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1. HomoTory FIBER

Construction. e The mapping space Y! = Map(I,Y) with maps evs : Y = Y, evy(a) =
a(t). If Y is based, the constant map at * is a base point for YL

e Given a point *x — Y, the path space

Py —=Y!
* Y

There is a map PY <2 Y and the constant map is a natural base point.
e The loop space
QY —— PY

* Y



http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
http://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://www.math.uchicago.edu/~may/TEAK/KateBookFinal.pdf
https://www.math.cornell.edu/~hatcher/AT/AT.pdf
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e The mapping path space Ey = {(z,) | f(z) = o(1)}

E; —=Y!

| l

X —Y
!

with base point (x,*) with map Ef 0 Y. Note, we can also form a homeomorphic space
Ero={(z,a)| f(z) = a(0)} with a map Efg =5 Y.
e For a based map f: X — Y, the fiber of over x € Y is F = f~1(x), that is, the pull-back

]

Ty
e The homotopy fiber Py = {(z,a) | f(x) = a(1), a(0) = x}

—_—

PfHPY or PfHEf

pi l i lm

X ——=Y «— >V
f

(also often denoted F'f, Fy, ...). The map p: Pf — X sends (x,«a) to x.

Lemma 1.1. A map f: X — Y is homotopic to the constant map at a point * — Y if and only if
it lifts to PY, that is,
PY

evy

X — -V
/

(If f is a map of based spaces and it is null via a based point preserving homotopy if and only if

there is a based lift to PY.)

Proof. A null-homotopy is equivalent to a map h : X — Y such that
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Consider the following diagram. Since the square is a pull-back,

there must be an extension of f to PY. O

Proposition 1.2. Consider maps W END'¢ i) Y. Then f og is null-homotopic if and only if g
extends to the homotopy fiber of f, that is

w

Pr—— X —Y
/ /

Proof. The following diagram shows that an extension of g to Py is equivalent to an extension of

fogtoto PX, which is equivalent to f o g being null-homotopic.

Remark 1.3. There is an inclusion QY «— Pf:
a— (k).
In fact, there is a pull-back

QY —— Py

| b

* — X
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Further, QY < Py lifts to P,

By

g

QY — = Py

where

ar— ((x,a),%) € P, C Py x PX.

We will show that

e ()Y — P, is a homotopy equivalence.

e For P, LN P, LEN Py LEND ¢ i> Y, the following commutes up to homotopy

—Qf
QX —= QY
P, —— P

p2 p1

p3
Dual to the Barratt—Puppe sequence, we thus get a commutative diagram

—Qi —Qq -Qf

L — = 0%y QP 99,4 QY
l D5 l Pa l P3 l >\ P1 f
P, P, P, P, Py X Y

Proposition 1.4. For f: X — Y a map of pointed spaces, there is a long exact sequence

... — [Z,QPf]y, — [Z,0X], — [Z, ], — [Z,Pf|x — [Z, X« — [Z,Y ],

Corollary 1.5. There is a long exact sequence on homotopy groups

w1 Py mX —— mY —— 7w Py ToX oY

Remark 1.6. We will also show that if X — Y is a special kind of map called a fibration, then
F — Py is a homotopy equivalence, so that, for fibrations, we get a long exact sequence as above

with Py replaced by F'
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2. FIBRATIONS

Definition 2.1. A map p: ¥ — B has thehomotopy lifting property with respect to C if, for every

A in C and every diagram

A E
H 7

ZO\L . ip

AXI.HB

there is a map h : A — ET making the diagram commute.

Definition 2.2. If C = Top, a map p : F — B which has the HLP with respect to C is called a
fibration or Hurewicz fibration. If C = {I"} = {D"}, or equivalently, CWTop, then p is a called a

Serre fibration.

Proposition 2.3. Let
po = {(e;7) [7(0) = p(e)} C E x B,

\L evg
B

i.e., the pull-back
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Amap EL Bisa fibration if and only if there is a map s : E,o — ET making the following

diagram commute:

A

Bl —- B

evg

the universal property of the pull-back gives a map Y i> Epo. Then p = so f has the desired
properties. ]
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