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Recall from last time that:

Lemma 0.1. If X is a wedge of n-spheres, then 7, X if n > 2 (and 71 (X)) is the free abelian

group generated by the inclusions of the summands.

Definition 0.2. Let X be n — 1-connected. Define

ZimX —{+}}  n=0
HY(X) = mX/[mX,mX] n=1

T X n> 1.
Lemma 0.3. If X is a wedge of n-spheres, then 32X is a wedge of n+ 1-spheres and the map which
sends f: S™ — X to Xf : "t — ¥ X induces an isomorphism
S HL(X) = H,,(5X)

18 an isomorphism.

Proof. This follows from our description of I:UL(X ) as the free abelian on the inclusions of the

summands. OJ

1. CELLULAR CHAINS AND COCHAINS

Before proving this, let’s have a quick review of cellular homology.
1


http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
http://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://www.math.uchicago.edu/~may/TEAK/KateBookFinal.pdf
https://www.math.cornell.edu/~hatcher/AT/AT.pdf

2 MATH 6280 - CLASS 25

Definition 1.1. Let X be a CW-complex. The cellular chain complex of X. For n > 0, let C,,(X)
be the free abelian group generated by the n-cells of X. That is, if

Pn=Ug}

1% _
UZAE[STL14>X”1

n-1

.

Uier, D' X"

then C,(X) = Z{I,}. Note that
Cn(X) = Z{I,} = H},_, (\/ S?_1>
In
Note that there is a map
n—1 ®n — - - n— n—2 ~ n—
\/ syt = Xt xntlyxnmt =\ protyspte \/ sl
JE€In i€l 1 i€ln—1

Then the differential d,, : Cp,(X) — Cp,—1(X) is the induced map on H'

n—1

(X).

More concretely, for j € I, and ¢} : S}"‘*l — X"~ 1 the composite

" .

n—1 "J n—1 n—1 n—2 __ n—1 T n—1

st Ly Xt xntlxn? =\ st I
1€ln 1

is an element of 7,_15""! and we let a; ; € Z be its degree. Then the differential
dp : Cp(X) = Cp—1(X)

is given by

It n = 1, then dy([j]) = [6}(1)] — [¢}(~1)]

Example 1.2. Let RP3 have the usual cell structure with one cell in each dimension 0 < d < 3.

Then

Z{i,} 0<n<3

Cn(RP3) = tin}
0 n>3
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The attaching maps are the double covers, so we need to compute the degrees of
080 — «
¢t 8! - RP! — RP/x ~ St
¢*: S* - RP? — RP?/RP! ~ 52
We have that
dl(i1> = i() — i() =0
and ¢! : S' — S is the multiplication by 2 map so that
do(io) = 2iq

The next picture explains how to see that ¢? : S2 — S? is homotopic to (id V —id) o V ~ * so that

ds(iz) = 0.
o8
" l% ° é

Remark 1.3. Note that
Cu(X) = 21} = (\/ sy-l) ~ i, (\/ D?/S?‘1> _ 7 (x7/x).
I, I
Let i : X" ! — X" be the inclusion and let the quotient ¢ : C; — X™/X"~! have homotopy

inverse ¢~!. Let 0, be the composite

-1
XX Y o uxl L n(xnl X,
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We will see next time how, up to sign, the differential d,, : C),(X) — C,—1(X) can be identified

with
(On)

i, xn = B0 sty ) s (XX ),



