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Abstract

Consider the Hill’s operator @ = —d?/da? +q(x) in which g(x), 0 < z < 1, is a White Noise. De-
note by f(u) the probability density function of —Xo(g), the negative of the ground state eigenvalue,
at u. We prove the detailed asymptotics:
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as u— +o00. This result is based on a precise Laplace analysis of a functional integral representation
for f(u) established by S. Cambronero and H.P. McKean in [5].

1 Introduction

We consider fluctuations of the ground state eigenvalue of a random Hill’s operator Q = —d?/dx?+ q(x)
in which the periodicity is fixed at one and the potential ¢(z) is a White Noise. Formally, ¢(x) = b'(z)
for a standard Brownian Motion b(z), and the eigenvalue problem Q¢ = A¢) must be interpreted in the
sense of Itd. In those terms it reads dy)'(z) = db(z) — Mp(x)dx, and there is no problem solving for v
in the space C3/2—.

Let Ag(g) denote the ground state eigenvalue of ). Our jumping off point is an explicit formula
for the law of this object due to the authors of [5]. Choosing the sign for later convenience we further
denote by f(u) the probability density function of —Xg(g) at the point . Then, the result of [5] is

flp) = \/%/Hexp{—%/Ol(u—pg(x))Qda:}A(p) dPy (1.1)

where

1 1
A(p) :/ e Jo pe")dz’ g, ></ e=2Jo p@de’ gy (1.2)
0 0
and P is a probability measure on H, the space of continuous functions of period one and mean zero.
More specifically, Py is the Circular Brownian Motion (CBM) p(z), 0 < x < 1, conditioned so that
fol p(z)dz = 0. CBM, we recall, is the measure on periodic paths formed from the standard Brownian
Motion starting from p(0) = ¢, conditioned to return to ¢ at = 1, with this common starting/ending
point distributed over the line according to Lebesgue measure. In other words, for any event A of the
path, CBM(A) = \/% J75. BMyo(A + ¢)de in which BMy, denotes the mean of the Brownian Bridge
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of length one. While CBM itself has infinite total mass, Py is the distribution of an honest rotation
invariant Gaussian process: a short computation will show that

Bo[F)] = BMuw[Flo— [ )]

for any bounded measurable test function F = F(p(z) : 0 < z < 1).

The functional integral representation of the density f(u) given by (1.1) is based on a correspondence
between Hill’s equation and Ricatti’s equation. To explain, first fix a A to the left of A\y(¢q). Then it
is well known (see [18]) that Hill’s equation possesses a positive solution ¢ with multiplier m > 0:
" + qp = M) and Y(z + 1) = map(x). Further, the logarithmic derivative p = ¢’ /4 is a periodic
solution of Ricatti’s equation ¢ = A + p’ + p? with fol p > 0. Now view this Ricatti correspondence
as a map between measure spaces. Under this map the restriction of the White Noise measure to
{A < Xo(q)} is identified with the restriction of the CBM to {folp > 0} up to a suitable Jacobian
factor. The computation of that Jacobian is the chief accomplishment of [5], resulting in, among other
things, the formula (1.1).

Given (1.1), our purpose here is to describe the shape of the density. That is, we investigate the
detailed asymptotics of f(u) as u— % oo. The left tail has in fact already been discussed in [5]: they
remark that

(=) 2 1
7r

) = exp [—5u - 7

(fﬂ)l/’ﬂ (1+0(1)) for p— — oo.

This is easy to understand. The exponent is expanded out as in fol(\,u| +p?)? = % — 2|y fol p? — 01 pt.

Next, A(p) and exp{—(1/2) fol pt} are shown to be negligible when compared to the coercive Gaussian

weight exp{—|u| fol p?}. The derivation is completed by computing Eg[exp{—|u| fol p?}] exactly.
The analysis of right tail is far more involved. Our result is the following.

Theorem 1.1 The probability density of —Xo(q) has the shape

J) = o wexp |2 = L] (14 0(1)) for s+ ov. (1.3)
3r 3 2

While the limit py— — oo concentrates the path at the unique and trivial trajectory p = 0, taking
pu— + oo leads to a completely different picture. In this regime it is most advantageous for p to live
near +,/p1. However, because of the restriction to fol p = 0, the path is forced to divide its favors more
or less evenly between the two choices of sign. Furthermore, due to the rotation invariance of CBM,
any translation of an extremal path is also extremal. Thus, for u— 4+ oo, we are dealing with Laplace
asymptotics of a degenerate function space integral. Even so, we are able to obtain beyond leading
order information.

There is of course no shortage of investigations into the precise large deviations of Wiener-type
or other functional integrals, including cases in with the underlying functional possesses degeneracies.
Important examples are [6], [3], [2], [14] and [15]. Nevertheless, the present problem has various features
which set it apart and require the analysis to be done “by hand”. First, the large parameter enters f(u)
in a fundamentally different way than is assumed throughout the cited list. More importantly, those
dealing with degenerate problems assume nondegeneracy in directions orthogonal to the extremal set.
Our integral does not posses this property; there exists a more subtle degeneracy besides that stemming
from the translation invariance.

Random Schrodinger operators of the type @ arise in models of disordered solids as is explained in
the comprehensive book [17]. The White Noise potential offers a simplifying caricature. Its use goes
back to [7], but see also [9] and [8] which discuss the integrated density of states. A description of
the ground state energy is of separate importance. In the present White Noise setting with dimension
equal to one, [20] proves a limit law for —Ag(g) as the periodicity is taken to infinity. Also in the



thermodynamic regime, the study of the almost sure behavior of the ground state in any dimension
subject to a potential of Poisson or Gibbs type is well developed: see [24] and [19] and references therein.
Still, the understanding of the actual distribution in a finite volume with any kind of potential remains
in its infancy, and the result described above prompts further inquiry. In particular, it is reasonable to
ask to what extent the shape of f(1) is universal for some class of rough potentials. The Gaussian/sub-
Gaussian tails to the left/right seen here have an intuitive explanation: level repulsion holding down
the left tail, with the ground state free to take advantage of deep wells created by the White Noise to
the right.

The rest of the paper takes the following course. In Section 2 we study the associated rate function
and discuss a leading order result of the form p=3/2log f (1) ~ —8/3 for u 1 co. Asymptotics at this
level are accounted for by a vicinity of a one parameter family of paths (the degeneracy). Section 3
outlines how to expand about the set of extrema. Namely, the degeneracy is dealt with by a con-
ditioning procedure, leaving an integral with respect to a certain Gaussian measure as the principle
lower order term. Using a connection to a particular (deterministic) Hill operator, required properties
of this Gaussian measure are collected in Section 4. The calculation is picked up again in Section 5
which contains the main error estimate: here we dispose of the terms beyond the Gaussian correction.
Afterward, in Section 6, the Gaussian correction is computed exactly. In essence this completes our
calculation. Section 7 gathers the results through that point and states Theorem 7.1 which, in some
sense, is a more accurate statement of the main result. It is then explained how asymptotics of the
various quantities appearing in Theorem 7.1 translate that result into the above Theorem 1.1. Finally,
Section 8 serves as an appendix containing various technicalities needed along the way.

2 Leading order asymptotics

2.1 The rate function

At an exponential scale, the asymptotics of integrals of the type (1.1) are well understood to be asso-
ciated with a characteristic variational problem. In the case of f(u), that problem is to minimize

L= [ (n-rw) e [ o2 (2.1)

over periodic functions of mean zero. Scaling as in p(~)ﬂ# J(-/y/i) we find that

tyent,) = 5 intyen, {3 [ 0= P [ (@)pa) (2.2

= 1*7 infpep,I(f;a)

in which a = \/i/2 and now H, is the class of periodic C'! functions satisfying ffa f =0. This already
suggests the 3/2-power in the exponent of (1.3). As to its 8/3-multiplier and further properties of the
rate function I we have the following.

Theorem 2.1 The infimum I*(a) = infrepy, I(f;a) is attained. Further, I*(a) < 8/3 for all a > 0
and I*(a)—8/3 as a—o0.

Proof As the level sets {I(-;a) < K} are weakly compact in H' and strongly so in L, the existence
of a minimizer poses no problem. For the upper bound on I*(a), consider the test function

—tanh (x +a) for —a <z < -—a/2,
fa(z) = ¢ tanh (z) for —a/2<x<a/2, (2.3)
—tanh (z —a) for a/2 <z <a.



Then,

a/2 a/2
I*(a) < I(fara) = / (1 f2(2))2du + / (f1 ()2

—a/2 —a/2

IN

/oo (1 — tanh?(x))?dx + /oo (tanh’(x))?da

— 0o — 0o

2/ sech®(x)dz = 8/3.

— 00

As for the convergence I*(a)—8/3, computing a first variation of I(-;a) shows that any minimizer

. _ 3 2 . . . . oy a _
satisfies f” = 2f° —2f%—a where « is the Lagrange multiplier corresponding to the condition fia f=0.
Multiplying by f’ and integrating, this may be brought into the form

Lona _1oa 4o 1
= =—f*-f- = 24
SV =5f = P —af + 58 (2.4)
with a new constant 3. We will show in the appendix that, as a—o0, a—0 and g—1.

Now choose a minimizer f; for each @ > 1. Since every f; must have at least two roots on account
of being mean zero, by rotation invariance we can assume that fr(0) = 0 for all {f*}. Next, for any
large fixed M > 0 less than a/2 we certainly have that

* 1 “ * 2 1 “ *\2)\2 1 M * 2 1 M *\2)\2
ray =3 [ el [ a- g s [ el [ - g
Ca a M -M
It follows that the sequence {f7} is bounded in H' N L>[—M, M] and so has a subsequence converging
weakly in H! and strongly in L%. By writing the relation (2.4) in the form

fr=\fr—2f2—2af + 3, (2.5)

using its weak formulation and the regularity theory that comes with it, we find that the above conver-
gence is sufficient to conclude that any limit satisfies f., = 1 — f2 over [-M, M] and fs(0) = 0. That
is, foo = tanh.

