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1. Fibrations Continued

Proposition 1.1. Let p : E → B be a fibration. Let F be the fiber, i.e., the pull-back

F //

��

E

p

��
∗ // B

Then the natural map φ : F → Pp

Pp

��
F //

φ
??

��

E

��
∗ // B

given by

φ(e) = (e, ∗) ∈ {(e, α) | α(1) = p(e), α(0) = ∗} ⊂ E × PB

is a homotopy equivalence.
1

http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
http://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://www.math.uchicago.edu/~may/TEAK/KateBookFinal.pdf
https://www.math.cornell.edu/~hatcher/AT/AT.pdf


2 MATH 6280 - CLASS 14

Proof. First, we construct a map r

F
φ−→ Pp

r−→ F

which will be the homotopy inverse of φ. Recall that

Ep = {(e, α) | α(1) = p(e)} ⊆ E ×BI

and that

Pp = {(e, α) | α(1) = p(e), α(0) = ∗} ⊆ E ×BI .

Consider the commutative diagram

Ep
πE //

i1
��

E

p

��
Ep × I evt

//

H
<<

B

The map H exists since E → B is a fibration and, letting Ht(e, α) = H((e, α), t),

p(Ht(e, α)) = α(t).

Let r : Pp → F be

r(e, α) = H0(e, α).

Since (e, α) ∈ Pp, we have p(H0(e, α)) = α(0) = ∗ so this is well-defined. We need homotopies

r ◦ φ ' idF and φ ◦ r ' idPp .

Let

K : F × I → F

be given by

Kt(f) = Ht(f, ∗).

Then

K0(f) = H0(f, ∗) = (r ◦ φ)(f)

so K0 = (r ◦ φ). Further,

K1(f) = H1(f, ∗) = f

so K1 = idF . Hence, K is a homotopy r ◦ φ ' idF .

Let G : Pp × I → Pp be defined by

Gt(e, α(s)) = (Ht(e, α), α(ts)).

Then,

G1(e, α(s)) = (H1(e, α), α(s)) = (e, α(s))
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so G1 = idPp . Further,

G0(e, α(s)) = (H0(e, α), α(0)) = (H0(e, α), ∗) = (φ ◦ r)(e, α)

so G0 = φ ◦ r and G is a homotopy φ ◦ r ' idPp . �

Example 1.2. B × F πB−−→ B is a fibration

A

i0
��

f
// B × F

πB
��

A× I
H

// B

Let

H̃(a, t) = (H(a, t), πF f(a)).

Then, H̃(a, 0) = f(a) and πB(H̃(a, t)) = H(a, t) and the diagram commutes.

Definition 1.3. If there is a homotopy equivalence φ : E → B×F such that the following diagram

commutes

E
φ

//

p ��

B × F

πB{{
B

then p is called a homotopically trivial fibration.

Exercise 1.4. If E → B is a fibration and B is contractible, then p is homotopically trivial.

Example 1.5. Let p : E → B be a covering space. Then p is a fibration with a unique lift H̃.

To show this, we use the compactness of I, cover A× I by open neighborhoods Na× I of {a}× I
such that there is a partition {ta,0, . . . , ta,na} with H([ta,i, ta,i+1]) ⊂ Ua,i where p−1(Ui) is a disjoint

union of open sets homeomorphic to Ui. Let V ⊂ p−1U0 be the component that contains f(a).

Then we can lift H : Na × [0, ta,1]→ B to E by letting H̃a = p−1 ◦H. By induction, we get a lift

H̃a : Na × I → E.

By the uniqueness of path lifting, for any y ∈ Na, the lift H̃ : {y}×I → E is unique. So, the lifts

H̃a and H̃a′ agree on the intersections Na ∩ Na′ , and hence we can glue them together to obtain

the lift H̃.

2. Fiber Bundles

Definition 2.1. Let p : E → B be a continuous surjective map. Then p is a fiber bundle with fiber

F (also called a locally trivial fibration) if
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(a) p−1(b) = F for every b ∈ B
(b) For every b ∈ B, there exists an open neighborhood b ∈ Ub ⊂ B and a homeomorphism

φUb
: p−1(Ub)→ F × Ub such that the following diagram commutes

p−1(Ub)
φUb //

p ##

F × UB

πUb{{
Ub

Proposition 2.2. A fiber bundle p : E → B is a Serre fibration.

