SECOND ASSIGNMENT - SOLUTIONS

(1) Suppose that F 2, B is a fibration of unbased spaces with B path connected. For b € B,
let F, = p~1(b). Prove that Fy, is homotopy equivalent to Fy, for all by, by € B.

Solution. (See Concise - Chapter 7.6 for another solution to this problem.) We have shown

that the inclusion Fy, — Py, where
Pry = {(e,0) | a(0) = b,a(1) = e}
is a homotopy equivalence for all b. Hence, it suffices to show that Py ~ Pyp,. Let
vy:I—B
be a path from by to bs. Let

@gi . Pf7b1 — Pf71)2

1

where @2?(6, a) = (e,7 " * ), with * the usual composition of loops. Let

O+ Pry, — Py,
where @Ig;(e, a) = (e,y *x ). Then,
DY 0 @Y 1 Pry, — Ppy,
is given by
By o By (e, 0) = (e,7" * (v * ).

Let
PBy, = {a € Bl | a(0) = by}.

Let 7 : I — I be a reparametrization of I such that o= x (¢ * 8)(7(t)) = S for any path 3.
Then Then,
H : Pf7b2 x I — Pf7b2

given by H(e,a,s) = (e,7 1 * (y * a)((1 — s)7(t) + ts)) is a homotopy between @Zf o @g;

and the identity. A similar proof shows that (I)Z; o @Z? ~ id.
1
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Prove that there are homeomorphisms XCy = Cy; = C_yxy, where C; here denotes the

reduced mapping cone.
Solution. So we first prove that Cxy = ¥XC;. We have the following diagram

3 >
sx vy vy

F

CEX —— $CX — 5

where g((x At),s) = g((x,s) At). The right hand square is a pushout: This proof is similar
to the proof that (X Uy Y') x I =2 (X x I)Uyyiq (Y x I). Since g is a homeomorphism, the
pushout of the outer square is the same as that of the right hand square.

For the second part, note first that C_y; = Cxy. Indeed, using the fact that 72 =id on

the nose, the following diagram gives a homeomorphism Cyxy — C_xy.

zf
X ——=3Y

L

CEX —— Cyy
.

T i
Iyx Y

CLX — C_y5y

If p: E — Bis afibration and B is contractible, prove that there is a homotopy equivalence

¢ : E — B x F such that the following diagram commutes

@
B x F

N

B

E

(see 4.3.18 - Aguilar et al. for a hint.)

Solution. (Note, this is simpler if one assumes that B has as base point preserving contrac-
tion. Also, I'm a certain there is a more elegant solution than the one I am giving below,
but this is in the line with the hint in Aguilar et al.) Let H : B x I — B be a contracting
homotopy. For each b € B, the map H gives a path fl(b) : {b} x I — B from b to the base

point .
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Let
E, ={e,a| a(0) =p(e)}.
Note that (e, H(p(e))) € E,. Since p : E — B is a fibration, there is a continuous map
s: E, — ET such that

I'(e,a)(0)=e
p«((e, ) = a.

In particular, p.(I(e, H (p(e)))(1)) = H(p(e))(1) = *, so T(e, H(p(e)))(1) € F.
Let ¢ : E — B X F be given by

and ¢ : B x ' = E be given by

Wb, f) =T(f, H(b)™*

~—

—~
[u—

~—

First, consider ¢ o ¢ : E — E given by

o d(e) = T(I(e, H(p(e)))(1), H(p(e)~H)(1).
Let
V:ExI—FE

be given by

~

mew{Nnaﬁ@@m“%ﬂw@>wu%>o<t<u2
T(e, H(p(e)))(2(1 ~ 1)) a<i<t

Then, ¥ is a homotopy from ¥ o ¢ to the identity on FE.
Next, we will show that oy : Bx F — B x F, i.e.

¢ o (b, f) = d(s(f, H (b)) (1) = (b.T(T(f, H®))(1), H®)(1)

is homotopic to the identity. Let c, be the constant path in B at *. For each point f € F,
consider the path

o= [TEeae 0<t<1/2
P r @ e e)@—1) 1/2<t<1.

Note that o¢ : I — F and that 0¢(0) = f and o(1) = I'(I'(f, ) (1), c)(1).
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Let I =[0,2] and

O:BxFxI—BxF

be given by

®(b, f,5) = (b, (DS, Hb) ™ (#(1 — 5))(1), Hb) (1 = )(1 = 5)))(1))

for s € [0,1] and

(b, f,5) = (b,07(2 =)

for s € [1,2]. Then,

and

and

(P(b7fa0):¢ow(b7f)

(b, f, 1) - (bv L(I(f, C*)<1)7 C*)(l))

(b, f,2) = (b, f).

So, ® is a homotopy from ¢ o % to the identity.

4) (a)

Compute 7,5'.

Solution. Since S! is connected, mpS' = 0. The universal cover of S! is R — S! with
fibers Z as a discrete topological space. Therefore, 71(S') = Z and 7,S' = m,R = 0

otherwise.
Use the Hopf fibration S — S% — S2 to compute m352.
Solution. There is an exact sequence

0=m5% = mS? > mS - mS2=0

so mp8? =2 7. This is in the range of the suspension isomorphism so 7353 = 75,362 =

Z. Further, there is an exact sequence
0= 7T351 — ’/1'353 — 7T352 — 7T2;91 =0
so m3S%2 = 7.

Compute m,CP>°. (Hint: there are fiber bundles S2ntl _y CP™ with fiber S1. Can

you write CP> as the based space in a fiber bundle?).

Solution. CP> is connected so myCP> = 0. There is a fiber sequence S* — S* —

CP>. Since S* ~ %, 1,CP® = 1, 1S'. Hence, CP* is a K(Z,2). Alternatively,
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one can use the fibrations S* — $?**! — CP" and note that (CP>)?" = CP" so that
Tn(CP*®) = 7, (CP") for n > 1.