Since the centered {f¥} converge to f on an interval [—M, M| for any choice of M > 0, it follows
that the distance between any two zeros of f) must be tending to infinity as a—oo. Therefore, we
may also isolate a symmetric interval of length 2M about a second zero of f;. On this second interval
we will have the same type of convergence (by precisely the same arguments). Then, by adding both
contributions we also conclude that

M M
I*(a) > / (/o + / (1 (1))

for all a large enough. This results in

M
lim inf I*(a) > 2/ sech*(x)dz 1 8/3

a— 00 M

upon letting M Too afterward. The proof is finished.

2.2 Large Deviations

While the previous result serves as a guide, the next step is to extract the exp [~8/3u/?] behavior from
the integral f(u).



Theorem 2.2 We have the leading order asymptotics:

lim sup p~%/? log/ e*%fol(*“p?)zA(p) dPy < —8/3.
H

H— 00

More important in the sequel, we show that one has sharper decay of the same order when the
integral is restricted to a set away from any I, minimizer. Define

or = {p e H:dip,M) < s\/ﬁ} (2.6)

in which M is the set of minimizers of I, and d(p, A) is the distance between a path p and a set A in
sup-norm. Then we have:

Theorem 2.3 There exists a n > 0 depending on € and a constant C' so that
/ e 2 ff)l(“fﬁ)QA(p) dPy < Ce=(B/3+mu*’?
H\C¥

for all p large enough.

Proof of Theorem 2.2 Matters are simplified by noticing that it is enough to prove that

lim sup p~%/? log/ 6—%[01(#—;;2)2(“30 < —; (2.7)
H

H— 00

This is because A(p) < exp|2 fol p?] < expll + fol p?] which implies the upper bound
/ e 25 A (p) dPy < e"*g/z/ e~ 1o (m1=r") g,
H H

the prefactor e#*3/2 being irrelevant in the present scale.
The proof of (2.7) is split into several steps. First we define the set of paths

1 /! 2 .
H”(%n){peH:‘Z/o (1 —p?)" —yu®?

< nu® 2} (2.8)

for any positive 7 and v. As we shall see, restricted to such a set, the P, integral of exp [—(1/2) fol (u—p?)?
is easy to control through the variational problem studied Section 2.1. For this reason we make the
decomposition

/ e 2 (r") g < 3 / e300 (=) 4y + exp <—§u3/2> (2.9)
H 0<k<s/3n  H" (k) ’

after which we may invoke the bound
2
/ e 3o (1) 4Py < exp [(*v +1) um} Po (H“(% 77)) (2.10)
HHE (y,m)
in each integral on the right hand side of (2.9). This follows directly from the definition of H*(y,n).

The upshot is that we must now control the probabilities Po(H*(y,7n)). Toward this end we overes-
timate further as in

m(Erem) < g [ o) <) @11
= Pé‘(%/ol (1-p%)° < (v+n)#)



where we have introduced the scaled measure P}'(p € A) = Po(ﬁp € A). Under this scaling, the
previous display reads Po(H"(vy,n)) < P'(D*(v,n) ), and

B DK — 1 ' _ n2)2 i
Dt=D (%n){pGH-Q/O(l p”) §(7+n)\/ﬁ} (2.12)

marks yet another definition.

The next step, estimating the Pj" probability of D*, is accomplished by discretizing the path. This
is a common procedure, see for example the proof of Schilder’s Theorem in [25]. Let p,, be the polygonal
path determined by the values p(k/n) at k/n for k = 0,...,n and introduce p,, = p,, — fol pn, to force
things to reside in H. Now, for whatever set D C H we have that, if p € D, then the polygonal p,, is
either very close to p or far away from D. In symbols

PE(D) < Py (Ilp = Bull 2 6) + B (B € Ds) (2.13)

in which |[p|[oc = supg<,<1 [p(z)| for any path p € H and D; is the d-enlargement of D in that norm.
That is, ¢ € D5 when inf,ep ||¢ — pllec < 0. We next tackle each term of the right of (2.13).
For the deviation between p and its approximate p,, we first note

~ )
Pé‘(\lp—anoo > 5) < Pg(Hp_pn”m > §>7
-~ 1
because ||p — Pnllo < I = Pallog + | Jo (P —Pn) | < 2]Ip — pulls - Then,

B (p-pile26/2) < RE(UZL, s b@ —pmizonf) @

IN

P sup Ip(@) ~ p(0)] = 0/4),
0<z<1/n

having used the rotation invariance of C BM in line two. Next we recall the definition of the measure
P} and write

P (Ip =Pl 2 8/2) < nBMao( sup Ip(e)] = Vib/4) (2.15)

< 2mBMo( swp |p(e)| > VEs/4) < 32/m/0\ e/,

0<z<1/n

The first and third inequalities require no explanation. For the middle inequality, note that if A is an

event measurable over {p(z),0 < x < 3/4}, then BMyo(A) = 2BM[e=?"3/D/2 A] < 2Py(A).

For the second term in (2.13), bring in Z(w) = 3 fol |w’|? the usual Brownian rate function (Z(w) =

oo when the integrand is not defined) and Z(D) = inf,epZ(w). Again, we first move to the Bridge
measure:

P (ﬁn e D) < P! (I(ﬁn) > I(D))

BMoo( 3 Ip((k + 1)/m) ~ pk/mf? 2 wZ(D)).
k=0

The latter probability may be written out explicitly, and we continue to overestimate: with S, (z) =
-2
(n/2)(@% + 32321 (@rr1 — 20)? + 25 1),

B350 (%3 Iplh + 1/n) — pli/m)? > 4Z(D)) (2.16)
k=0
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Returning now to the event of interest (2.12), we combine the two bounds (2.15) and (2.16) to find that

e~ (1=m)uI(D)

IN

Py (D (rm) < 32% exp[—npu0?/32) + (i)' ™ exp[~(1 = T (Df (,m) | (2.17)

The first term on the right can be made small by choosing n appropriately. It remains to estimate
Z(D§) from below. The results of the Section 2.1 imply that, in the present scaling,

1t e 1t 8 1
%/, (9" +2/0(1g2)22(35)\/ﬁ (2.18)

for any g in Df and ¢ = e(u) > 0 going to zero as pu | co. This converts the problem into one of
. 1 212
bounding [ (1 — g*)* above.
Let f € D*. Directly from the definition of D* we see that

1/2
f4—2(/f4> +1-202(y+1) <0,

L= /2(v+0) /VES I£7: <1+ 4/2(v+7) /i (2.19)

follow immediately. Next, if g is to satisfy ||f — g/, < 0, then |f + g|2 <4 |f|2 + 48| f| + 6% and so

and the inequalities

1
/O gl <G +2]fl)°

by Holder’s inequality. This last bound, together with (2.19), implies that

/01|f+9|2§ <5+2\/1+\/2(7+n) \/ﬁ>2<25

for > 1 and 1,4, < 1, and so also

[a-r-[a-ry

! 2 2
6/ Fagl (1= 2]+ [1— )
0

56 \//01(1—f2)2+\//01(1—92)2

after using Schwarz’s inequality. Therefore, ||(1 — ¢%)||2 < ||(1 — f?)||2 + 5 which, after squaring both
sides and applying Cauchy’s inequality, further implies that

/0(1—92)2 < (1+n)/0 (1—f2)2+25(1+77_1)62

< 2(1+77)(7+77)%+25(1+n1)52

IN

IN



for all g € Df. Put together with (2.18), we have produced

I(Dfs‘(%n)) > (g —e—(v+n) 1+ n)) Vi — % (1+n7Y) 0% (2.20)

as the desired lower bound.
The final step revisits (2.17) which, with the help of (2.20), says

5 (D“(% 77)) < 32% exp [_’;Z(ST (2.21)
+ (%)nexp {/ﬂ 275 (1 + 77—1) 52] exp [_MS/Q(l -n) (g —e—(y+nA+ 77))}

A careful choice of parameters will now make all terms on the right negligible compared to the one of
the form exp[—pu®/2etc.]. For example, § = p~ and n ~ p” with 1 <a <1 and 2 <8 <1 —2a (let
say a = 5/16 and 8 = 5/4) will do the job. It follows that

lim sup p~3/% log P! (D“ (7,77)) <—(1—-n) (§ —(v+m) A+ 77)) )

pH—00 3

and so, going back to the original quantity (see (2.10) through (2.12)),

2 8
limsup p~3/? 1og/ ( )e_%fﬂl(“_pz) dPy, < —(1-n) (g —(y+n) (1 +77)) +(=v+n)
Ht(v,m

=00

8
< (=gt (2+n’)

for any positive v < 1. At last, from the decomposition (2.9), we deduce that

limsup p~/2 1og/ 3 1o (=) gpy < (1 - n)% + gnQ +n (247
p—00 H

and letting 7 | 0 completes the proof.

Proof of Theorem 2.3 We begin by following the blueprint of the proof just completed. First, as in
(2.9), the integral over H\C* is first overestimated by a sum of integrals according to the inclusion

(Cg)c < {Uogkswmn)/g (Hu(ck’O . (05)0)} U {p: %/0

with any ¢ > 0. The integral of exp[—(1/2) fol (1 — p*)?] over the last set on the right hand side
trivially satisfies the desired bound. Next, as in (2.11) and (2.10), bounding the other integrals in this
decomposition comes down to bounding the P, probabilities of the events { H*((k, {)N(C#)°}. Following
the proof of Theorem 2.2 further we come to the critical point. By comparison with (2.18) and the
surrounding discussion we see that we now need an improved version of that variational inequality. In
particular, we require a lower bound of the form

(n—p%)2>(8/3+ n)u‘”’”}

e [ oL
s @y [a-ar s

where 77 = 7j(e) > 0 depends on ¢ but is fixed for all g restricted to lie in (C*)¢, appropriately scaled
and J-enlarged. With the appropriate scaling, it is equivalent to show that

Tim inf (mf{z(f;a), feH,nd(f, ) > e}) > 8/3 (2.22)

a— 00



where I(f;a) and H, are as defined in (2.2) and {f;} represents the set of minimizers of I(f;a).
We argue by contradiction. If (2.22) failed to hold, we could find a sequence {f,} satisfying the
constraints, but so that I(f,;a)—8/3. By virtue of the fact that ffa fa =0, each f, has at least two

zeros, z} < z2. Further, |2} — 22| —00 and (2a— |2} — 22|)—oc. If instead all the zeros were contained in
a fixed interval I (which may be assumed to be centered about the origin), it would follow that | [. fa|

must exceed a positive multiple of a. Indeed, ffa[l —( fa)2]2 remains bounded and the length of I¢ is
itself O(a). But then | [, fu| > const. x a to maintain the mean zero condition causing |f,| > const. x a

on some subset of I of positive measure. This in turn would imply that [,[1 — (f,)?]? grows without
bound as a—o0, and that is impossible.

