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Figure 1: E. Ivar Fredholm, 1866{1927.
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Figure 2: Paul Painlev�e, 1863{1933.
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Figure 3: Eugene Wigner & Freeman Dyson
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x1. Historical Remarks
2D Ising Model: First occurence

Toeplitz and Fredholm Dets Painlev�e

Wu, McCoy, C.T., & Barouch (1973{77) [64]:
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y = e �  is a particular Painlev�e III transcendent andK 0 is the
modi�ed Bessel function.
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Sato, Miwa & Jimbo , 1977{1980, (see, e.g., [27]) introduced

� -functions and holonomic quantum �elds,

a class of �eld theories that include the scaling limit of the Ising
model and for which the expression of correlation functionsin terms
of solutions to holonomic di�erential equations is a general featurea

These developments ledJimbo-Miwa-M ôri-Sato [30] to consider,
in 1980, the Fredholm determinant and Fredholm minors of the
operator whose kernel is the familiarsine kernel

1
�

sin � (x � y)
x � y

on the domain J = ( a1; b1) [ (a2; b2) [ � � � [ (an ; bn ).

Their main interest was the density matrix of the impenetrable
Bose gas, and only incidentally, random matrices.

aA book length account of these developments can be found in Palmer [45].
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For J = (0 ; s), the JMMS result is

det (I � �K sine ) = exp
�

�
Z �s

0

� (x; � )
x

dx
�

where

(x� 00)2 + 4( x� 0 � � )
�
x� 0 � � + ( � 0)2�

= 0

with boundary condition

� (x; � ) = �
�
�

x + O( x2); x ! 0:

� � is expressible in terms of Painlev�e V. An example of the
� -form for Painlev�e equations [29, 39].

� Okamoto analyzed the � -function associated to Painlev�e
equations [39] and produced his famous series of papersStudies
on Painlev�e equations [40, 41, 42, 43].
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� For general J, JMMS [30] obtains a compatible system of
nonautonomous Hamiltonian equations generated by Poisson
commuting Hamiltonians where the independent variables are
the aj ; bj |i.e. the endpoints of the intervals. (See also
Harnad [23].)

� A simpli�ed derivation of the JMMS equations can be found in
TW [56].a

� Connections with quantum inverse scattering were developed
by Its, Korepin and others. (See, e.g., [26, 37].)

aSeeGangardt [21] for recent developments on the impenetrable Bose gas.
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x2. RMM with Unitary Symmetry
Many RMM with unitary symmetry come down to the evaluation of
Fredholm determinants det(I � �K ) where K has kernel of the form

' (x) (y) �  (x)' (y)
x � y

� J(y)

where
J = ( a1; b1) [ (a2; b2) [ � � � [ (an ; bn ):

Examples:

� Sine kernel: ' (x) = sin �x ,  (x) = cos �x .

� Airy kernel: ' (x) = Ai( x),  (x) = Ai 0(x).

� Bessel kernel:' (x) = J� (
p

x),  (x) = x' 0(x).

� Hermite kernel: ' (x) = ( N
2 )1=4' N (x);  (x) = ( N

2 )1=4' N � 1(x)

where ' k (x) = 1p
2k k !� 1= 2

e� x 2 =2 H k (x).
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A general theory of such Fredholm determinants was developed
in Tracy-Widom (TW) [58] under the additional hypothesis that

m(x)
d

dx

0

@ '

 

1

A =

0

@ A(x) B (x)

� C(x) � A(x)

1

A

0

@ '

 

1

A

where m, A, B and C are polynomials. For example, for the Airy
kernel

m(x) = 1 ; A(x) = 0 ; B (x) = 1 ; C(x) = � x:

The basic objects of the theory are

Qj (x; J) = ( I � K ) � 1 x j ' (x); Pj (x; J) = ( I � K ) � 1 x j  (x);

and

uj = ( Qj ; ' ) ; vj = ( Pj ; ' ) ; ~vj = ( Qj ;  ) ; wj = ( Pj ;  )

where (�; �) denotes the inner product. The independent
variables are the endpointsaj and bj making up J.
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There are two types of di�erential equations :

� Universal equations, i.e. equations that holdindependently of
the di�erential equations for ' and  .

� Equations that depend upon m, A, B and C.

