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Recall from last time that:

Lemma 0.1. If X is a wedge of n–spheres, then πnX if n ≥ 2 (and π1(X)ab) is the free abelian

group generated by the inclusions of the summands.

Definition 0.2. Let X be n− 1–connected. Define

H̃ ′n(X) =


Z{π0X − {∗}} n = 0

π1X/[π1X,π1X] n = 1

πnX n > 1.

Lemma 0.3. If X is a wedge of n-spheres, then ΣX is a wedge of n+1–spheres and the map which

sends f : Sn → X to Σf : Sn+1 → ΣX induces an isomorphism

Σ : H̃ ′n(X)→ H̃ ′n+1(ΣX)

is an isomorphism.

Proof. This follows from our description of H̃ ′n(X) as the free abelian on the inclusions of the

summands. �

1. Cellular chains and cochains

Before proving this, let’s have a quick review of cellular homology.
1

http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
http://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://www.math.uchicago.edu/~may/TEAK/KateBookFinal.pdf
https://www.math.cornell.edu/~hatcher/AT/AT.pdf
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Definition 1.1. Let X be a CW–complex. The cellular chain complex of X. For n ≥ 0, let Cn(X)

be the free abelian group generated by the n-cells of X. That is, if

∪i∈InSn−1
i

Φn=∪φni//

��

Xn−1

��
∪i∈InDn

i
// Xn

then Cn(X) = Z{In}. Note that

Cn(X) = Z{In} ∼= H̃ ′n−1

(∨
In

Sn−1
i

)

Note that there is a map∨
j∈In

Sn−1
j

Φn−−→ Xn−1 → Xn−1/Xn−2 =
∨

i∈In−1

Dn−1
i /Sn−2

i
∼=

∨
i∈In−1

Sn−1
i .

Then the differential dn : Cn(X)→ Cn−1(X) is the induced map on H̃ ′n−1(X).

More concretely, for j ∈ In and φnj : Sn−1
j → Xn−1, the composite

Sn−1
j

φnj−→ Xn−1 → Xn−1/Xn−2 =
∨

i∈In−1

Sn−1
i

πi−→ Sn−1
i

is an element of πn−1S
n−1 and we let ai,j ∈ Z be its degree. Then the differential

dn : Cn(X)→ Cn−1(X)

is given by

dn([j]) =
∑
i∈In−1

ai,j [i].

If n = 1, then d1([j]) = [φ1
j (1)]− [φ1

j (−1)].

Example 1.2. Let RP 3 have the usual cell structure with one cell in each dimension 0 ≤ d ≤ 3.

Then

Cn(RP 3) =

Z{in} 0 ≤ n ≤ 3

0 n > 3
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The attaching maps are the double covers, so we need to compute the degrees of

φ0 : S0 → ∗

φ1 : S1 → RP 1 → RP 1/∗ ' S1

φ2 : S2 → RP 2 → RP 2/RP 1 ' S2.

We have that

d1(i1) = i0 − i0 = 0

and φ1 : S1 → S1 is the multiplication by 2 map so that

d2(i2) = 2i1

The next picture explains how to see that φ2 : S2 → S2 is homotopic to (id∨− id) ◦∇ ' ∗ so that

d3(i3) = 0.

Remark 1.3. Note that

Cn(X) = Z{In} ∼= H̃ ′n−1

(∨
In

Sn−1
i

)
∼= H̃ ′n

(∨
In

Dn
i /S

n−1
i

)
= H̃ ′n

(
Xn/Xn−1

)
.

Let i : Xn−1 → Xn be the inclusion and let the quotient ψ : Ci → Xn/Xn−1 have homotopy

inverse ψ−1. Let ∂n be the composite

Xn/Xn−1 ψ−1

−−→ Ci → ΣXn−1 → Σ(Xn−1/Xn−2).
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We will see next time how, up to sign, the differential dn : Cn(X) → Cn−1(X) can be identified

with

H̃ ′nX
n/Xn−1 H̃′n(∂n)−−−−→ H̃ ′n(Σ(Xn−1/Xn−2))

Σ−1

−−→ H̃ ′n−1(Xn−1/Xn−2).


