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Abstract The study of the edge behavior in the classical ensembles of Gaussian
Hermitian matrices has led to the celebrated distributions of Tracy-Widom. Here
we take up a similar line of inquiry in the non-Hermitian setting. We focus on
the family of N x N random matrices with all entries independent and distributed
as complex Gaussian of mean zero and variance % This is a fundamental non-
Hermitian ensemble for which the eigenvalue density is known. Using this density
our main result is a limit law for the (scaled) spectral radius as N 1T co. As a
corollary we get the analogous statement for the case where the complex Gaussians

are replaced by quaternion Gaussians.

1 Introduction

Certainly some of the most striking results concerning the spectra of random ma-
trices are those around the limiting behavior of the edge. The driving force behind
this effort has of course been Tracy-Widom who obtained the convergence in dis-
tribution of the scaled largest eigenvalue in the Gaussian Orthogonal, Unitary and
Symplectic Ensembles ([13], [14]) and showed that the limit laws have exact ex-
pression in terms of Painlevé II. We mention as well the work of Soshnikov [12]
who has shown a type of universality at the edge for Wigner matrices with entries
respecting Gaussian conditions on the growth of their moments. More recently,
Johnstone [10] has repeated the Tracy-Widom analysis for the Laguerre ensemble
(or Gaussian covariance matrices).?

However, this style of question seems to have been largely ignored for the case
of non-Hermitian random matrices. There are a class of ensembles with complex
spectra for which the limiting density of states is understood to be supported on
some set Fo in the complex plane. Understanding the edge for such an ensemble
entails identifying ey | 0 for N T oo for which

lim Prob [all eigenvalues lie in Fo, X (1 4+ EN):|
NToo

exists and is non-trivial. That is, one wishes to measure the distributional distance
of the spectral point furthest from its limiting support as N T oco. The purpose
of this short note is to hopefully draw some attention to these problems and to
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demonstrate that, in the particular case taken up here, elementary probability
arguments lead to rather precise information concerning the spectral edge.

We will mainly consider the spectrum of perhaps the most basic non-self-adjoint
random matrix ensemble. In particular, let MY = [ijv | be the N x N random
matrix whose entries are independent complex centered Gaussians of variance N 1.
The exact eigenvalue density was derived by Ginibre [8]:

1 _ N 2
Pn(z1,22,...28) = Ee N Y= |2l H 2 — 22 (1)
1<j<k<N

for z;, = ) + v/—1y, and Zy the appropriate normalizer. The well known Circu-
lar Law (see [1] or the computation of J. Silverstein appearing in [9]) states that
= Z]kvzl J,, converges weakly to the uniform measure on the unit disk D = {|z| <
1}. Therefore, identifying an N-dependent disk which scales to D and captures all
the eigenvalues is equivalent to studying the spectral radius. Our main result is the
following.

Theorem 1 Let Ry be the spectral radius for the matrix My. That is, Ry =
maxi<ik<nN ‘Zk| Then,

J\fli_r)noo Pn [\/M(RN -1- Z—%) < m] = exp [— exp(—x)} (2)

in which vy = log % — 2loglog N. In other words, Ry is well approximated by

YN 1
Ryola N _ L gz
N =g Ny 8

with Z an exponential random variable of mean one.

Perhaps the first thing the reader will note in the above statement is that there
is none of the integrable phenomena present which has caused so much excitement
around the work of Tracy-Widom. That is, the appropriate scaling is somewhat
complicated while the limiting law coming out on the right is fairly simple; there
is no Painlevé transcendent floating about. Second, a look at (2) indicates that
the largest eigenvalue tends (with large probability) to lie outside the unit disk as
N T oo. It is interesting to contrast this with the known cases for real spectra: the
limit distributions of the maximal eigenvalue in G(O/U/S)E (after subtracting off
the edge and scaling by an increasing factor) all have negative mean.

Next we wish to point out that for the present ensemble we may also obtain
almost sure information about the spectral edge. The result shows that in fact
1 < Ry | 1 with probability one as N T co and more.



Theorem 2 We have the following almost sure statement for the behavior of Ry .
For any 6 >0 and M < oo,

log N
N

M
Pmbﬁ+———gRNg1+w2+a
VN

The almost sure convergence of the absolute value of the largest eigenvalue to
one does not follow from the weak convergence of the empirical spectral distribution
embodied in the Circular Law. On the other hand, the Circular Law coupled with
the techniques of [7] (which deals with general real entried non-Hermitian matrices)
will furnish a proof of Prob[limy1ec Ry = 1] = 1. The point is, (3) contains more
detailed information for the present Gaussian ensemble. For some impressive results
on the almost sure convergence of extremal eigenvalues to their predicted values
in the Hermitian case we refer the reader to [3] (general Wigner matrices) and [2]
(general Sample-Covariance matrices).