This follows from the more general claim:

Proposition 2.3. Let p : E → B. Suppose that there is an open cover U of B such that, for each

U ∈ U , the pull-back

EU //

pU
��

E

p

��
U // B

is a Serre fibration. Then p is a Serre fibration.

Proof. Consider

Iq //

i0
��

f
// E

p

��
Iq × I

H

// B

Since Iq × I is compact, so is H(Iq × I), so we can choose a finite cover U1, . . . , Uk of H(Iq × I)

by sets U ∈ U . Then {H−1(U)}U∈U is an open cover of Iq × I. Using the fact that Iq × I is a

compact metric space and the Lesbesgue number lemma, we can divide Iq into cubes {cq}C and

I into intervals 0 = t0 < t1 < t2 < . . . < tm = 1 such that for all c ∈ C and 0 ≤ i ≤ m − 1

c× [ti, ti+1] ⊂ H−1(Uj) for some 1 ≤ j ≤ k.

Let Cn be the set of all n-facces in C. For c0 ∈ C, (c0, t0) ∈ Ui for some i. Since pUi : EUi → Ui

is a fibration, we can lift H to a map H̃ : c0 × [t0, t1]→ EUi . Hence, this gives a lift

H̃ : ∪C0c0 × [t0, t1]→ E.

Now suppose that we have lifted

H̃n−1 : ∪Cn−1cn−1 × [t0, t1]→ E.
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Let cn ∈ Cn and cn × [t0, t1] ⊂ Ui. Then f together with the lift on Cn−1 × [t0, t1] specify

H̃ ′n−1 : cn × {0} ∪ ∂cn × [t0, t1]→ E.

Choose a homeomorphism

φ : cn × {0} ∪ ∂cn × [t0, t1]→ cn × {0}

Then, using the fact that pUi : EUi → Ui, we get a lift:

cn × {0} ∪ ∂cn × [t0, t1]

i0◦φ
��

H̃′n−1 //

��

EUi

pUi

��
cn × [t0, t1] //

H̃n

66

Ui

Since cn × [t0, t1] and c′n × [t0, t1] can only intersect on

(cn × {0} ∪ ∂cn × [t0, t1]) ∩ (c′n × {0} ∪ ∂c′n × [t0, t1])

where the lift was already consistently specified, this gives us well-defined lift:

H̃n : ∪Cncn × [0, t1]→ E.

Inductively, we get a lift

H̃q : ∪Cqcq = Iq × [0, t1]→ E.

Now, proceed by induction to lift H to Iq × [0, tj ]. �

Definition 2.4. An open cover of B is locally finite if every point b ∈ B has an open neighborhood

that intersects finitely many elements of the cover. A space B is paracompact if every open cover

has a locally finite open refinement that covers B.

Theorem 2.5 (Hurewicz - On the concept of fiber space, Proc. Nat. Acad. Sci. USA 41 (1955)

956–961). Let p : E → B be a local Hurewicz fibration. If B is a paracompact topological space,

then p is a Hurewicz fibration.

Example 2.6. If G is a Lie group with closed subgroup H, then G
p−→ G/H is a fiber bundle. The

fiber at each point is H.

3. Long exact sequence on homotopy groups for a pair

Definition 3.1. Let A
i−→ X be the inclusion of a subspace which contains the base point. Let

Pi = {(a, α) | α(0) = ∗, α(1) = a} = {α ∈ PX | α(1) ∈ A}
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be its homotopy fiber. For n ≥ 1, let

πn(X,A) = πn(X,A, ∗) = πn−1Pi.

Remark 3.2. πn(X,A) can also be viewed as homotopy classes of maps of pairs (In, ∂In, Jn) for

Jn = ∂In−1× I ∪ In−1×{0}. Here, if In is a box, ∂In is its boundary and Jn is the boundary with

the interior of a face deleted.

Here are some examples:

• π0Pi are homotopy classes of maps which start at the base point ∗ and end at some point

in a

• π1Pi = π0ΩPi. Now, a loop in Pi is a path of paths, so can be viewed as a map

φ : I2 → X

On φ(0, t) = ∗ and φ(1, t) = ∗ since the constant path is the base point of Pi. For 0 < s < 1,

φ(s, 0) = ∗ and φ(s, 1) ∈ A since φ(s, t) ∈ Pi. So, in other words, on J2, the map is the

base point and on ∂I2 the image is a subset of A.

• ∗

∗

•

A

•
∗
•

We can also πn(X,A) as homotopy classes of maps of pairs (Dn, Sn−1, ∗)→ (X,A, ∗).
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