At this point we return to the strategy behind the proof of Theorem 2.1. First we fix large symmetric
intervals of length 2M around each of the two zeros z} and 2?2 specified thus far. When considering these
intervals separately we will identify z! or z2 with the origin as may be done by translation. By the core
argument behind the proof of Theorem 2.1, on each of these intervals we can find subsequences { fg} and
{f;} converging to f1 and f2 respectively. Again, both f1 and f2 lie in H' N L>. Also, since both
converge weakly in H', by lower semi-continuity of the functional I, it follows that I(f% , o0) > 4/3, and
both also satisfy the equation f’, = £(1— f2) on their respective domains. That is, f (z) = + tanh(z)
for k=1,2. ~

Next we show that 2} and 22 are in fact the only zeros of f, for a—o0, and that 22 — z} is roughly
a:

lim (|z}l — 22— a) = 0. (2.23)

aloo
For the first part, simply note that if there were a third zero we may repeat the argument of the
preceding paragraph to conclude that the rate function I would exceed 4/3 +4/3 4-4/3 as a—o0, but
that contradictions the assumption I(f,,a)—8/3. For the statement regarding the distance between 2}
and 22, note first that the integrals of {f,} over [(z} + 22)/2, (2} + 22)/2 — a] or over its complement in
[—a,a) must have the same absolute value but opposite signs. Translating to place z{ at the origin we
find that

u l
/ fal@)da + fa(z)dz =0
V4

where u = (22—2%)/2 and £ = (22—21)/2—a. We can now assume that f1 = tanh so that f2 = — tanh.
Then, since there is uniform convergence to these limiting functions, both integrals in the last display
are approximately u + £. It follows that u 4+ {—0 as @ — oo which is the same as (2.23).

The conclusion is that ||f, — fa||ee—0 where f, is the test function constructed in (2.3). Since f,
minimizes I(f;a) as a—oo we have shown that d(f,, {f})—0, contradicting the original hypothesis.

The proof is complete.

—Uu

3 Expanding about the extrema

Following the classical Laplace method we wish to expand f(u) in the vicinity of each I,,-minimizer.
While we have not actually computed any such minimizer at finite u (nor have we proved the anticipated
uniqueness up to translation), it suffices to introduce the following proxy. The Euler-Lagrange equation
(2.4), describing the scaled minimizer(s), may be solved in terms of Jacobi elliptic functions. Thus
motivated, we bring in

pule) = by x sn(y/fiz, k) (3.1)
along with its translates pf,(-) = p.(- +a). As a function of the real variable z, sn(x, k) is periodic with
period determined by its modulus k € [0,1]. In particular, sn(-,k) = sn(- + 4K, k) in which K is the
complete elliptic integral of the first kind: K (k) = fol[(l —2%)(1 — k?2?)]~Y/2dz. (For background on
sin-amp and other elliptic functions used throughout, [4] is recommended.)



In p,, we must choose k so that 4K = /i, and it may be deduced that k% ~ 1 —16e~vH/2. With
this parameter set, an exact computation will yield

8
Lu(pu) = g1 + O(e‘ﬁ/“). (3.2)
While this is certainly heart-warming, a more important connection with the discussion in Section 2.1

is seen in the fact that sn(z, k) ~ tanh(x) for k11. So, with pj, any I,-minimizer with p;(0) = 0, the
proofs of Theorem 2.1 and 2.3 will explain why

Mh—{réo ‘—p " p ©
In other words, an appropriate L>° tube about the set of translates {pﬁ} contains a like tube about the
set of I,-minimizers. Theorem 2.3 then implies the following.

Corollary 3.1 Let e > 0. Then

flp) = \/%Eo [e—%fol(u—pz’ﬁA(p)’ d(p, {pz}) < 5\/’1—4 + O(e_(8/3+")“3/2>’ (3.3)

with some n =n(e) > 0.

This last observation turns the problem of expanding f(u) about each I,,-minimizer into that of
expanding the expectation in (3.3) about each pf;, 0 < a < 1. While a definite advancement, we
must still confront the degeneracy inherent in the translation invariance of I,. We handle this issue
a conditioning procedure in order to pin the Ey expectation about a single pf,, which for convenience
is taken to be p, = p The idea is that since the translations pu—>po““E are generated by pu =
const. x cn(\/fx, k:)dn(\/—x k), conditioning the path to be orthogonal to pu will keep the path in a
small neighborhood of £p,, as opposed to translates further afield. Relating the Ey expectation to this
conditioned version of itself requires a change of measure formula provided in the following lemma; the
proof is deferred to the appendix.

Lemma 3.1 Suppose X(-) is a smooth stationary process, periodic, of period one. Also assume that,
with probability one, X has at least one zero. If F is a functional that is invariant under translations
of the path, then

E{F(X)} - E[F(

- O}P(X(O) - 0)

= Xt

ZEZ

and Z is the set of zeros of X. Here and throughout, the notation P(X = a) indicates the density of X
at a.

where

Applying Lemma 3.1 to the matter at hand, we set’

(@) = =LA BT 1
VI en(y/ie, kydn(/pa!, k)do!

and note the following.

1The choice of notation will become clear in the next section.
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Corollary 3.2 Let
1
Rip) =5 (o [ ottt ). (3.4
0
then

1
Eole=3 13 0= 4(p), d(p, {p2}) < g\/ﬁ}
01e=3 Jo (n—p)? a gy
= BY|em 0 A RO) dlp, 1) < evR] Po( [ otp=0).
Here EY is now the CBM conditioned so that both folp =0 and fol fp=0.

Next, consider the intersection of {p : d(p, {p},}) < e/u} and {p: fol @'p = 0}. Tt is easy to see that
the resulting set will contain the union of {|[p — pj)||oc < €1/} and the same object with pf, replaced

by p}/ 2 = —pg for some 1 small enough. Likewise, it will be contained in a similar union with &

replaced by some larger €5 > 0. Of course, the integral in question is invariant under the sign change
p— — p. These comments along with Corollaries 3.2 and 3.1 allow the following statement:

fp) = \/%ES

up to O(e_(s/ 3+)“3/2) errors granted that we eventually prove that the desired level of asymptotics for
the EJ integral in (3.5) are independent of £ > 0.

Having centered the integral about the single path p,, we complete this section by performing the
change of variables p—p + p,, in order to bring the contribution of p,, up into the exponent.

1
RO ARG 0=l < Vi | o [ otp=0) (35)

Proposition 3.1 With the EY integral on the right hand side of (3.5) denoted by f(u;€) we have

fluse) = e WO E [ 2 Joln 20" 2 im0 Ap 4 ) R(p 4+ 9, [Iplloe < evE| (36)

in which q,(x) = 6uk*sn®(\/px, k) (= 6p;,(x)).

We have thus extracted the advertised leading term, e~7n(Pu) = 6_8/3”3/2(1 + 0o(1)). Further, the

formula (3.6) identifies the Gaussian measure e~ (1/2) fol(qu—Q“)dePg which, as is the case in finite
dimensional Laplace asymptotics, will dictate the remainder of our computation. The study of this
measure is initiated in the next section.

Remark Given (3.6), it is a simple matter to obtain the lower bound complementing Theorem 2.2:
lim,, oo p=3/2log f (1) = —8/3.

Remark If we now understand that a vicinity of p, (and its translates) accounts for the leading order
behavior of f(u) for p—oo, it is interesting to consider what this implies for the random potential.
Running the Ricatti correspondence “backwards” relates this leading path to the potential g(x; ) =
—pp), (x)+p7 (z) ~ =24 sechQ(\/ﬁ(a:— 1/2)). While formal, this indicates that large negative deviations
of the ground state stem from White-Noise potentials lying nearby a single well of depth p and width

1/\/f.

Proof of Proposition 3.1 This is a consequence of the Cameron-Martin formula for P proved in
the Appendix (Lemma 8.2). It states that, for bounded functions F' of the path,

B =8 [For e { [ -3 [ b},

11



In the present case
1 2\2
F(p) = e 2 Jo =P A) Rp) 1 (j1p—py e <e vy

and a simple expansion yields

1 ! 2 2 1 ! /12 ! //
- (u—(p-i—pu)) +5 | Ll = | pup
2 0 2 0 0
1 1 1 ) ) ) 1
= Iu(Pu)"‘Q/O pu(pi—u)p+§/0 (6p#—2u+4pup+p )p —/0 pup-

Next, we notice that pZ = Qpi — 2up,, + constant, and therefore

1 1
—/ pr:—Z/ pu(Dl — w)p
0 0

when fol p = 0. The proof is finished by combining the last two formulas.

4 Hill’s Spectrum and the associated Gaussian process

Our analysis of the culminating form of the expectation (3.6) takes the anticipated route. Restricted
to a set of relatively small L> norm, it is expected that A(-) and R(-) settle down to A(p,) and R(p,)
as p—oo. More delicate, the cubic (2 fol pup?®) and quartic (—(1/2) fol p*) terms in the exponential
should be lower order when compared with the quadratic factor (1/2) fol (qu — 2p1)p? which is of order
. That is, the remainder of the computation should be viewed with respect to the Gaussian measure
exp[—(1/2) fol (qu — 2u)p?)dPY arising from the Hessian of the rate function I,(p) at p = p,,.

Of course, exercising this program first requires being able to compute in the latter measure. This
prompts the study of the periodic spectrum of the (deterministic) operator

d2

da?

QM = +qu($)7

and in this we are met with no small piece of good fortune. The reason we can compute the details of
f(p) rests on the rather special properties of Q,,.

