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1. Barratt-Puppe sequence

We now have a diagram which commutes up to homotopy

X // Y
i1 // Cf

i2 //

π   

Ci1

q1

��

i3 // Ci2

q2

��

i4 // Ci3

q3

��

i5 // Ci4

q4
��

i6 // Ci5

q5
��

// . . .

ΣX
−Σf

// ΣY
−Σi1 // ΣCf

−Σπ // Σ2X
Σ2f
// Σ2Y // . . .

and in which every three term sequence is a cofiber sequence up to homotopy equivalence.

Exercise 1.1. There are homeomorphism ΣCf ∼= CΣf
∼= C−Σf .

Theorem 1.2. Let Z be a based topological space. There is a long exact sequence

. . . // [ΣCf , Z]∗ // [ΣY,Z]∗ // [ΣX,Z]∗ // [Cf , Z]∗ // [Y,Z]∗ // [X,Z]∗

Proof. Recall that A
p−→ B

q−→ C is null if and only if the following extension problem has a solution

A
p
// B

g

��

i // Cp

~~
C
1

http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
http://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://www.math.uchicago.edu/~may/TEAK/KateBookFinal.pdf
https://www.math.cornell.edu/~hatcher/AT/AT.pdf
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This is equivalent to saying that

[Cp, C]
i∗−→ [B,C]

p∗−→ [A,C]

is exact.

Since every three term sequence of

X
f
// Y

i // Cf
π // ΣX

−Σf
// ΣY

−Σi // ΣCf
−Σπ // Σ2X

Σ2f
// ΣY // . . .

is a cofiber sequence up to homotopy equivalences, the claim follows. �

Remark 1.3. If X → Y is a cofibration, then Cf ' Y/X and we get a long exact sequence

. . . // [Σ(Y/X), Z]∗ // [ΣY,Z]∗ // [ΣX,Z]∗ // [Y/X,Z]∗ // [Y, Z]∗ // [X,Z]∗

Remark 1.4. • An important example of a cofibration is A ⊂ X where X a CW-complex

and A is a subcomplex.

• Let E be a space. The functor [−, E]∗ : Topop∗ → Sets turn cofiber sequences X → Y → Cf

into long exact sequences.

2. Neighborhood Deformation Retracts

Definition 2.1 (Neighborhood Deformation Retracts). A pair (X,A) where A is a subspace of X

is an Neighborhood Deformation Retracts (NDR)-pair if there is a homotopy H : X × I → X and

a function ϕ : X → I such that

• A = ϕ−1(0)

• H|X×{0} = idX

• H(a, t) = a for all a ∈ A, t ∈ I
• H(x, 1) ∈ A if ϕ(x) < 1.

If ϕ(x) < 1 for all x ∈ X, then (X,A) is a Deformation Retracts (DR)-pair.

Theorem 2.2. For a closed subspace A of X, the inclusion i : A→ X is a cofibration if and only

if (X,A) is an NDR pair.

Proof. If A
i−→ X is a cofibration, then there is a retraction

X × I r−→ X × {0} ∪A× I ⊂ X × I.

Define,

ϕ(x) = sup
t∈I
|t− pI(r(x, t))| H(x, t) = pX(r(x, t)).
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• If ϕ(x) = 0, then t = pI(r(x, t)) for all t. Hence, r(x, t) ∈ A × I for all t > 0. But A is

closed in X, so A × I is closed in X × I. Hence, r(x, 0) ∈ A × I. But r(x, 0) = (x, 0) so

x ∈ A.

• H(x, 0) = pX(r(x, 0)) = pX(x, 0) = x

• H(a, t) = pX(r(a, t)) = pX(a, t) = a

• If H(x, 1) 6∈ A, then pX(r(x, 1)) 6∈ A, so r(x, 1) ∈ X × {0}. Therefore, pI(r(x, 1)) = 0 and

1 ≥ φ(x) = sup
t∈I
|t− pI(r(x, t))| ≥ |1− pI(r(x, 1))| = 1.

Hence, φ(x) = 1. Therefore, if φ(x) < 1, then H(x, 1) ∈ A.

Now suppose that (X,A) is an NDR–pair. Let r : X × I → X × {0} ∪A× I be given by

r(x, t) =

(H(x, 1), t− ϕ(x)) t ≥ ϕ(x)

(H(x, t/ϕ(x)), 0) t ≤ ϕ(x).

�

3. Homotopy Fiber

Construction. • The mapping space Y I = Map(I, Y ) with maps evt : Y I → Y , evt(α) =

α(t). If Y is based, the constant map at ∗ is a base point for Y I .

• Given a point ∗ → Y , the path space

PY //

��

Y I

ev0
��

∗ // Y

There is a map PY
ev1−−→ Y and the constant map is a natural base point.

• The loop space

ΩY //

��

PY

ev1
��

∗ // Y
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