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1. Cellular Approximation

Last time, we proved:

Theorem 1.1. Let f : (X,A)→ (Y,B) be any map between CW–complexes. Then f is homotopic

relative to A to a cellular map. That is, there is a homotopy H : X × I → Y which is constant on

A such that H(x, 0) = f(x) and H(−, 1)|Xn ⊂ Y n.

The following is now a direct consequence of the previous result:

Exercise 1.2. Any two maps f : X → Y between CW–complexes is homotopic to a cellular

map. Any homotopic cellular maps are homotopic via a cellular homotopy, that is, a homotopy

H : X × I → Y which is a cellular map.

2. Approx of spaces by CW-complexes

Let’s warm up.

Lemma 2.1. Let X be any space. Fix n ≥ 0. There exists a space Y and a map i : X → Y such

that i induces isomorphisms

πqY ∼=

πqX 0 ≤ q ≤ n

0 q = n+ 1.

1

http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
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Proof. To do this, let J be a set of representatives each element [j] ∈ πn+1X. Consider the pushout:

tJSn+1
tj
//

��

X

��
tJDn+2 // Y.

Note that (Y,X) is a relative CW complex and that Y n+1 = X, so that X → Y is an n + 1

equivalence. Therefore, it is an isomorphism on πq for 0 ≤ q ≤ n and surjective on πn+1.

Choose the standard CW structure on Sn+1. Given any map f : (Sn+1, ∗)→ (Y,X) is homotopic

(relative to the base point), to a cellular map, i.e., one that factors through Y n+1 = X. It follows

that f ' j for some j ∈ J . However, j : Sn+1 → X → Y extends over the disk by construction, so

is null homotopic. Hence, πn+1Y = 0. �

Exercise 2.2. Construct spaces Yn and maps X
i−→ Yn such that i induces isomorphisms

πqYn ∼=

πqX 0 ≤ q ≤ n

0 q ≥ n+ 1.

Proposition 2.3. Given any X, there exists a CW complex ΓX and a weak equivalence ΓX
γ−→ X.

Proof. This proof is a variation of the proof in Concise that Peter May suggested to me.

Assume X is path connected or do it over each path component. Choose a set or representatives

J = {jq | [j] ∈ πqX, q ≥ 1}.
Let X1 =

∨
jq∈J S

q with the standard CW structure and γ1 =
∨
jq : X1 → X. By construction,

γ1 is a 1–equivalence (both spaces are connected and γ1 induces a surjection on π∗.)

Suppose that Xn has been constructed so that γn : Xn → X is an n–equivalence. Choose a set

or representatives

J = {j | [j] ∈ πnXn, [γn ◦ j] = 0 ∈ πnX}.

For each j ∈ Jn, let hj be an extension of Sn
γn◦j−−−→ X to Dn+1. Then as in the warm-up above,

construct Xn+1 as the pushout and γn+1 as the canonical map:

tJSn
tj

//

��

Xn

�� γn

��

tJDn+1 //

thj ,,

Xn+1

γn+1 ""
X
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Any map Sq → Xn+1 for q ≤ n factors through Xn, so πqγn+1 factors through πqγn for q ≤ n.

Since, Xn → Xn+1 is an n-equivalence, this implies that πqγn+1 = πqγn is an isomorphism for

0 ≤ q < n. For q = n, we have that

πnX
n // //

πnγn %% %%

πnX
n+1

πnγn+1

��
πnX

and further, any map j ∈ πnXn such that [γn ◦ j] = 0 ∈ πnX extends to Dn+1 in Xn+1, hence

maps to zero in πnXn+1. Therefore, πnγn+1 is also injective, thus an isomorphism.

Then ΓX = colimnXn and γ = colimn γn have the desired property. �

Remark 2.4. If X is n− 1–connected, by construction, ΓX has no q–cells for 1 ≤ q ≤ n− 1.

We call a map X ′ → X which is a weak equivalence with X ′ a CW-comlex a CW-approximation

of X.

Theorem 2.5. Given any map X
f−→ Y and CW-approximations of X and Y , there is a cellular

map f ′ and a diagram

X ′
f ′
//

��

Y ′

��
X

g
// Y

which commutes up to homotopy. Further, f ′ is unique up to homotopy.

Proof. Since X ′ is a CW complex and Y ′ → Y is a weak equivalence, by Whitehead’s theorem,

[X ′, Y ′]→ [X ′, Y ]

is a bijection. Therefore, X ′ → X
f−→ Y has a unique lift up to homotopy, and we can choose a

cellular representative f ′. �

Remark 2.6. We can also do this for pairs. Let A be a subspace of X.

(1) If ΓA→ A is a CW–approximation, then there is a CW-approximation ΓX → X with ΓA

a subcomplex of ΓX.
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(2) Given a map of pair (X,A) → (Y,B) and any CW–approximations (X ′, A′) and (Y ′, B′)

by CW–pairs, there is a cellular map of pairs f ′ and a diagram

(X ′, A′)
f ′
//

��

(Y ′, B′)

��
(X,A)

g
// (Y,B)

which commutes up to homotopy. Further, f ′ is unique up to homotopy.
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