4.1 Hill’s equations

Consider the general Hill’s operator Q = —d?/dx? + q() in which ¢(z) is smooth and with period now
taken to be 1/2 (note our motivating example Q,,). The periodic spectral points of () comprise a list:

—00 < Ao <AL S A2 < A3 S AL < A5 S A < A7 < T o0

In particular, the so-called principal series \g < A3 < Ay < A7 < Ag < --- makes up the periodic
spectrum of @ acting on L? functions of period 1/2, and the complementary series Ay < Ay < A5 <
X6 < --- fills out the periodic spectrum of @ on L? functions of period 1. An equivalent characterization
of spectrum may be described with the help of Hill’s discriminant

AN) =y1(1/2, )‘) + yl2<1/2= )‘)

in which y1(1/2, A) (y2(1/2, A)) is the normalized sine-like (cosine-like) solution of Qy = Ay with y(0) =
0,y'(0) =1 (y(0) =1, y'(0) = 0). The classical result is that A(X) is an entire function of order 1/2 and
that it encodes the spectrum: A(\) = +2 on the principal series and A(A) = —2 on the complementary
series.
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A special situation occurs when the shape of the potential ¢ is such that the simple eigenvalues
Ao < A1 < --+ < Agq are finite in number with the rest of the list double: Agp—1 = A9 for £ > g. Then @
is said to be finite gap, and it is the remarkable discovery of Hochstadt [10] that in this case the simple
spectrum determines the full spectrum and so also A(A). More precisely:

Hochstadt’s Formula Let Q be finite-gap with 2g + 1 simple eigenvalues. Then A(X) = 2cos(N)
with

V=T A (=AM (s =)
2 Ao \/ S — )\0 (S — )\2g)

in which A} < --- < )\; are the points Aop—1 < X, < Ao¢ where A'(X) = 0. They are determined from the
simple spectrum through the requirement: ¥(Aag) — P(A2e—1) =0 for £=1,2,...¢.

() =

(4.1)

This formula will play an essential role in Sections 6 and 7. More background information on Hill’s
spectrum can be found in [18] or [21].

4.2 When @ =Q,

The key fact is that the family of Lamé operators Q = —d?/dz? + m(m + 1)k?sn?(z, k) over the period
0 < o < 2K are finite gap with g = m (see again [21]). In @, we have m = 2, and, what is more,
the simple eigenvalues and corresponding eigenfunctions are known, having first been computed in [12].
With

as(k) =14+ k> 4+ /1 — k2 4+ k4,

we have:
Ao = 2a_(k) afo(x) =1—a_(k)sn*(z, k) (4.2)
M =14k ¢1(z) =cn(z, k)dn(z, k)
Ao =1+4k>  ¢o(x) = sn(, k)dn(z, k)
As =4+k  gs(x) =sn(z,k)en(w, k)
Mo=2ay (k) du(x) =1—ay(k)sn’(z, k).

Of course, things are to be scaled as in x—4Kx = \/ux to keep the period at 1/2. Accordingly,
M= = x A and ¢ (2)— ) () = de(\/fix), after which we may introduce the L2[0, 1]-orthonormal
sequence denoted by {¢}} = {(55/”@’{)5”2} Keep in mind though the unscaled X’s and ¢’s depend on
through the modulus k. Further, it is worthwhile noting that unscaled operator p~/ 2Qu(' /v/1) tends

—d?/dz* + 6 tanh? (x) over the whole line as ,u—>oo or k—1. In this picture, qbo, R ¢;3 correspond to
bound states (o, 1 ~ sech? and ¢, p3 ~ sinhsech? up to O(e~V#/2) errors in L>) with continuous
spectrum beginning at Ay ~ 6.

4.3 The Gaussian Measure

We now have a more complete picture connecting the basic degeneracy and the introduced conditioning.
If the CBM had appeared unconditional in the definition of f(u), we would at this point be faced
with the measure exp[—1/2 fol(qM — 2u)p?] x dCBM to provide concentration of the path about the
extrema set. However, the first two members of the corresponding spectrum A\ — 2u and A’ — 2 are
~ —16e~vV#/2 preventing this measure from having a sense.? Thus, the mean-zero conditioning built
into the problem works to counteract the first degeneracy tied to the ground state of ),,. Furthermore,
the conditioning we introduced to account for the translational degeneracy exactly removes the second
eigenstate of Q).

2That these first two spectral points are even a little negative is due to the fact that pu is not actually an extrema,
though exponentially close.
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That the imposed fol p = 0 only “works to counteract” the degeneracy at ¢/ is because that mode is
not fully removed by the conditioning. The constant function can however be written in the eigenbasis:
from the first and last items of the list (4.2) we see that

1 = codh(z) — cadli () (4.3)
where

a. (k) a_(k)
ax (k) —a_(k) ax (k) —a_(k)

This allows an explicit description of the bottom of the conditioned spectrum.

co = o) = Jidhll: and s = ea(u) = IEAPC

Lemma 4.1 The Gaussian measure P; defined by

B [F@)exp {4 J; (au(e) - 2)p? (@) }|
£y [exp {—% Jo (gu(@) — 2u)p2(x)d$H

E;[F(n)]

has the expansion

o) = (b il ) ot
N )\“—2/1)—1—0(2)()\"—2;1 \/)\”7 \/ﬁ °

A i)
pe(x) + pu(z)

for {g¢} a sequence of independent standard Gaussians.

The division into low and high modes (p; and py,) is prepared for later. We pause here to note that
while the typical normalizer of each high mode \/A} — 2y is O(y/) (for any £ > 2), the corresponding
object in the lowest mode \/c%()\ff —24) + ete. is only of order p'/%. Thus, scaling out the Vi from

the exponential weight of P (as is customary in Laplace type computations), we see that the resulting
1/4

Gaussian measure has a spectral gap disappearing like ~1/#. This is degeneracy (or perhaps it is better
to say “near-degeneracy”) orthogonal to the set of extrema mentioned in the introduction. It would be
interesting to understand its physical significance.

Proof This is just the classical Karhunen-Loéve expansion, see [1]; we outline the derivation to make
clear what occurs at the bottom of the spectrum on account of the condition fol p=0.

As CBM]Jexp{—-1/2 fol (qu —2p)p*}] = 400, it is convenient to express things through dP,, =
Zqzl exp[—1/2 fol q,p?]dC BM which does have finite total mass. That is, we write

B P E,g, [F(p) et Jo P ()de folp (z) =0, fol (2) M Py (x) = 0} 4
,u|: (p):| - E u.fpo(w)dw 1 _ () _ 0 i ( 6)
du er’o fO p( fO

and introduce the coordinates p(z) = >, \/V ¢l (x)ne under P, (the n,’s are independent standard

Gaussians). Written in this way, the numerator of (4.6) takes the form

EP(% ﬁéﬁf(m)ng) exp {2 /\%ﬂ??} ‘ \;—2\—8770 - %m =0,m = 0}

= C’E[F(ﬁ M( )10 + \/1/\75&(3:)774 +ﬁh($)) eXP{/\;ﬂh }‘ \//\—,/70 \//\—#774 O}
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Here C'is a constant factor and

_ o () 5(2)
pu(r) = oy 2u92 + N

its distribution now identified by independence.
There remains the distribution of pg4(z) = ﬁqﬁﬁ (x)no + ﬁqﬁﬁf(m)m subject to the quadratic

g3 + ph(x)a
2u

weight exp[)f—‘zn% ' L-m3] and linear conditioning { \/—770 - \/}\_um 0}. The question is only whether

the latter conditioning can hold down the focusing weight. A straightforward computation shows that,
for X, Y ~ N(0,1) and independent,

2 2 2
(1—-2a)+ (%) (1-26) >0 implies E[e** P [aX 4+ bY = 0] < 0o

Next note that, by inspection, a4 (k) ~ 3 and a_(k) ~ 1 up to errors of order 1 — k% = O(e~V#/2). At
the same level approximation we also have

~ 1 Vi 2 jes}
[|doll3 ~ 7/ e (@, k)da ~ 7/ sech®(z)dx = i,
Vit Jo VI - 3VH

and ||¢4||3 ~ 4; the upshot being that co(p) ~ v6p~/* and ¢4(p) ~ 1. Thus,

(1-3)+(B0-3) - row s

and we just get by. Running through the same computation with the addition of a test function of pg 4
in the integrand completes the proof.

5 Proof of the main error estimate

Having renormalized in terms of the Gaussian measure P defined in Lemma 4.1, we now return to the
asymptotics of f(u,e), recall (3.6). Using the form of A(:) we first write

Vazee 0 ) (5.1

1 rx y
/ / o2/ o {621; p_2fﬂlp“p3_%f(>1p4R(p+pu), 1plloe < ev/i| dyda
o Jo

in which Z7 is the P} mass, Z; = = E[exp {— fo qu — 21)p*}]. In these terms, the main result of this
section is that right hand side of (5. 1) equals A( w)R(p.) up to small multiplicative errors, and, since

fo f 21y Pudady, this is equivalent to the following.

Theorem 5.1 For p—oo and all € > 0 sufficiently small,

y 1 1
Eilow {2 [ p-2 [ na® =5 [ 5'}BE+ 0. Il < VA = RO +o0(1)
T 0 0
independently of x,y € [0, 1].

