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1. Fibrations

Definition 1.1. A map p : E → B has thehomotopy lifting property with respect to C if, for every

A in C and every diagram

A

i0
��

f
// E

p

��
A× I

H

//

H̃
<<

X

there is a map H̃ making the diagram commute. Equivalently, given the diagram

A
h̃

  

f

��

h

��

EI
ev0 //

p∗
��

E

p

��
BI

ev0
// B

there is a map h̃ : A→ EI making the diagram commute.
1

http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
http://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://www.math.uchicago.edu/~may/TEAK/KateBookFinal.pdf
https://www.math.cornell.edu/~hatcher/AT/AT.pdf
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2. Homotopy theoretic examples

Proposition 2.1. If p : E → B is a fibration and f : X → B is a continuous map, then the

pull-back X ×B E → X is a fibration

X ×B E

��

// E

��
X

f

// B

Proof. Consider the following diagram

Z
++

%%%%

∗
��

?
**
(X ×B E)I

ww

//

��

X ×B E
yy

��
EI //

��

E

��
XI

vv

// E
xx

BI // B

We get ∗ from the fact that p : E → B is a fibration and ? from the fact that

(X ×B E)I //

��

EI

��

XI // BI

is a pull-back. �

Exercise 2.2. Check that if E = X ×Z Y then EI = XI ×ZI Y I .

Proposition 2.3. Let

Ef,0 = {(x, α) ∈ X × Y I | f(x) = α(0)}

be the pull-back

Ef,0 //

��

Y I

ev0

��
X

f
// Y.

Then the map Ef,0
ev1−−→ Y is a fibration.
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Proof. Consider a diagram

A

i0
��

f
// Ef,0

ev1
��

A× I
H

//

H̃
;;

Y

Let f(a) = (xa, αa). Then H(a, 0) = αa(1). Let

βa(t) = H(a, t) ∈ Y I .

Then, βa(0) = αa(1). Define

γa,s =

αa(t(1 + s)) t ≤ 1
1+s

βa(t(1 + s)− 1) t ≥ 1
1+s .

Let

H̃(a, s) = (xa, γa,s).

Then,

ev1(H̃(a, s)) = γa,s(1) = βa(s) = H(a, s)

and the diagram commutes. �

Exercise 2.4. Suppose that p : E → B is a fibration and that f : E′ → E is a homeomorphism.

Check that p ◦ f : E′ → B is a fibration.

Example 2.5. The following are fibrations:

• Y I ev1−−→ Y since Y I ∼= EidY ,0

• Ef
ev0−−→ Y is a fibration since it is the composite Ef

τ−→ Ef,0
ev1−−→ Y where

τ(x, γ) = (x, τ(γ))

where τ(γ(t)) = γ(1− t) and τ is a homeomorphism.

• Y I ev0−−→ Y since it is EidY .

• PY ev1−−→ Y is a fibration since it is Ef for f : ∗ → Y :

PY //

��

Y I

ev0

��
∗ // Y
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• Pf → X since it is the pull–back

Pf //

p

��

PY

ev1
��

X
f

// Y

• Ef
p−→ X since it is the pull-back

Ef

p

��

// Y I

ev0

��
X

f
// Y

Next time, we will prove the following result.

Proposition 2.6. Let p : E → B be a fibration. Let F be the fiber, i.e., the pull-back

F //

��

E

p

��
∗ // B

Then the natural map φ : F → Pp

Pp

��
F //

φ
??

��

E

��
∗ // B

given by

φ(e) = (e, ∗) ∈ {(e, α) | α(1) = p(e), α(0) = ∗} ⊂ E × PB

is a homotopy equivalence.

We have the following consequences.

Corollary 2.7. Consider Pp → Pf
p−→ X

f−→ Y . The natural map ΩY → Pp is a homotopy

equivalence.

Proof. Indeed, ΩY is the fiber of the fibration Pf
p−→ X. �

Remark 2.8. Suppose that E
p−→ B is a fibration. Let

Pp,b = {(e, α) | α(1) = p(e), α(0) = b} ⊂ E ×BI
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be the homotopy fiber over b ∈ B and Fb = p−1(b) be the fiber over b. Then

Fb ' Pp,b

by the previous results.

If b1 and b2 are in the same path component of B, then it’s simple to check that Pp,b1 ' Pp,b2 .

This implies that for a fibration, the fibers over each point are homotopy equivalent.
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