For K = K Airy with J = ( s;1 ), q(s) := Q0(s; J), p(s) := P0(s; J),
u = u0, v = v0, the general theory reduces to the di�erential
equations

dq
ds

= p � qu;
dp
ds

= sq� 2qv+ pu;

du
ds

= � q2;
dv
ds

= � pq;

together with

d
ds

R(s; s) = � q2;
d
ds

log det(I � K ) = � R(s; s);

where R(x; y) is the resolvent kernel ofK .
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Using the �rst integral u2 � 2v = q2, one easily derives thatq
satis�es the Painlev�e II equation

d2q
ds2 = s q+ 2q3

satisfying the boundary conditiona

q(s) � Ai( s) as s ! 1 :

Known [25] that

q(s) =

r

�
s
2

�
1 +

1
8s3 + O(

1
s6 )

�
as s ! �1 :

Leads to the distribution of the largest eigenvalue in GUE in the
edge scaling limit TW[57]

aAi is the Airy function.
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F2(x) = exp
�

�
Z 1

x
(x � y)q(y)2 dy

�

� Key features of the proof are simple expressions for
(m(x) � 1)

[D; (I � K ) � 1] and [M k ; (I � K ) � 1]

where D is di�erentiation, M is multiplication by the
independent variable

� Palmer [44] and Harnad & Its [24] have anisomondromic
deformation approach to these type of kernels.

� Adler, Shiota, & van Moerbeke's [1] Virasoro algebra
approach gives equations for the resolvent kernelR(s; s).b

b Connection between these two approaches: see Harnad [23] and Rumanov
[52].
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� Given the DE, e.g. PII , one is faced with theasymptotic
analysis of the solutions which involves �nding connection
formulae . One approach, theRH method , which has its
origins in the isomondromy deformation methods of
Flaschka & Newell [19] and Jimbo, Miwa & Ueno [28] in
1980s, began with the work ofDeift & Zhou [13] when they
proposed a nonlinear version of the classical steepest descent
method for oscillatory RH problems. .

� A recent achievement [12] of the RH approach is a proof that
as x ! �1 ,

log detF2(x) = �
x3

12
�

1
8

logx + � + O( x � 3=2)

where

� =
1
24

log 2 + � 0(� 1)

and � (s) is the Riemann zeta function.
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Remark: The �rst two terms follows from the
Hastings-McLeod [25] solution of PII [57]. The constant �
was conjectured in 1994 [57] and proved in 2006 [12].

� Choup [7] has given explicit Painlev�e representations for
corrections to edge scaling for both �nite n GUE and LUE.
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x3. RMM with Orthogonal Symmetry
The added di�culty with RMM with orthogonal symmetry is that
the kernels arematrix kernels [15, 20, 38, 59, 60, 63]. For
example, for �nite N GOE the operator is

K 1 = �

0

@ K 2 +  
 "' K 2D �  
 '

"K 2 � " + " 
 "' K 2 + "' 
  

1

A �

where

K 2
:=

N � 1X

n =0

' n (x)' n (y);

" is the operator with kernel 1
2 sgn(x � y), D is the di�erentiation

operator, and � is the indicator function for the domain J.
Notation: A 
 B := A(x)B (y).
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The idea of the proof in TW [59] is to factor out the GUE part

(I � K 2� )

and through various determinant manipulations show that the
remaining part is a �nite rank perturbation . Thus one ends
up with formulas like

det(I � K 1) = det( I � K 2� ) det

0

@I �
kX

j =1

� j 
 � j

1

A

For the caseJ = ( s;1 ), an asymptotic analysis shows that as
N ! 1 the distribution of the scaled largest eigenvalue in GOE is
expressible in terms of thesame PII function appearing in GUE.
The resulting GOE and GSE largest eigenvalue distribution
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functions are

F1(x) = exp
�

�
1
2

Z 1

x
q(y) dy

�
(F2(x))1=2 (1)

F4(x=
p

2) = cosh
�

1
2

Z 1

x
q(y) dy

�
(F2(x))1=2 (2)

where

F2(x) = exp
�

�
Z 1

x
(x � y)q(y)2 dy

�
(3)

and q is the Hastings-McLeod solution ofPII .
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Figure 4: Largest eigenvalue densitiesf � (x) = dF� =dx, � = 1 ; 2; 4,
given by (1){(3).
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� The edge scaling limit is more subtle for GOE than for
GUE or GSE. For GUE and GSE we haveconvergence in
trace norm to limiting operators K 2;Airy and K 4;Airy , but for
GOE the convergence is to a regularized determinant
[62].

� Recently Ferrari & Spohn [18] gave a di�erent
determinantal expression for edge scaling in GOE. It would be
interesting to explore further their approach.
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� The asymptotics asx ! �1 is much more di�cult and the
complete solution was only recently achieved for� = 1 ; 2; 4 by
Baik , Buckingham & DiFranco [4]. As x ! �1

F1(x) = � 1
e� 1

24 j x j3 � 1
3

p
2

j x j3= 2

jxj1=16

�
1 �

1

24
p

2jxj3=2
+ O( jxj � 3)

�
;

F2(x) = � 2
e� 1

12 j x j3

jxj1=8

�
1 +

3
26jxj3

+ O( jxj � 6)
�

;