This leaves the computation of Z, taken up in the next section, as the final ingredient in the proof
of Theorem 1.1.
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As alluded to earlier, the fact that the (scaled) process b7 does not posses a good spectral gap
means we have to take extra care in dealing with the low modes. In particular, everywhere p is split
(p = pe + pr) and expanded, with differing considerations for each piece. To explain some of the
difficulty, we introduce the shorthand

pe(x) = au(r) go + bu(@) g2 + (@) 93
and note that for large p, a,(z) ~ (1/8)en?(\/z) + O(u=/?), bu(z) ~ (1/2)p~Y4sn(\/fz)dn(\/az),
and ¢, (z) ~ (1/2)p~Y/4sn(\/fx)en(/Ex), see again (4.5). The point is that while any positive moment
of |a,,| decays like 1~/2, this mode remains O(1) in sup-norm as y—oc. The decay of b, and ¢, is only

slightly better, both of order p'/* in L> and order p—3/* in L'. Tt is not surprising then that we have
to rely on cancellations in the lower modes. For example, for the cubic we find that

1 1 1
/ Pupi = 3(/ Puaibu) 9002 + / Pru(bug + c.83)%, (5.2)
0 0 0

the potentially troublesome terms f01 puaz and fol puaicu both vanishing. Even still, the remaining

term fol puaibug% g2 cannot be made small on its own. Besides cancellations, we need help from the
(negative) quartic.
Towards this end, we make the decomposition

Y 1 1 1
2/ p+2/ pup3—§/ p* = Fo(p, ) + Fi(p, 1)
x 0 0
in which
F —6 ! 2p 2 _1144 [ 44_&14_122 5.3
o(p,p) = | Putubugos2) =5 | a, 80 + b8z +u83) — 5 | P | PP (5.3)
and

1 1 1
Fi(lp,p) = 2 / pupy + 6 / Pupep; + 6 / PuPiDh (5.4)
0 0

0
Y 1 1
+2/ p—3/ pg’Ph—S/ pepy
T 0 0
! 1 4 4 4 4
+2/ pu(bug2 + Cug3)2 - 5 / (pé - aigg - bthQ - Cugé)'
0 0
With this in hand, we note that for any event A of the path:
’ EZ {eFO(p’NHFI (b0 R(p +pu), A} B R(pH)E: {GFO(p’N)’ A] ’

< R(p.)E; {6F°(”’“)IF1(p, )| elFr Pl A} +E; [IR(pn) — R(p + py)|eo @), A}

+E; {IR(pu) — R(p +pu)|eF°(p’“) |Fy (p, M)|6|F1(;n,u)|, A}

where the elementary inequality |1 —ef| < |f|el/l has been used. Thus, after successive applications of
Holder’s inequality, the theorem is a consequence of the following three facts.

Lemma 5.1 There exists a 0’ > 1 such that
E, [exp{GFo(p, u)}, Iplloe < ev/i| =1+ 0(u'/?)

for all 0 € [1,0") as p—oo.
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Lemma 5.2 Given 0 > 1,

tim 1P (b, 1)|” exp {01Fi (o )]} Ilplloc < /1] = 0.

H— 00

for all € > 0 small enough.

Lemma 5.3 For any 0 > 1 there is the bound
(]

in which Cy depends on € but not u.

0 1/6 a4
Rpu+0) = Rpw)| » Ipllee < Vi) < Co Rpa) p

Furthermore, the proofs of these three ingredients rely to varying degree on the next lemma which
describes the convergence of P to the zero path as y—oc.

Lemma 5.4 Under P the path has the following decay in mean-square. We have

1
£, {/ pQ(:v)dﬂc} <Cypt?
0
and, if we remove the low modes:

sup E, [pi(w)} < Cyp 2,
0<z<1

Proof For the integrated mean-square estimate over the full path p one just computes:

1 1 oo

1 1 1
EF 2(z)dx| = 2(x)d § ) 5.5
“{/opm x} /oa“(x)x+/\§‘2M+A§2u+2=5>\?2u (5:5)

The first three terms we know explicitly. The p~'/2 decay of fol a;, has already been remarked upon,

and both A5 and \§ are approximately 5y for p large. We also know that X} —2u = O(p) for any fixed
¢ > 2 and p—oo. However, controlling the whole sum requires more precise eigenvalue asymptotics
provided by the following classical result:

22 ' 1 ' Ry 22 2
A= 472 O—— - =47°0* + 6+ O pl~ 5.6
) 71' +/0 qu + (Mw/o(qﬂ /oq“)) 70"+ 6+ (u ) (5.6)
for all large values of the index. See, for example, Theorem 2.12 of [18]. The tail of the sum in (5.5)

then behaves like 1 1 o d
T
o~ —— =0(u'/?),
QZLWFEQ RN R

completing the verification.
As for -
*[,.2 (¢,Z($))2
suppr:sup{ 7},
0<z<1 ulpn (@) 0<z<1 ez:; N —2p
the result will follow granted a uniform bound on ||¢}||~ independent of p and of the index ¢ > 5.
(The intuition is thus: £ > 4 corresponds to continuous spectrum for y—oo, and so the corresponding
eigenfunctions should remain “flat” for large values of p.) Once more, the ingredients of the verification
are classical. It is convenient to consider the unscaled equation which reads u”(x) + (6k%cn?(z) +
Ye)u(z) = 0 (u(0) = u(y/;)) with v, > 0 and of order ¢/,/ii (note again 5.6). Then, for any ¢ up to
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order ,/jt, a comparison argument with the explicit £ = 4 case (v ~ 0) will produce the desired bound.
On the other hand, when ¢ > C'/ with C' large, well known arguments (see [11] for a model) will show
that the solution is uniformly approximated (up to errors of O(£~1)) by a single trigonometric function
with £ oscillations. The proof is complete.

Proof of Lemma 5.1 We concern ourselves with the upper bound, the lower bound being a simple
consequence of Jensen’s inequality. First note that

E; [e"Fo(p’“), [Iplloo < e\/ﬁ} < E[exp{GG (/Olpuaibu) 9502 — g(/o1 ai) 93”-

That is, we only really use the quartic in the lowest mode to control the bad cubic term. Next, the
integral on the right hand side may be performed in the go variable, and we will be satisfied to show
that there exists a choice of § > 1 and a § > 0 such that

36 62 (/01 p#ai(x)bﬂ(x) dx)Q -6 /01 ai(x)dm < fﬁé (5.7)

for all large enough u. Now

L N2 L1 (T ent (o)’ (@)dn(a)da)?
(/0 Pul)a, ()b () ) VS 3f0*/ﬁsn2(x)dn2(x)da:

[ ai@ae = L7 ra

a,(r)dr = —— cn®(z)dz

o NI

up to (unimportant) errors of order g~!. Further, up to errors exponentially small in VI, the integrals
on the right of the last two displays may be replaced by integrals over the whole line of the corresponding
hyperbolic-trigonometric functions. That is, the validity of the desired inequality (5.7) is equivalent to

whether

and

oo o0

12/ sech® () tanh® (z)dz < / sech®(x)dx / sech? () tanh®(z)dz.

— 00 — 00 —0o0

Both sides of the latter may be worked out to read 12(7/16)? < (2/3)(32/35) which is indeed true. The
proof is finished.

Proof of Lemma 5.2 Consider the first line comprising Fi(p, ), see (5.4). That is, the estimate is
detailed for Fy(p, p) = 2| fol pups| + 6] fol pupepi| + 6] fol pupipn|. These terms are in a sense the most
difficult as they involve the additional factor of |/ through p,. At the end we comment on how to deal
with the remaining terms in the full Fj.

For the present task, it suffices to prove the following two types of estimate. First,

! m 1 m 1 m
EMH/ pup?;‘ }—>0, Eﬂ[}/ pupepi‘ }—>o, and EMH/ pup%ph‘ ]—>0. (5.8)
0 0 0

as p—oo for all m large enough. Second, for whatever C' > 0

1
lim sup £ [exp {c\/,:/o Ipnf* }, 1plloo < ev/i] < o0, (5.9)

p— 00

1
limsup E, [exp{C\/ﬁ/ |pg\p%}, [1D]]00 < &\/ﬁ} < 00,
0

H— 0O

1
and limsup E}; [exp{0|/ pﬂpgph\}, [19]]0o < 5\//7} < 00
0

p—00
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when € > 0 is chosen appropriately.
Starting with (5.8) and working left to right we first have

/Olpu(@pi(x)dx‘m} < Nm/2 /01 E;[|ph|3m(x)]das

1 3m/2
= co [ (i) " e < ot

E;[

Here we have used Jensen’s inequality, the fact that p,(x) is Gaussian, and Lemma 5.4. In a similar
fashion

z((f ([ @)oot (x)do)"]

< C’um/2 E* /|au\ ph dm /|bu| ph daz /|Cu‘ ph d:c) }

Restricting attention to the first term as a, has less decay compared with b, or ¢, we find that by
Jensen’s inequality and Lemma 5.4,

w2 B[ o)< o ([ o i) (s, Emen) " < o

0<z

As for the last expectation in (5.8), it may be bounded by

B [</01p?(x)|ph(x)| dx)m} < o { K/Ol a2 (z) ph ()| dx>m} + like terms in b2 and 2 }.

Spelling out the first term involving we find

[ E;[(/Ol ai(z)|ph(z)|dm)m}
(m—1)

1 2m m—1 1 . m/2 _
< o ([ o @) [ () < oo

after an application of Holder’s inequality, and, again, the /2

Lemma 5.4. Terms two and three are handled in the same way.
Turning now to exponential bounds (5.9), we require two additional observations. The first is that
there exists an M > 1 so that

IPlloc < ey/p implies ||pelloc < Mey/p; and - |[[pn[loc < Mey/pu. (5.10)

for some M > 0. To see this, first multiply the inequalities —,/it < p(x) < —e,/fz through by ¢ (x) > 0
to find that

decay of the moments of a,, along with

1 1
ol [ @@ <evii [ oo
Next it may be checked that f01 a, ¢ and f01 ¢ are of the same order, and so
|go| < Croep'’?. (5.11)
The verification of (5.10) is completed by showing that

g2 < Criep®* and |gs| < Chpep®* (5.12)
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on ||p|lec < ey/m. This is similar: the inequality is now multiplied through by (||¢5]/ec + ¢4) ( or
(||¢5]]oo + #%)) and integrated. Since the path is mean zero this produces an inequality in |go| (or |gs|)
alone which is equivalent to (5.12). The second fact we will need is the following upper bound on the
sup-norm deviations of p,. For all N large, there exist (positive) constants a and b independent of p
such that

P; <||ph||OO > N) < aexp [—b\/ﬁNﬂ. (5.13)

This is an immediate consequence of Borell’s inequality (see [1]) and Lemma 5.4.
With those points established, we turn to the first expectation in question:

B exn {ov | ) Nl < 2yl (5.14)

< xfow {ovay [ 2} Il < 8] + B o {Ce [ 52}, Il > A]
< mrlew{ovay [ i}] + (Bilew 2one [ )])" (Pl = ) "
<

exp[CN : st )\ZL\/EZM} + aexp {CE . 4225 v ﬁ zﬂ} exp [—%b\/ﬁNﬂ.

