theorem
1.

Lemma 6. Let again & = (1/2)A + (V¢ /¢) - V and My, our model micro-
canonical measure obtained by restricting the mean-square. If F(x) grows at
most like || at infinity, then
dP,.,
Py, |78 }] 20

... 1
hinT glf ZML []og{

independently of the value of D.

Proof. The Radon-Nikodym derivative over .‘}"{;_1 of the periodic diffusion Py,
with respect to its stationary counterpart Py is Z; 'po(1, X (L—1), X (0)) where
po(t,z, ') is the (symmetric) transition density for P, with respect to ¢?(z)dz.
Recall Zp, ~ 1 for large L is the partition function for Pr. You may then write

APy,
ML |:10g{ E

using the rotation invariance of My to reduce the second summand to its present
form.

The first term causes no problem. Neither does H(mp,[4)*) which is positive:
we are concerned with the possibility that the above is large negative. As for the

. }] = —log(Z;) + My, [ log po(L, X (0), X (1)) | + H(my|4?)
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second term, the potential difficulty lies in rapid decay of po(1,z,z') for large
|| or |z'|, but, with the present conditions, we just get by.

For Ay /¢ < C(1 + |z|?) we may use the Cameron-Martin formula to obtain
an easy estimate of po(1,z,2') from below: with g(1,z,z') = (27r)~%/2e=lz=='I"/2
and E,, = the Brownian Bridge,

ol

— Eoo [exp {— /01 ﬁ—f(x (e — )+ X(t))dt}] %

> ¢ exp [—02(|a:|2 + |m'|2)]. (15)

po(1,2,2") = By [exp{/o1 %(X) -dX — %/01

Here we have used two facts: (1) v is positive and decaying so it’s reciprocal is

bounded below, and (2) the expectation Egglexp (—C fol | X]2)] is bounded below
as well. Finally, (15) implies that

M, [1og po(l,X(O),X(l))] > log e, — 2¢sMg [|X|2(0)] > log ¢, — 4esD
to finish the proof.

In conclusion, Theorem 1, answers the question left opened in [8] and points
out a different phenomenon than encountered there. On the other hand it only
complements that paper in terms of the underlying technology. Where [8] treated
the case F(z)/|z|? T 0o, we require that ratio to be bounded. Now the former con-
dition is intuitively much nicer, corresponding roughly to better recurrence prop-
erties, and one expects the present method to work throughout. Closing the gap
requires extending the result of Lemma 6: lim 4, L™"My, [log po(1, X (0), X (1))]
=0 to a wider class of diffusions. As seen in the proof, the needed limit may be
rephrased in terms of a moment condition: it is enough to have My, [| X (0)|*] =
o(L) for some « such that |F(z)|/|z|* = o(1) at infinity. That the condition can
be written in such a straightforward manner demonstrates the niceties of the
diffusion format.

4. Statistical Mechanics for Wave Equations

Consider for a moment the (one-dimensional) non-linear wave equation %@ /0t*—
0%Q/0z* + f(Q) = 0 with periodic boundary conditions on 0 < < L. Defining
P = 9@/t this equation can be written in Hamiltonian form 8Q /8t = H /0P,
OP/0t = —0H/0Q in which

H= /OL F(Q(2))ds + % /OL Q' (&) da + % /OL P (2)dz

and F(Q)= [ @ f. The idea of Gibbs’ investigated by McKean-Vaninsky et al is
that
e—3 Jy 1Q'(2)2de . o= % JE P2 (2)de

_H — —[FFQz)dz € 270 e"
e~ "d(volume) = e~ Jo X (270+)/2 d>@Q x (2r/0+)=/2

(16)
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ought to provide an invariant measure for the flow. This formal object has the
following interpretation. The middle factor indicates that @) is a “circular” Brow-
nian Motion (CBM), obtained by conditioning the standard Brownian Motion
so that @(0) = Q(L) = ¢ and then distributing this value over the line accord-
ing to the infinite measure (2rL)~'/? x dc. In suit, the third factor defines the
velocity P as a White Noise. The first factor is just a density with respect to the
CBM. It is a comforting result [7] that if F' tends to infinity at oo and so acts
as restoring force for the wave equation, then this density provides the needed
control for the measure (16) to be finite.

To connect with the present work consider again the Schrodinger operator
G = —(1/2)A + F(Q) and its ground state 1(Q). Itd’s Lemma ((dQ)? = dz)
will show

L
0—/ dlog[Q /vmgw )-dQ+/ S Alogy(Q)(dQ)”

o

which, if substituted in (16), tells you that the density exp[— fOL F(Q)dxz] is, up
to a constant multiple, the Cameron-Martin factor for the diffusion of type &
used throughout this work. That is, our periodic diffusion Py, and the ) part of
the above Gibbs ensemble are one and the same.

