MATH 6280 - NOTES ON THE HOMOLOGY AND COHOMOLOGY OF RP"

We will study the antipodal map a,, : S™ — S™ which sends x € S to —x.

Remark 0.1. Note that the antipodal map is not base point preserving. To make this completely
precise, we have to define the degree of an unbased map. One way to do this is to say that any map
is homotopic to a cellular map. For S™, this implies that every element of [S™, S"] is homotopic to

one in [S™, S™]. and use this to define the degree.

Let £S5 ! be the un-reduced suspension

DS ={(y,t) [y e "0 <t <1}/ ((y,1) ~ (¥, 1), (y,0) ~ (¥, 0))

We will use the following identification:
in: S — DS
which, for x = (z1,...,2,), sends

. x 14 Tn41
(g = (25, L

bl 2

Note then that the antipodal map is
an(y, t) = (_y7 1- t)'
Lemma 0.2. The degree of the antipodal map a, : S™ — S™ is (—1)"*1

Proof. That a; is homotopic to the identity is clear by composition it with a rotation of the plane.
Suppose that a,—; has degree (—1)". Recall that for Xf(z,t) = (f(z),t), we have =X f(x,t) =
(f(z),1 —t). Then note that

an(y,t) = (-y,1 —t) = —Xap_1.

Since a,_1 has degree (—1)" and X : Tp_1S" 1 — 7,8™ is an isomorphism taking the identity to
the identity, then ¥a,_1 has degree (—1)". So, the claim follows from the fact that deg(—Xf) =
—deg(f). Indeed, —Xf(x) = f(x) A(1 —t) was how we defined the group inverse! O

Like in Concise, we start by giving a different cell structure to S™. We build S” inductively so
that:

e (S™)7 = S% where S? is the subspace of S™ whose last n — g—coordinates are zero.
1
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e S" has two g-cell for each 0 < g < n, namely ei which are the points of S such that
the last coordinate is greater or equal to zero, and e, the points of S such that the last

coordinate is less than or equal to zero.

We have:

el Uuel =87 and el nel =571
Fix homeomorphisms for the cells as
Yl DY — 59 Vi (21, xq) = (21,...,2q, (1 — Z:U?)UQ)
and
Pp? . DI — S9 V(21 2q) = (—21, ..., —2¢, —(1 — Zx?)lm)
So, we have:

1 vl
Sa—1y ga—1 ; Sa—1

l Pive? Slq.

D7V D1

In particular,
4 =id and ¢ =ag
Further, let
7 87— el /ST and 7l 57— el /9971
Choose
ig—1:DI7t/S1T72 5 gat

so that the composite 41 o (wi_l)*l o 7rf,1r_1 has degree one. We have a commutative diagram:

deg 1

—1 —1
\ ﬂ_qu wq

¢ Sl T t7lge2 T pa-l)ga-2

ga—1 ag—1 ag—1 Sa-1
_—

oL g1l s il ge2  pa-ljge-2
-1

7 711 w7

ga—1 = %
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So we can use the diagram and the fact that a,—; has degree (—1)? compute the various degrees:

dg[d] = [0+ (1) ]
dg[?] = (~1)1T ] + 7).

This gives all the information we need to compute H,(C.(S™)) (actually, this is also works for
C(S%)).
Now, give RP" one cell ¢ : D9 — RPY in each degree. The double cover is a cellular map for

these cell structures and
Cy(RP") = C(S™) /(W] = [¢1]).
Further, dg : Cy(RP"™) — Cy—1(RP™) is

dg[99] = [ + (1)1

So, the cellular chain complex is

(-1

_1\ym—1
0= Cp(RP™) DT ey, o

Cpu_1(RP™) Y ®P™) 2 0 (RP™) D Co(RP™) — 0

So

Z n=0or n=m and m is odd
H,(RP™) =
Z/2 n <m and n is odd.

The cellular cochain complex is

—1\ym _1\ym—1
0« cmRP™) LEDT pmotgprmy HEDTT 0 g2 gpmy 2 ol rp™) & CORP™) 0
So

7 n=0and n=m if m is odd
H"(RP™) =
Z/2 0<n<mandn is even.