Note that this last inequality holds as soon as p is large enough and e small enough so that both
CN- (i (N —2u)) ~ (1/3)C'Nu_1/2 and 2Ce - (\/11/ (N5 —2p)) ~ (2/3)Ce are less than one-half. Now
we recall that the sum /u sz v is bounded by a fixed constant for ,uToo Indeed, this is really the
content of Lemma 5.4, this sum being finite along with limsup,,_, Z u+k2 < 00. So the first term in
the last line above is bounded independent of N, and the second will go to zero as u—oco by appropriate
choice of N.

The next integral is approached the same way. We find that

1
B [exo {Cv [ lpa }. 1ol < 2
0
< Eyfexo {CvEN? (llaulllgo] + 1ballilg2! + lleulllgs]) }]
1
+E;, [eXp {O'M€#/ pﬁ}, [Pnlloe = N]
0
In the first term on the right hand side we have used ||pn|lcc < N by explicitly restricting to that set
of paths. Since ||a,|l1 = O(x=?) and ||by]|1, ||culli = O(u=3/*), this term is plainly bounded. In the
second term we have used (5.10): |ps| < Me,/i due the overall control of |[p||. From this point this

term yields to considerations identical to those for the second term in line of (5.14).
Last we come to bound the expectation involving a large constant multiple of

‘/ Pu(@)p; (x)pn(z dx‘<‘/ pu(®)a, (z)pn(z dm‘go (5.15)

H|[ m@reme dx192+2|/ () ()0, ) ()| laoge] + et

the etc indicating like terms in g3, |gogs| and |g2g3|. Making use of (5.11) and (5.12) we note that, for
example,

[ mueantomem@islsea] < Ciacu| [ sntyiegan )t @] ol
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Similarly, each term on the right hand side of (5.15) may be bounded in turn by (constant multiples
of) expressions of the form

el [ o (a)de]adl = nel0() o
0

with £ = 0,2, or 3 and ¢ a smooth periodic function for which limsup,,_, f x)|dz < co. While
1 differs in each appearance it now suffices to show that for any such 1, ¢ may be chosen small enough
so that

E{GXP{M€|Q(¢)||90|H < Cl4E[eXP{M2€2g2(¢)H <Cis

independently of u. Now since G(¢) is itself a mean zero Gaussian random variable, this last display is
true as long as

J2E] QZAH 2ﬂ/¢ i)l (z )dgg) (5.16)

£>5

may be bounded independently of p. In this direction, we have the estimate

! 11
o< 1) |
/0 P(y/pux)py (x)de < Cis Vi A 7 (5.17)
which is explained as follows. In Lemma 5.4 it is remarked that there is a uniform L°° bound on the
high eigenfunctions |¢/|. The ~/2 decay may then always be extracted from the same decay of v
in L'. On the other hand, as also remarked in Lemma 5.4, for high values of the index Pl is well
approximated by a trigonometric function of ¢-turns. The ¢~! factor then follows from the lemma of
Riemann-Lebesgue. Finally, substituting (5.17) into (5.16) produces

1 1 1 1
2 2 < 2 L 2 -4
E[G*(¥)] ,Cm(u > AR > Y 42)’
4<e< /i Vi<€<oo

and it is readily checked that the latter remains bounded as p—oc.
We close with some comments regarding the remaining terms in Fj(p, ). Looking at line two of

(5.4) it is plain at this point that the linear term | [” p| < fol |p| poses no difficulty. On the other hand

fol Ipellpn]® < Me\/1n fol Ipr|® on the domain of integration which reduces the term to a type already

dealt with. Also, expanding the low modes out in ! p2pr| and employing (5.11) and (5.12) make this
o Pr

term comparable to | fol pupipn|. Finally, the last line in (5.4) is explicit in terms of the low modes.
It may be done by hand, cancellations in the cross terms (as in (5.2)) being of great importance. The
tedious details are not reported. The proof is complete.

Proof of Lemma 5.3 We actually prove that, on the set of paths {p : ||p||oc < e\//1}, there is a fixed

constant so that
< Co R(py) / Ip].

The LY estimate for # > 1 then follows from Jensen’s Inequality and the first conclusion of Lemma 5.4.
Introduce the un-normalized extremum p*(z) = ksn(y/ux, k) and the functional

’R(pu +p) - R(p/L)

1 1
R(a,p) = /0 g?)‘f(:z: +a)p(x)dx = /0 cndn(y/p(x + a))p(x)dz.

It is the derivative of R in a which figures in the definition of R. Clearly, for any path p, R(a,p) is
is an analytic function of a, and R'(a,p) < C||p||e With a constant independent of a. Further, at the
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extremum p*, R(a,p*) has exactly two zeros at a = 0 and a = 1/2, and the derivatives at those points
satisfy R'(0,p*) = —R'(1/2,p*). Also, one may check that |R'(0,p*)| converges to a positive constant
as pToo. It follows that if p satisfies ||p||oc < \/ft€, then, for all large p, R(a, p* +p//it) has exactly two
zeros, r1 = r1(p) and ro = ra(p), lying within neighborhoods of radius ¢ from 0 and 1/2 respectively.

In fact, |r1| and |ro — 1/2| may be bounded in a more useful way by a constant multiple of ﬁ fol |p|-
Take the case of r1:

\;ﬁ/olp(xﬂdx > }]/laﬁ(mwl)p(:ﬂ)dz‘ (5.18)
= | [ (@@ - )@ ] = ) R

with some 7 between 0 and rq, that is, |[7| = O(g). Since there exists a ¢ > 0 with |R/(0,p*)| > § for all
large p, by analyticity |R'(7, p*)| satisfies a similar lower bound. The claimed bound on r follows.

Next let us write Ro = |R(0,p*)|, R1 = |R'(r1,p* +p//1v)|, and Ry = |R/(r2, p* +p//1t)| in terms
of which

R(p.+p)—R(p,) R1R2 ‘< Vi {)Rl(Ro—'Rz)’ ‘RQ(RO—Rl)’}

R/L ’&_
/fol (&T)Q 2 Rl + RQ - /fol (d;tll,)Q Rl + RQ Rl + RQ

It follows that it enough to show that |Rg — R1| and |Rg — R1| are bounded by C1Rou~'/? fol |p| or,

what is the same, by Co fol Ip|. (That R12/(R1+ R2) = O(1) is plain.) Consider the difference of Ry
and R1, the other estimate being identical. On the set {p : |[p||cc < \/fre} we have

Ro — R
B ‘/ dw/Ol(ﬁi‘)’(xwl)(p*(xwjﬁp(@)dz‘
= /‘ — (1) (@ + 1) ’|P |d$+7/‘¢” x+r1‘|p )|dx

IN

s () / Cenn) (e + vt/ e+ [ fendn) (Ve + 7o) )]

for some r*, —|r1| < r* <|r1|. In line two we have supposed that ¢ is small enough that the absolute
values in the definition of Ry and R1 may be left off. To finish, note that |(cndn)’(+)] < 2,

/01 ‘ (endn)” (u(z + 7)) sn(\/ﬁx)‘ do = O(u~/?)

if * is bounded with probability one, and last, from (5.18), |ri(p)| < Cau=1/2 fol Ip|. The proof is
complete.

6 The Gaussian correction

All would be for naught if we could not compute the “Gaussian correction”:

Z() = E§[exol—3 | (@) — 2@} o / G @pla)ds =0) (6.1)

= 0 p=0)). e properties of the operator =— x® + q, outlined in Section 4 now
Z*By(f, ¢hp = 0)). Th ties of th tor Q, = —d?/dz* + g, outlined in Section 4
play an essential role. As in the proof of Lemma 4.1, it is convenient to renormalize and split the E
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integral into two pieces as follows

EQ [exp {f% /Ol(qu - 2u)p2H

Eq, [exp{u/olpz} ’ /0119—07/01615’1‘17—0} (6.2)
><E8 [exp{_%/ol qMPQH'

Again, F,, denotes the mean-value with respect to the Gaussian weight Z(Ll exp [—1/2 fol qup2] X
dCBM. We recall that the point of this splitting is that, without any conditioning, the latter is a
proper probability measure on periodic paths (i.e., Z,, < 00).

Taking advantage of this, the first integral in (6.2) may be evaluated as follows.

Proposition 6.1 For all > 0,

E,, {eXp{u/Ol:DQ} ‘ /Olpz(),/olcb‘fp:()}

/ 12 K2 / 2(0) _
B {(1_?\_?)(1_?\_?)(1_?\_@]” [(A522§§§1(AA0§42M)C§]12X AA2((2(2) 744-

Here A(X) is the discriminant of Q, and the constants c¢o and cq are as defined in (4.4).
The computation behind the second piece is more involved. The result is:

Proposition 6.2 There is the explicit formula

e ! o1 2 ¢ 1-1/2 1
EO - 2 P, Mo — 0 4 B — .
o[exp{ 2/0 qup H o(/o PP 0) [A’f(Ag +AZ)} e (6.3)

the notation being the same as in the previous result.

Note what has been accomplished: by Propositions 6.1 and 6.2 and Hochstadt’s formula (4.1), Z ()
is now expressed completely in terms of the simple spectrum of @, which we know explicitly.