Theorems 1 and 2 should be compared to the classical result of Mehta ([11],
15.1.35) who studied the behavior of the one-point function at the edge. In par-
ticular, with py(r) = Prob||zx| = r for some k], he has shown: with s > 0 and of
order one,

,NTw]:L (3)

782

S 1 s e

pn(1+ \/ﬁ) ~ pn(1 \/N) iy (4)

to leading order as N T oco. This gives information on the sharpness of the edge

from the point of view of the average eigenvalue and identifies the characteristic

distance as roughly order 1/ V/N. The present results strengthen this by providing

the probability that any eigenvalue is near the edge. Note that (4) can also be

found in [6] along with the corresponding two-point function in the vicinity of the

unit circle.

For completeness we mention that our analysis carries over exactly to the ensem-

bles Mév in which the entries are taken to be independent quaternion Gaussians.

Corollary 1 Let R% denote the spectral radius of the non-Hermitian matriz with
independent quaternion Gaussian entries. The statements of Theorem 1 and Theo-
rem 2 remain valid with R% in place of Ry so long as exp [—\/Eexp(—at)] replaces
the right hand side of (2).

As has been pointed out to us, the result of Corollary 1 is not so plain. In the
quaternion case the eigenvalues tend to avoid the real axis; one loses the rotation
invariance of the complex ensemble. Despite this difference, the eigenvalue of largest
modulus, regardless of whether it chances to be near or far from the real axis, scales
and is distributed identically (up to a trivial constant factor) as in the complex case.
It would be nice to know if the real case follows suit, but that density is harder to
deal with (see [5]).



In the next section we describe a different non-Hermitian ensemble for which
there is reason to believe the edge behavior will have more in common with the well
known GUE type results. After this short expository effort, the proofs of Theorems
1 and 2 along with their corollary are provided in Section 3.

2 Other Ensembles with Complex Spectra

Here we simply remind the reader of another class of non-Hermitian ensemble for
which we feel a study of the edge behavior would be interesting - though we have
been unable to do so yet. Consider the random matrix

1-—
MY = AN + -1 BN
1+7

in which A" and BY are independent copies of an N x N GUE and the parameter 7
residing in [0, 1] allows MY to interpolate between GUE (7 = 1) and the ensemble
central to our work (7 = 0). Again the eigenvalue density is known:

N
1 N

Ph(z1,22,...,28) = 7 €XP [—1 — E (|2r|* — TR@Z,%)} H |2j — 2k %,
N ™= 1<j<k<N

and the limiting density of states is the uniform measure on the ellipse with semi-
major/minor axes 1 +7 and 1 — 7.

It turns out that, for 7 > 0, the family of Hermite polynomials {H(z)}, ap-
propriately scaled and normalized, are orthonormal with respect to the weight
wn,-(2) = exp [~ 125 (|2|> — TRez?)] in the complex plane.® This allows one to
write the probability that all the eigenvalues lie within a certain set F as the Fred-
holm determinant of a kernel operator acting on the exterior of that set. Experts
will recognize this is the all-important opening move in the work of Tracy-Widom.
The presence of this familiar structure is encouraging. However, difficulties soon
arise from two fronts. First, with the needed scaling the Hermite polynomials no
longer satisfy the Christoffel-Darboux formula which clouds the rigorous analysis
of the kernel. Second, there is the basic non-local nature of the problem; strong
asymptotics are needed near the whole boundary of the limit ellipse as opposed to
a single boundary point as in the Hermitian case. Still, we hope to return to this
matter in the future.

3 Proofs

Proof of Theorem 1 The basic formula that is the starting point of our analysis
is, of course, found in Mehta’s book [11]. Computing the probability that Ry is

3See [15] for this fact and an interesting treatment of this ensemble in a different vein.



less than say a entails integrating (1) over {|zx| < a : 1 < k < N}. Noting that
the integrand is symmetric in all z;; and that []|z; — 2x|? = A(2)A(2) with A the
usually Vandermonde determinant, one may apply row/column reductions inside
the integral to find

Pn(a) = PN[I%aX |zk|<a}

—-NY-N 2 —i—1_j—1
= / / e N 2= = det (7720 T 1< jendandyy - - dondyy
|z1|<a lzn|<a

— det —NI=P 203 dged
¢ [/<a #elde y]osm'SN—l

N-1

N— NkH a2 | Nk
= H / e Nrrkdr = H P{N Z X, < aQ] (5)
k=0 k=0 =1

for {X;} a sequence of independent exponential random variables of parameter
one and P their corresponding measure. Note that we are able to perform the
integration in line 2 since each row in the determinant depends on a distinct variable
z,. Also, [ e~ NI=Pzizidedy = 0 if i # j, leaving just a diagonal determinant to
evaluate in the last line.