F4(x=
p

2) = � 4
e� 1

24 j x j3 + 1
3

p
2

j x j3= 2

jxj1=16

�
1 +

1

24
p

2jxj3=2
+ O( jxj � 3)

�

where

� 1 = 2 � 11=48e
1
2 � 0( � 1) ; � 2 = 2 1=24e� 0( � 1) ; � 4 = 2 � 35=48e

1
2 � 0( � 1)

and � 0(� 1) = � 0:1654211437: : : is the derivative of the
Riemann zeta function evaluated at � 1.
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� Next-largest, next-next largest, etc. eigenvalue
distributions PII type representations: unitary case [57],
Dieng [14] orthogonal and symplectic cases.
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Figure 5: A histogram of the four largest (centered and normalized)
eigenvalues for 104 realizations of 103 � 103 GOE matrices. Solid
curves are the limiting distributions from [59, 14]. Figure a courtesy
of Momar Dieng.
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x4. Universality Theorems
To what extent do the above limit laws depend upon the Gaussian
and invariance assumptions for the probability measure?

Invariant Ensembles

dPN (A) = cN;� exp (� � tr( V (A))=2) dA

where V is a polynomial of even degree and positive leading
coe�cient. This implies that the joint density for the eigen values is
(� = 1 ; 2; 4)

P�;V;N (x1; : : : ; xN ) = CV;N;�

Y

1� i<j � N

jx i � x j j �
NY

i =1

e� �V (x i )=2 (4)

Unitary ensembles (� = 2) are simpler than the orthogonal and
symplectic ensembles (� = 1 ; 4), but both require for general V
powerful Riemann-Hilbert methods [13] for the asymptotic analysis.
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Theorem. There exist constantsz( � )
N and s( � )

N such that

lim
N !1

P�;V;N

 
� max � z( � )

N

s( � )
N

� t

!

= F� (t); � = 1 ; 2; 4;

where the F� are given by (1){(3).

Unitary case (� = 2): Deift, Kriecherbaur, McLaughlin,
Venakides and Zhou [10, 11], and the orthogonal/symplectic:
Deift & Gioev [9]. Special caseV (A) = 1

4 A4 � gA2 Bleher and
Its [6] (� = 2) and Stojanovic [55] (� = 1).

These deep theorems broadly extend the domain
of attraction of the F� limit laws.

See Deift's ICM 2006 lecture [8].
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Wigner Ensembles: Complex hermitian or real symmetric
N � N matrices H

H =
1

p
N

(A ij )N
i;j =1

where A ij , 1 � i < j � N are i.i.d. complex or real random
variables with distribution � . (Diagonal elements are i.i.d. real
random variables independent of the o�-diagonal elements.) The
diagonal probability distribution is centered, independent of N and
has �nite variance.

Nongaussain Wigner ensembles de�nenon-invariant measures .
No explicit formulas for the joint distribution of eigenval ues.

Soshnikov [53] proved, with � symmetric (all odd moments are
zero) and the distribution decays as at least as fast as a Gaussian
distribution (together with a normalization on the varianc es):
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Theorem.

lim
N !1

PW;N

�
� max � 1 +

x
2N 2=3

�
= F� (x)

with � = 1 for real symmetric matrices and � = 2
for complex hermitian matrices.

The importance of Soshnikov's theorem is the universality of F�

has been established for ensembles for which the \integrable"
techniques, e.g. Fredholm theory, Riemann-Hilbert methods,
Painlev�e theory, are not directly applicable. Current research [50] is
exploring the relaxation of the symmetry constraint on the
underlying distribution � .
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x5. Multivariate Statistical Analysis
Johnstone [34]:

It is a striking feature of the classical theory of multivari ate
statistical analysis that most of the standard
techniques|principal components, canonical correlation s,
multivariate analysis of variance (MANOVA), discriminant
analysis and so forth|are founded on the eigenanalysis of
covariance matrices.

Thus it is not surprising that the methods of random matrix th eory
have important applications to multivariate statistical a nalysis. We
now survey some of these recent developments drawing heavily on
Johnstone's 2006 ICM lecture [33]. We have also bene�ted from the
unpublished survey by P�ech�e [49].
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Principal Component Analysis (PCA)
PCA with p variables havepopulation eigenvalues ` j ,
eigenvalues of thep � p covariance matrix

� = (Cov( X k ; X k 0))1� k;k 0� p ;

and sample eigenvalues ^̀
j , which are the (random) eigenvalues

of the sample covariance matrix

S =
1
n

XX T :

Here X is the p � n data matrix and

n = number of observations of the p variables:

Since the parameters of the underlying probability model
describing the random variablesX 1,. . . , X p are unknown, the
problem is to deduce properties of � from the observed sample
covariance matrix S.
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Assume

X = ( X 1; : : : ; X p)

is a p-variate Gaussian distribution Np(0; �) and the data matrix
X is formed by n independent drawsX1,. . . , Xn .