Proof of Proposition 6.1 Once more we bring in the expansion of the path p(z) = ;2 \/%gbg (z)ge
14

under P, . This translates the expectation of interest to: with E the mean corresponding to the
independent Gaussian g’s,

E,, [exP {M/Ol pQ(x)dx} ’ /01 p(z)dz = 0, /01 oY (x)p(x)dx = 0} (6.4)

= E[exp{i;;gg} ’91 :O’\/Ciifggof \/67%;94:0]

£=0
2u Co

L 1II (1Ag)]_l/QE[exp{;%g?ﬁ@gZHmgo\/cif,igz;—O]

2<0< 00,04

The integral in the last line already appeared in the proof of Lemma 4.1; we now detail its evaluation:

) 1) Co Cq _
E[exp{ggo—kg%}‘ﬁgo—\/—/\—594—0}

3 2 o0 1 c c? dx
= 27r(—0+—4)></ exp § —= | (1 — 20/ Ny)— 4+ (1 — 20/ Ag) o5 |22 b ==
YV e { 2 { OV )\6‘} }27r

( Nycd + Mye? )1/2

(Nf = 2u)cg + (N —2u)ei/
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Concerning the prefactor in (6.4), when restored to a product over the full range, one over its square
reads as P(\) = [[,2,(1 — A/\)) evaluated at A = 2u. The behavior of A} for £Jco shows that the
latter is entire function of order 1/2. Also, as P(\) vanishes only at the periodic spectrum of @,,, one
concludes that it is a constant multiple of A%(\) — 4. In other words,

I s (0303 030

The proof is finished.

Proof of Proposition 6.2 . The goal is to convert the CBM integral to one over Brownian bridge
paths. First though, the conditionings fol p =0 and fol p@! are removed as follows

B3 [exp {3 / 1 4u(@)p?(2)dx }] (6.5)

1 1 1 _
= ([ otr=0)ru ([ p=0. [ 6w=0) x o[t o],
0 0 0

The first factor, while computable, cancels the same object in the numerator of (6.3). The second is of

a similar nature: under P, , the variables fo x)dz and fo ¢1(x)p(x)dr are independent Gaussians:
€o C4 1
=0, / ¢1p O = Pl—go— —=g4=0)P g1=0 (6.6)
A (e =7 (e =)
1 1

X b
V2 (/NG + G /M) V2m /AT
as advertised. Turning to the third factor in (6.5), we now unravel the periodic boundary conditions.
From the definition,

C’BM[eXp{—%/O1 qu(x)pQ(aj)de = /jo BMyg [exp{—%/ol qu(x)(p(z) —|—c)2da:H \/dzc_ﬂ (6.7)

o0

= Zg,0 /Z eXP{—%CQ /01 QM(I)dx}EqWO [exp{—c/olqup}} \;l—;_ﬁ.

Here, in line two, we have renormalized yet again to introduce the measure P, , on tied paths with

weight Z, o = BMog[exp {—(1/2) fol qup*}]. Said differently, P, , is the Gaussian measure with inverse
covariance operator @, 0 = —d?/dxz* + g, over paths p(z) subject to p(0) = p(1) = 0. As such, the
integrand in (6.7) may be worked out as

exp {—%CQ /01 qu(x)dx}Eqwo [exp {—c/o qu(x)p(x)dxH = exp {—%02 {/01 qu(x)(l — (Q;})qu)(x))dx}}

by simply using the definition of the Green’s function Q;E. Next, with (z) = (B;'q,)(z) it is
immediate that

/O @) (1= (85" 9,)(@) o = = [ e = / [et@) + vt ar

in which 9o (z) and 9;(z) are the increasing/decreasing solutions of ¢ (z) = g, (x)¥(z) over 0 < z < 1
subject to 1o(0) = 0, 1o(1) = 1 and ¥1(0) = 1, 11(1) = 0. In terms of the normalized cosine and sine-
like solutions at A = 07 we have wo(l’) =W (J?,O) - (yl(la O)/yQ(la 0))3/2(1‘70)7 ¢1(33) = yg(l‘,O)/y2(1,0),
and so

1

[ [t + stwla =si0.0 - LoD a0 1)+ s oo -1 69
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Finally, we bring in the classical computation (see [23]),

Zq,0 = BMoyo {exp {—% /O1 qu(x)p2(1‘>dl'}:| = m,
which, when combined with (6.7) through (6.8), gives
comfexn {3 [ L@@} = [n0+ 0 -2 " (6.9)
_ {(y1(1/2,0) + yg(l/Q,O))2 - 4} R W.

Here we have made use of the Wronskian identity 1 = y;95 —y}y2 in line one and the connection formula
y1,2(1) = y1.2(1/2)y1(1/2) + 91 2(1/2)y2(1/2) in line two. The proof is finished.

7 Putting it all together: final asymptotics

The results through this point are summarized in the following Theorem.

Theorem 7.1 For large p > 0,

) = |2 A B2 Z00) ex [1,0,0] 1+ o(1) (1)

with A(-), R(-), I.(-) and Z(p) as defined in (1.2), (3.4), (2.1) and (6.1) respectively. Everything on the
right hand side is an explicit functional of p, = \/pksn(-, k) and the simple spectrum of Q,,.

This is really the main result of the paper. By working out of the asymptotics of the individual
objects on its right hand side, (7.1) may be translated to the statement given in Theorem 1.1.

To begin, that I,(p,) = —8/3u%/2 up to exponentially small corrections in (/& has already been
noted. By similar considerations we find that,

lukz fol sn? (/) (an(\/ﬁm) + k2cn2(\/ﬁm)>dx
2 \/fol cn2(\/ﬁx)dn2(\/ﬁx)dx

- v B (o) = 3o o)

(7.2)

R(pp.)

For A(p,) = A+ (pu)A—(py), we have first by direct computation:

! . N 1 1
As(p) = / VLTS gy~ ( / A (/i) + K2en?(fix) ) di
0 (1 — k)z 0
1
= Vi —Vi/4
)]
The second half of A responds to
! g ’ / \/ﬁ/4 x ’ ’
A_(p,) = / o~ 2k [ S(y/ha")da’ g, l/ o2k [¢ Sn(a)da’ gy O(gf\/ﬁ)

0 Vi Jo

© e (o) < o (1 0fem))
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the integral in the second line being easily computed.
Last we turn to the asymptotics of Z(u). Examining the results of Propositions 6.1 and 6.2, we see
that we have two objects not involving Hill’s discriminant:

B2 B2 /
(=300 300 ) (aa e —ama)) = sy x (1+0( ).

and
B B = Lk (14 0( L)), (73)

Here we have once again made use 1 — k? = 1 — k?(u) = 16e~V#/2(1 4 o(1)), the list (4.2), as well as
co(p) = Vou—* + O(e=VE/4) and c4(p) = 1 + O(e~VF/4), as pointed out in the proof of Lemma 4.1.
We now make use of Hochstadt’s formula to estimate the discriminant for large values of pu.

Proposition 7.1 It holds
~1/2

= e VF x (1+0(i)) (7.4)

(a%(2p) - 4) v

as [t—00.

Gathering one over the right hand side of (7.4) together with displays (7.2) through (7.3) produces
the form of the result originally stated in Theorem 1.1.

Proof of Proposition 7.1 Starting from A(-) = 2cos®)(-) with ¢ defined in (4.1) we have that
_ 2p _ I\ _ IAY"
Ap) = 2eos (YL [T QD6 - )Y
Y s G DR CEPY)

fcosﬂzsf’sf'i
) h<2 (-0 ) R(S))

(7.5)

Besides an obvious change of variables, the second line makes use of the fact ¥(\)) = 7. R(s) is
shorthand for (s — Ag)(s — A1) X (A2 — 5)(A3 — s)(Ag4 — s) which is non-negative for s € [A1,2]. Note that
Aoy - -+, Ag, A}, and A, now refer to the spectral points of the unscaled operator with periodic boundary
conditions over [0,2K = ,/;z/2]. While these points still depend on p, we will show that

2 , , ds
A1<s N6

as p—oo. First though we must pin down the behavior of A € [A1, A2] and Nj € [A3, A4] in that limit.
Returning to Hochstadt’s result we know that

A2 / ds e ds
():/)\1 (8_)\1)(8_)\2)% and 0—/}\3 (s = AD)(s — A3) ") (7.6)

from which it may be immediately inferred that |A] — A1| and |A} — As| tend to zero as p—oo. (Recall
that, as u—00, Ao ~ A\; = 24+ O(e”V#/2) and Ay ~ A3 = 5+ O(e~V#/2).) Indeed, if N}, were to remain
greater than Az + ¢ for a fixed & > 0, the second equality in (7.6) would require that \]—5 as y—ooc.
However, with A} ~ 5 there would be nothing to balance the singularity at the lower limit of the integral
in the first equality. Given now that \,—5, it must be that A]—2 in order that the first integral remains
finite.
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For sharper information it is convenient to introduce the (small) parameter ¢ = 1 — k2, whereupon

Ao =2—¢c—3/4e? —0(e?), A =2-—¢, (7.7)
Ao =5 — 4e, A3 =5—g¢, )\426—46—0(62).
We further denote A} = A1 + d1(g) and A, = A5 + d2(e). The asymptotics of d2(¢) as e—0 may now be

determined from the second relation in (7.6). Note first that since (s—\])/v/(s — Ao)(s — A1) = 1+0(1)
for s € [A3, A4] and e—0, it suflices to consider

M (5 — Az — d2(¢))
xs V(s = A2)(s — A3) (Mg — )

in order to gather the leading order behavior of d2(¢). Next, shifting variables and employing (7.7), this
last equality is the same as

0= ds

/ s+3€\/1—5 / Vs(s+3e)(1—s)

us to negligible errors. From here one quickly concludes that d;(¢) = 2(log |¢]) (14 0(1)). Armed with
this information, similar considerations brought to bear in the first relation in (7.6) lead to the estimate

01(c) = 4(log [e]) 71 (1 + o(1)).
Now we may return to the main integral at hand:

2 /! ! i j— : s — s — [/ L

/Al(sAl)(sAQ) O] —/O( 61())(s — (\y — A1) —
e) —es) (3+52( ) —es)ds

Vs( s+3/45+0( ) V(3 —¢s) —6—53)(4 s))(l +0(1))

() -
_ ( / \/m / /s+3/4€d8 +O (02(e )))
— %(51( )log(l/e)+0(51(s))> 1+O(52(6)))
= 2+O(log (1/5))

That is, the right hand side of (7.5) equals (—2) times cosh(,/zz + O(1)). The proof is finished.

8 Appendix

8.1 On the rate function /

In this first section of the appendix we revisit the minimization problem (2.1), proving a few technicalities
used in the proof of Theorem 2.1.