The micro-canonical ensemble/thermodynamic limit for these measures was
considered by McKean-Vaninsky to be a model for the harder problem of fo-
cussing cubic Schrédinger. There /—10Q/0t = —0%Q/0x® + |Q|*Q with Hamil-
tonian H = (1/2) fOL |Q'1? — (1/4) fOL |Q|*, and the canonical Gibbs measure
is

( d +/ F d.’E - Ao(@o)]

e~ (1/2) [F |Q (@) 2de
(270+)>

e~ d(volume) = e(*/4) J5 1QI* (@)de d*>(real @)d* (imag Q).

Now fOL |Q|? is a constant of the motion; Lebowitz-Rose-Speer [6] pointed out
that conditioning on it being fixed is necessary to make the total mass finite.’
As to the thermodynamic limit, neither the methods of [8] or this paper apply,
but see [10] and [12] for a different approach.

5. The Martin Boundary

As a final remark, we wish to point out the connection between the present
work and that of computlng the Martin Boundary for the space-time motion
t—[t, X(¢ f | X |2(¢')dt']. The latter is again a diffusion with generator
L = 6 + 6 + |:c| Or; its Martln Boundary is defined as the complete list of
(minimal) positive solutions to Lh = 0.6

5 We mention that this ensemble and the one of (16) have solid mechanical meaning: their
invariance under the flow is proved in [7] for classical waves and [9] for cubic Schrédinger.

6 For a spirited introduction to Martin’s Boundary, [13] is recommended.
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Returning to the the expression (3) for the micro-canonical mean of ¢[X (¢') :
0 < t' < t], one should notice that all that changes in Mg [¢] for L 1 oo is the
ratio

L—t
371p, [/0 XP()dt' € L[D,D + 6~ LX(L-)=2].  (17)

Thus, the thermodynamic limit problem is equivalent to understanding the
large L behavior of this last display. The results of Krylov [5] show the fam-
ily 37! P;letc] is tight and more. The L 1 oo limit h(t,z,’,I) is unique and,
just as one would hope from a glance at (17) satisfies, 0 = 9;h + &, h + |z|?Orh.
Now the link is plain: our h’s make up a “micro-canonical boundary” sitting
inside the full Martin Boundary.

It is a simple matter to identify the h's. The preceding comments indicate
that the thermodynamic limit may be expressed through My [¢] =

[e] t
/ / / B, [6(X), X(t) = =, / (X (s)/%ds = 1] h(t, 2, 2", I)da'dedl. (18)
R4 JRd Jg 0

The results of [8] and the present work show that this is also

[ Eleolw @Pde’ = [ Bafotx):0< ¢ <0, 57w @) P
Rd dP
(19)
the mean value for either a new stationary diffusion with adjusted potential
F* = F +c|z|?, or just the original stationary mean. In the former case, bring in
once more ¥* as well as Afj, the corresponding eigenvalue. Next, one computes
that over 0 < ¢’ <t the density (dP*/dP) equals

exp[ft VY gx — 1/2)f0t vy |2) (X)) 9 (X)) C
o Uy S8 X~ (12 [[ 1P 90@) 57 0) e ) e+ 43t

which, by comparing (18) to (19), implies

Wt 2,2, 1) = w*(m')ww')”f;(%)

In the latter case, the case of phase transition, dP*/dP =1 and h(t,z,z',I) =
P* ().
For a concrete example take X an Ornstein-Uhlenbeck process of mass m

(¥?(z) = exp[—m|z|?]). In this case the complete list of minimal space-time
functions (the full Martin Boundary) may be worked out:

exp [cI + Agt]. (20)

2 2mt -1
— — [t — 12]
> o Bt + By — I/

for v > —m?, 28 = m £ /v + m? either for @ = 0 or m' = F(1/2)\/v + m?.
That is, the Martin Boundary is a topological plane, and, you note by comparison
with (20), the micro-canonical boundary is just the line corresponding to a =
0. As was natural, it was conjectured in [8] that the general case is similar.
However, the phase transition described in the present paper shows that is not
so: in that case all points of the expected micro-canonical line are identified for
D > Do = [ |z|*¢?(z)dz. The effect of this truncation on the full boundary is
an interesting problem for the future.

h(t,z,e,1) = exp [oztem’lt
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