The p � p matrix XX T is said to havep-variate Wishart
distribution on n degrees of freedom,W p (n; � ).

Joint distribution of the eigenvalues l̂ j : Complicated by the fact it
involves an integral over the orthogonal groupO(p).
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Testing the Null Hypothesis: H0

H0: no correlations amongst thep variables, i.e. � = I .

Under H0 all population eigenvalues =1, but there is a \spread"
(Mar �cenko-Pastur ) in the sample eigenvalueŝ̀ j .

To assess whether \large" observed eigenvalues justify rejecting the
null hypothesis, we need an approximation to the thenull
hypothesis distribution of the largest sample eigenvalue,

P
�

^̀
1 > t jH0 = Wp(n; I )

�
:

This approximation is provided by the following theorem of
Johnstone [32].
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Theorem.

P
�

n ^̀
1 � � np + � np xjH0

�
�! F1(x)

where n ! 1 , p ! 1 such that p=n ! 
 2 (0; 1 ), F1 is
(1) , and the centering and norming constants are

� np =

 r

n �
1
2

+

r

p �
1
2

! 2

; (5)

� np =
� p

n +
p

p
�

0

@ 1
q

n � 1
2

+
1

q
p � 1

2

1

A

1=3

: (6)

1. Fractions 1
2 in � np and � np improve the rate of convergence to

F1 to \second-order accuracy" [33]. See Johnstone's
comparisons with the tables of Chen [33].
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2. El Karoui [16] shows the theorem holds more generally as

p=n ! 
 2 [0; 1 ]:

3. For complex data matrices with � = I , there are corresponding
limit theorems where now convergence is toF2 [31, 32].

4. Soshnikov [54] and P�ech �e [48] removed the assumption
of Gaussian samples . They assume that the matrix elements
X ij of the data matrix X are independent random variables
with a common symmetric distribution whose moments grow
not faster than the Gaussian ones.

5. To summarize, given the centering and norming constants (5)
and (6) together with tables for F1, one has agood
approximation to the null distribution .
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Spiked Populations: BBP Phase Transition

Case ofcomplex Wishart matrices , � 6= I :

Integral in the joint distribution of eigenvalues is over th e unitary
group U(p) which, fortunately, can be explicitly evaluated by use of
the Harish-Chandra-Itzykson-Zuber formula, see, e.g. [65].

Baik, Ben Arous & P �ech �e [3] for complex Wishart ensemble,
with covariance matrix

� = diag ( `1; : : : ; ` r ; 1; : : : ; 1) :

Consider r = 1 with `1 > 1 and limit

p ! 1 ; n ! 1 such that
p
n

! 
 � 1:

De�ne
wc = 1 +

p

 and �( x) standard normal:
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Theorem. With � as above ( r = 1), let ^̀
1 the largest eigenvalue

of the sample covariance matrix.

� If 1 � `1 < w c,

P
�

n2=3

�

�
^̀
1 � �

�
� x

�
�! F2(x);

� = (1 +
p


 )2; � = (1 +
p


 )(1 +
1

p



)1=3:

� If `1 > w c, then

P
�

n1=2

� 1

�
^̀
1 � � 1)

�
� x

�
�! �( x);

� 1 = `1

�
1 +



`1 � 1

�
; � 1 = `2

1

�
1 �



(`1 � 1)2

�
:

36



Remarks:

1. The BBP theorem \ shows that a single eigenvalue of the true
covariance � may drastically change the limiting behavior of
the largest eigenvalue of sample covariance matrices. One
should understand the above result as the statement that the
eigenvalues exiting the support of the Mar�cenko-Pastur
distribution form a small bulk of eigenvalues. This small bulk
exhibits the same eigenvalue statistics as the eigenvalues ofa
non-normalized GUE (resp. GOE) matrix" [49].

2. If `1 = wc the limiting distribution is a generalization of F2

expressible in terms of the same Painlev�e II functionq [2].

3. For real Wishart matrices, Paul [47] shows that if � 1 > w c is
simple, then ^̀

1 exhibits Gaussian 
uctuations.

4. El Karoui [17] �nds a large class of complex Wishart matrices
Wp(� ; n) which have a F2 limit law for ^̀

1.
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5. Patterson , Price and Reich [46] have applied these results
to problems of population structure arising from genetic data.
SeeHarding [22] for an application in economics.

6. We mention that these same distributions play an analogous
role in canonical correlations as they do in PCA [34].

Final Remarks:

We have not discussed the appearance of theF� limit laws in
growth processes . This started with Baik, Deift &
Johansson 's work [5] on Ulam's Problem of the length of the
longest increasing subsequence of a random permutation. Nor have
we discussed the generalization ofF� to all real � > 0 by Ram��rez ,
Rider and Vir �ag [51].
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