From the Law of Large Numbers one sees immediately why Py (a) — 0 or 1 if
a is either strictly smaller or strictly greater than 1. To identify the appropriate
scaling about a = 1 we write a = 1 + ﬁf;v(x) with fy an increasing function in
both x and N. With this, the factors in the product (5) are more easily analyzed
if written in the form

| Nk a1 ) . i
P{N;Xe<a} B P[\/—NZ_I(Xz_1)<fN(x)+mfN($)+ﬁ
1 N—k 1
_ P[\/—N E_I(Xz—1)<¢N(x)+ﬁ}Epk, (©)

/—\

The exact form of fy (or ¢n(x)) is just what is to be determined. Certainly
fx = o(/N), but we will assume from the start that fy(z) T oo with N 1 oo for z
fixed. Indeed, now the Central Limit Theorem explains why Py (1 + ﬁM ) —0
for any constant M as N T oo; a comment we will return to in the proof of Theorem
2.

Next, again by the CLT and a glance at (6) one expects the main contribution
to stem from that part of the product with k no more than order v/N. Certainly the
probability in question is bounded by any truncated product, that is, for whatever
positive dy less than one,

Nén

Pn (1—&—7 ))<kl:[0pk.



What is more, for z bounded from below, the opposite inequality holds up to
multiplicative errors of order 1 — O(1/N) if we take oy = /2N ~ltlog N. The
conclusion is drawn form the following string of inequalities: for 0 < a < 1,

N-1 N—k

IV
— —~ ~
—
|
m‘

Q

3
S
2
&
i)
Q
s
=
*
~—

1= exp [-N{a(1+ %) +log(L = ) }-avNox ()]

Vv
—

—1
k k N
o L (eenfaf en s B = (-
k=Non
The last line stems from the positivity of ¢x(z) and setting a =1 — (1 + k/N)~!

in order to maximize the remaining exponent.
Therefore, we have that

log Pn (1 + ﬁfN(x))

V2NTog N 1 N—k N &

= logP|——— 3" (X~ 1) <3/ (on(@) + —=)|. (7
; g N*kézl( 14 ) N*]{:(¢N() \/N) ()
uniformly in N and z for x > —oco and N T oo. The individual summands may
be then analyzed by use of the classical Edgeworth expansion; the latter providing
uniform corrections to the Central Limit Theorem. Let pas(¢) denote the density of
the random variable ﬁ Ze]\i1 (X¢—1) at t. The needed statement (see for example

[4] Corollary 19.4) is that
e—t2/2 e—t2/2 e—t2/2
su )= —— — p1(t) e — po(t) —— | =
7oo<115)<oo pu(?) V2T 2 )\/M\/27r pal )M\/27T

where p1(t) = c1t3 and pa(t) = cat? + ¢35t with constants cq, cg, c3 independent of
M and expressed in terms of the moments of Xj.

With the help of (8) we find that, for  restricted as in |z| < L for some large
positive L and any Ky T oo faster than sup_; <, <5 on ()

O(M~3%)  (8)

N—k _k_ 2
1 k on(2)+ 2 o—t7/2
logP | ——— X, —1)< +—=| =1 / dt
oxP| g e s w e, Y



Ky

N3/2)+0(e—%WKN). (9)

1 2 (o= 0(0)/2 1
—— sup ¢x(c)e” PN 4+ 0(—=
\/N <L N( ) ) (N)
Here we have made use of the fact that k£ = o(N). Instead of compacting the error
terms, we write the above in the present form so that the reader may check their

origin. The last stems from restricting the probability on the left to the set where
\/ﬁ Zévz_lK(Xg —1) > —Ky. With this precaution the bound (8) is integrated

over — Ky <t < ¢y +k/ VN producing the first three error terms. Afterwards,
one may extend the lower limit of integration in the leading term on the right of
(9) from —K down to —oo.