Proposition 8.1 Consider the Euler-Lagrange equation corresponding to the minimizer of I(f;a):

1

5 (F)? = %f“ —fP—af+ %ﬁ, (8.1)

recall (2.4). Here a is the multiplier and 3 a constant of integration. As a—oo, a—0 and —1.

27



It is natural to suppose that o = 0 for all a sufficiently large, but we were unable to prove this.

Proof We first show that | — 1| = O(1/a). Integrating (8.1) and recalling that we are working in the
space of mean-zero functions we find

/ " (df* ) = / L (P28 Da (8.2)

for any minimizer f* = fr. It follows that

w| co

>r- [ PP (B Daz (B Da,

—a

which gives us one direction. For the opposite inequality, solve instead for [[1 — (f*)?]? in (8.2) and
substitute that into I(f*;a) = I*(a) to yield

wl| o
v

ra- [ " (df* ey + (1= Ba = (1 - Bla.

—a

Turning to the convergence of a to zero, integrating the preliminary Euler equation, f” = 2f3 —
2f — «, implies a = —2 ffa(f*)?’, and so, since f* and —f* both minimize, it may from here on be
assumed that & < 0. The important point is to see that ||f*||cc < 1 and that ||f*||coc—1 as a—oo. First
let 6 be a maximum of f*. At any point it is attained (8.1) reads as 0 = (1 —0)%+2|a|f + (3 — 1) which
shows that

2000 <1-p.

Now assume that 8 > 1. Then there is a point at which f* =1 and
0<2a|+0-1<2[ald+5—-1<0

by (8.1) and the previous display. But this is a contradiction. A similar argument explains why f* is
everywhere greater than —1. Finally denoting n = f*(z*) where |f*(2*)| = || f*||oo it is plain that n—1
if I*(a) is to remain bounded. And, again from (8.1) now at z*, we have that

0=(1-n*?2+2aln+(B-1)

from which it follows that ae—0.

8.2 Two changes of measure

Here we provide the proof of the result which allowed us to remove the degeneracy, Lemma 3.1, as well
as that of the Cameron-Martin formula for P{ invoked in the proof of Proposition 3.1.

As the reader may have observed, Lemma 3.1 is really a type of Rice formula (see [22], [13], or [16]
for a more recent account). A proof is provided as we were unable to locate the form of the result needed
here. Our proof relies on finite dimensional approximation, and in that direction we first prepare the
following.

Lemma 8.1 Suppose that X(-) is a stationary process, periodic of period one, defined on the lattice
{k/2™} and taking values in Z/n. Assume also that X has at least one zero with probability 1. If F is
a functional that is invariant under translations, then

E[F(X)] = 2“E[F(X)N*1’X(0) - O}P(X(O) - 0)

where N = N(X) = the number of zeros of X.
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Proof Notice the simple decomposition

1S
i
>
=
I
I

iE{F(X),N = 1,7y = k/Q”}
k=1
- 2”E[F(X),N =1,X(T}) = 0].

Here T) is the (only) zero of X, and we have used the rotation invariance of F(X) in line two. A more
general version of this is

n

[ V)

mE[F(X), N = m}

|

s
Il
-
E
Il

E[F(X), N=mT = k/ﬂ
1

no
3

- E[F(X),N:WL,G{Ti = k/2"}]

i=1

o
s |l
MR

- E[F(X),N =m, X(k/2") = 0] = Q”E[F(X),N =m, X(0) = o]

=
=

Now divide both sides of this equality by m and sum to conclude the proof of the lemma.

Proof of Lemma 3.1 If now X is smooth stationary periodic process over the line we define the
discrete process Y™ as taking the values n='[nX (k/2")] at 1/2",2/2",.... Applying the previous result
to Y™ produces

E[F(Y”)} - 2"E{F(Y")N(Y")‘1‘O < X(0) < 1/n}P(O < X(0) < 1/n)

Now notice that the number of zeros of Y™ around a zero of X is approximately 2" /n - |X'(z)|~!. In
fact

N = 2 S X
z€Z

can be used in the above formula to produce

B[rom] = E[Fom) (S 1) o< x0) < ya] (FEETREEY),
z€Z

1/n
This expression has the required limit when n T co. The proof is finished.

Finally we have:

Lemma 8.2 Let E denote the CBM conditioned on both fol p =20 and fol op = 0 for some continuous,

mean-zero ¢. Let also ¢ be twice continuously differentiable and satisfy fol =0 as well as fol oo = 0.

Then BIFG) = B {F@Jr(p)exp{/olw"l?— %/01 <P’I2H .

for all bounded measurable functions F of the path.
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Proof The E integral is expressed as an integral with respect to the Brownian bridge measure:

fev) = (o) | [
iy o [ (0= ['0). [ pocion o) c o

where By, . = BM, [fol pd € [0,h],p(1) € [0,€]]. The usual Cameron-Martin formula may now be applied
to the free Brownian integral with the result that

BM, {F (p— /01p> ,/1p¢ € [0, 1], p(1) € [O,a]} (83)

0

- BM. {F (p—/01p+<p) eXp{—Alw’dp—%AlI@'IQ}/OIWE[O,h], p(1) € [C7C+6}:|7

in which ¢ = —(0) and use has been made of fol @ =0 and fol p¢ = 0. Next It0’s formula and the fact
that fol ¢ =0, allows us to write

[ @ = [ @ (o - [ o) 060 -p0),

Invoking this move as well as the shift from p(z) under BM, to p(z) + ¢ under BMj, the right hand
side of (8.3) then reads

BM, {F (p—/olp+90> exp{—/olso”(p—/olp) —%/01<p’|2}

1

exp=0' O} [ o € 0.1 1) € 0.0-+4]]
0
Dividing this object by Bj . and performing the limits € | 0 and h | 0 completes the proof.

Acknowledgments Deepest thanks to H.P. McKean for having introduced S.C. and B.R. to this circle
of ideas. B.R. would also like to acknowledge the support of the NSF grant DMS-9883320.

References

[1] ADLER, R. An Introduction to Continuity, Extrema, and Related Topics for General Gaussian
Processes, IMS Lecture Notes-Monograph Series, No. 12. California, 1990.

[2] BEN Arous, G.; DEUSCHEL, J-D; STROOCK, D.W. Precise asymptotics in large deviations.
Bull. Sci. Math 117 (1993), no. 1, 107-124.

[3] BOLTHAUSEN, E. Laplace approximations for sums of independent random vectors. IT. Degenerate
maxima and manifolds of maxima. Probab. Theory Related Fields 76 (1987), 167-206.

[4] BYRD, P.; FRIEDMAN, M.D. Handbook of Elliptic Integrals, Springer-Verlag, Berlin-Gottingen-
Heidelberg, 1954.

[5] CAMBRONERO, S; McCKEAN, H.P. The Ground State Eigenvalue of Hill’s Equation with White
Noise Potential. Comm. Pure Appl. Math. 52 (1999), 1277-1294.

[6] ELLis, R.S.; ROSEN, J. S. Asymptotic Analysis of Gaussian Integrals, II: Manifolds of Minimum
Points. Comm. Math Phys. 82 (1981), 155-181.

30



[17]

[18]

[19]

FriscH, H.L.; LLoYD, S.P. Electron levels in a one-dimensional lattice. Phys. Rev. 120 (1960),
no. 4, 1175-1189.

FukusHiMA, M.; NAKAO, S. On the spectra of the Schrodinger operator with a white Gaussian
noise potential. Z. Wahr. und Verw. Gabiete 37 (1976/77), no. 3, 267-274

HALPERIN, B.I. Green’s functions for a particle in a one-dimensional random potential. Phys. Rev.
(2) 139 (1965), A104-A117.

HocHsTADT, H. Functiontheoretic properties of the discriminant of Hill’s equation. Math. Zeitchr.
82 (1963), 237-242.

HocHsTADT, H. Asymptotic estimates for the Sturm-Liouville spectrum. Comm. Pure. Appl. Math
14 (1961), 749-764.

INCE, E.L. The periodic Lamé functions. Proc. Roy. Soc. Edinburgh. 60 (1940), 47-63.

Kac, M. On the average number of real roots of a random algebraic equation. Bull. Amer. Math.
Soc. 49 (1943), 314-320.

Kusuoko, S.; STROOCK, D. W. Precise asymptotics of certain Wiener functionals. J. Funct.
Anal. 99 (1991), 1-74.

Kusuoko, S.; STroock, D. W. Asymptotics of certain Wiener functionals with degenerate
extrema. Comm. Pure. Appl. Math. 47 (1994), 477-501.

LEADBETTER, M. R.; SPANIOLO, G.V. Reflections on Rice’s formulae for level crossing — history,
extensions and use. Aust. N. Z. J. Stat. 46 no. 1 (2004) , 173-180.

LirsHITS, I.M.; GREDESKUL, S. A.; PASTUR, L.A. Introduction to the theory of disordered sys-
tems. J. Wiley & Sons, New York, 1988.

MAGNUS, W; WINKLER, S. Hill’s Equation. Interscience Tracts in Pure and Applied Mathematics,
No. 20. Interscience, J. Wiley & Sons. New York-London-Sydney, 1996.

MERKL, F. Quenched asymptotics of the ground state energy of random Schrodinger operators
with scaled Gibbsian potentials. Probab. Theory Relat. Fields 126 (2003) 307-338.

McKEAN, H.P. A limit law for the groundstate of Hill’s equation. J. Stat. Phys. 74 (1994), nos.
5-6 1227-1232.

McKEAN, H.P.; vAN MOERBEKE, P. The Spectrum of Hill’'s Equation. Inventiones Math. 30
(1975), 217-274.

RICE, S. O. Mathematical analysis of random noise. Bell Sys. Tech. J. 23 (1944), 292-232.

SHEPP, L.A. Radon-Nikodym Derivatives of Gaussian Measures. Ann. Math. Statist. 37 (1966),
321-354.

SNITZMAN, A.-S. Brownian motion, obstacles and random media. Springer Monographs in Math-
ematics, Berlin-Heidelberg, 1998.

VARADHAN, S.R.S. Lectures on diffusion problems and partial differential equations, Tata Institute
Lectures on Mathematics and Physics, 64, 1980.

31



