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1. CELLULAR APPROXIMATION
Last time, we proved:

Theorem 1.1. Let f: (X, A) — (Y, B) be any map between CW-complexes. Then f is homotopic
relative to A to a cellular map. That is, there is a homotopy H : X x I — Y which is constant on
A such that H(z,0) = f(z) and H(—,1)|x» C Y™

The following is now a direct consequence of the previous result:

Exercise 1.2. Any two maps f : X — Y between CW—complexes is homotopic to a cellular
map. Any homotopic cellular maps are homotopic via a cellular homotopy, that is, a homotopy

H : X x I — Y which is a cellular map.
2. APPROX OF SPACES BY CW-COMPLEXES
Let’s warm up.

Lemma 2.1. Let X be any space. Fizn > 0. There exists a space Y and a map i : X =Y such
that i induces isomorphisms

X 0<qg<n
mY = ¢
0 qg=n+1.


http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
http://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://www.math.uchicago.edu/~may/TEAK/KateBookFinal.pdf
https://www.math.cornell.edu/~hatcher/AT/AT.pdf
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Proof. To do this, let J be a set of representatives each element [j] € m,4+1X. Consider the pushout:

i
|_|JS’I’L+1 Hj_ X

|

;D2 Y,

Note that (Y, X) is a relative CW complex and that Y"™! = X so that X — Y is an n + 1
equivalence. Therefore, it is an isomorphism on 7, for 0 < ¢ < n and surjective on m,41.

Choose the standard CW structure on S"*1. Given any map f : (S"*!, %) — (Y, X) is homotopic
(relative to the base point), to a cellular map, i.e., one that factors through Y"*! = X. It follows
that f ~ j for some j € J. However, j : S"t! — X — Y extends over the disk by construction, so

is null homotopic. Hence, m,+1Y = 0. O
Exercise 2.2. Construct spaces Y,, and maps X AN Y,, such that ¢ induces isomorphisms

X 0<qg<n
TqYn I
0 q>n-+1.

Proposition 2.3. Given any X, there exists a CW complex I'X and a weak equivalence I'X 54X,

Proof. This proof is a variation of the proof in Concise that Peter May suggested to me.

Assume X is path connected or do it over each path component. Choose a set or representatives
J=40q | j] € 7 X, g = 1}.

Let Xy = vjqu S with the standard CW structure and v1 = \/ j, : X1 — X. By construction,
v is a 1-equivalence (both spaces are connected and ~; induces a surjection on 7.)

Suppose that X, has been constructed so that v, : X;, = X is an n—equivalence. Choose a set
or representatives

J={j|lj] € mXn, [mojl=0¢€mX}.

For each j € Jy,, let h; be an extension of S™ 2%y X to D™, Then as in the warm-up above,

construct X, 41 as the pushout and ~v,4; as the canonical map:

LIS"L>X
J n

L

|_|JDn+1 .
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Any map S? — X, 1 for ¢ < n factors through X, so myyn41 factors through w7y, for ¢ < n.
Since, X™ — X"*! is an n-equivalence, this implies that TqYn+1 = TgYn iS an isomorphism for

0 < g < n. For ¢ =n, we have that

1
T X" —> 1, X"

TnYn+1
TnYn

TnX

and further, any map j € 7, X" such that [y, o j] = 0 € m, X extends to D"*! in X,,;1, hence
maps to zero in m, X,+1. Therefore, m,v,+1 is also injective, thus an isomorphism.

Then I'’X = colim,, X, and ~ = colim,, y,, have the desired property. U
Remark 2.4. If X is n — 1-connected, by construction, I'’X has no g—cells for 1 < ¢ <n —1.

We call a map X’ — X which is a weak equivalence with X’ a CW-comlex a CW-approzimation
of X.

Theorem 2.5. Given any map X i> Y and CW-approzimations of X and Y, there is a cellular

map [ and a diagram

X/L>Y/

L,

x 2.y

which commutes up to homotopy. Further, f' is unique up to homotopy.

Proof. Since X’ is a CW complex and Y’ — Y is a weak equivalence, by Whitehead’s theorem,
(XY = [XY]

is a bijection. Therefore, X’ — X i> Y has a unique lift up to homotopy, and we can choose a

cellular representative f. O

Remark 2.6. We can also do this for pairs. Let A be a subspace of X.

(1) f TA — A is a CW—approximation, then there is a CW-approximation I'X — X with I'A
a subcomplex of I'X.
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(2) Given a map of pair (X, A) — (Y, B) and any CW-approximations (X', A’) and (Y’, B)

by CW-pairs, there is a cellular map of pairs f’ and a diagram

(X/,A/) L> (Y’,B/)

| |

(X,4) —L~ (v,B)

which commutes up to homotopy. Further, f’ is unique up to homotopy.
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