Substituting the estimate (9) into (7) it is plain that we should interpret the
leading order sum as the Riemann integral it approximates. That is, we should
take

+0O( + O(

\/Z‘NEI:WI o (2)+ e e—t2/2d /R ¢N(I)+\/Wl t e—s2/2d p
og [/ t} o~ og [/ s] t
=1 —o0 V2m on () oo V27
(10)

which may be done subject to an additional error bounded above by

VaNToe N ¢N+k_\/+ﬁ1 s 2 2

VN Z / 1og<1 +/ et mdt)ds < C\/logNe_‘bN/z.
k=1 ¢N+\/_kﬁ ¢N+\/_kﬁ

Now one checks that the upper limit of integration in (10) may be extended to 400
from which one sees that ¢n = o(v/log N) and that K may be chosen to be of
the order of log N. The conclusion is that: with x bounded in the same manner as
before:

1 00 t 6752/2
log Py (14 —— = VN 1 ds|dt + Ex (11
orn(i hone) = VF [ e[ S lajas ey v
where log N
—ofls 2 (e 3 (0)/2
Ex=0 V (y/log N N : 12
w=O((C5) v (ViogN sup i(e)e )) (12)

Finally, the scaling function fy(z) and limit law, the distribution function of
which we denote by Fu(x), are identified by requiring that

lim \/N/ log|1 f/ e /2 20 gy = log Foo () (13)
o () [ t v2 }

NToo s

point-wise in z. Note that as the right hand side is to represent the logarithm of
a single distribution function, fy(z) must be chosen so that whatever comes out
of the limit must increase from —oo to 0 as x ranges between Foo. The function
fn(z) is of course further restricted by the error term (12) being o(1) for N 1 oo.



Proceeding, you will note that with 0 < fx T oo the condition (13) is the same
as

g ° L4
log Foo(z) = _J%i%o,/ﬂ/ )/ e 2dsdt x (1+0(/¢ K /2\/—257))
|
m N /2 R
Jim /5 / dt x (1+0(¢N($)))

. 1
- lim J;m exp [~3 R (@)] x (14 0(1)), (14)
as oy = fnv x (1+ \/—) Now choosing

) = 2log(ewligng)

we find that uniformly on compact sets in x:

, 1 VN/27 1/2
Jim log Py RN§1+,/W(1og g N +x>
_ 1 (log N)3
= Jim ( f o [ A@] x 1o o)
= —exp[— (15)

That (15) entails an equivalent limit theorem to that in the statement (2) follows
from standard properties of distribution functions. |

Proof of Theorem 2 This is a reprise of the type of estimates employed above. For
the left hand part of the statement in (3), recall (6) and note the inequality

VN N—k
P[RN<1+—] 1;[ [ ZXe—1)<2M}

Now each term in the product converges to \/% f_oo exp —c?/2dc < 1, and by the
Berry-Essen Theorem ([4] Theorem 12.4) the rate of convergence is bounded by a

constant multiple of N—1/2. Therefore, there exists some positive § for which
M
PN[RNSHW} < (1- 5V (16)

The basic inequality for the rest of (3) requires estimating from above the prob-
ability that any eigenvalue lies outside the disk of radius 1 + ay. We have that
N-1

1= Py[Ry <1+ay| <1- H(l—P[%iX¢>l+aND
£=0



IN

N
1-— {1 —exp(—Nay + Nlog(l+ aN)}

1 1
N1+6/2} < N1+6/27

< 1- {1—exp(—%Na?V)}N <1l-—exp|[— (17)

holding for the choice anx = (2+ §)/N~1log N. Given (16) and (17) the proof is
completed by an application of the first Borel-Cantelli Lemma. |
Proof of Corollary 1 For Gaussian quaternion components, Mehta ([11], page 302)
contains an exact eigenvalue density 73]?, as well as, what is needed here, an expres-
sion for averages of test functions of the form HkN:1 h(zy). With things normalized
properly,

N
/ / 11 flmyk}dPQ(dxldylanwdedyN)
Rz JR2l

2

1
2

[det [1/}”( )]ogi,jgzN—l} : (18)

where the entries of the determinant are defined by
Yij(h) = / e 2NIEl (2 — 2)(2)(2'F — 2 2 dady.
R2
Now, if h(z) = 1},j<, we find that ¢;; = £7 [ e"2NT 242 if § — j = F1 and
¥;; = 0 otherwise. This along with (18) implies that
2(N—k)

P = TPl 3 o)

where again X, are independent exponentials of mean one. From here it is plain
that the proofs of Theorem 1 and Theorem 2 may be repeated almost verbatim
save for the adjustment of a few constants. |
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