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More Concise Algebraic Topology, J. Peter May and Kate Ponto
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1. BARRATT-PUPPE SEQUENCE

We now have a diagram which commutes up to homotopy

i1 i2 i3 14 i5 i6

X Y Cy Ci, Ci, Ci, Ciy Cis
\11 l q2 l q3 l q4 \L q5 i
™
-xf —%i -5 22 f
SX —> BY —> ¢ 2 X 22y

and in which every three term sequence is a cofiber sequence up to homotopy equivalence.

Exercise 1.1. There are homeomorphism XCy = Cxy = C_yy.

Theorem 1.2. Let Z be a based topological space. There is a long exact sequence

. — [0y, 2], — XY, 2], — X, 7], — [C}, Z) — Y, 2], — [X, Z].
Proof. Recall that A L B Cisnull if and only if the following extension problem has a solution
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http://link.springer.com.colorado.idm.oclc.org/book/10.1007/b97586
http://www.math.uchicago.edu/~may/CONCISE/ConciseRevised.pdf
http://www.math.uchicago.edu/~may/TEAK/KateBookFinal.pdf
https://www.math.cornell.edu/~hatcher/AT/AT.pdf
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This is equivalent to saying that
[Cp, C] 5 [B,C] 5 [A,C

is exact.

Since every three term sequence of

f ' -=f —%i =5 $2f
X Y >y > uX SY —> £Cp —> 22X Sy
is a cofiber sequence up to homotopy equivalences, the claim follows. ]

Remark 1.3. If X — Y is a cofibration, then Cy ~ Y/X and we get a long exact sequence
= [B(Y/X), 2]y — [V, Z], — [EX, Z], — [V/X, Z], —= [V, Z], — [X, Z].

Remark 1.4. e An important example of a cofibration is A C X where X a CW-complex
and A is a subcomplex.
e Let E be a space. The functor [—, E], : Top?¥ — Sets turn cofiber sequences X — Y — Cf

into long exact sequences.

2. NEIGHBORHOOD DEFORMATION RETRACTS

Definition 2.1 (Neighborhood Deformation Retracts). A pair (X, A) where A is a subspace of X
is an Neighborhood Deformation Retracts (NDR)-pair if there is a homotopy H : X x I — X and
a function ¢ : X — I such that

o A=¢71(0)

o Hl|xyoy =idx

e H(a,t) =aforallac A, tel

o H(z,1) € Aif p(x) < 1.
If p(z) <1 for all z € X, then (X, A) is a Deformation Retracts (DR)-pair.

Theorem 2.2. For a closed subspace A of X, the inclusion i : A — X is a cofibration if and only
if (X, A) is an NDR pair.

Proof. If A L Xisa cofibration, then there is a retraction
XxI5HXx{0uAxTIcXxI.

Define,

p(r) = Stlel?‘t —pr(r(z,t))] H(z,t) = px(r(z,t)).
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If o(x) = 0, then ¢t = py(r(x,t)) for all t. Hence, r(z,t) € A x I for all t > 0. But A is
closed in X, so A x I is closed in X x I. Hence, r(z,0) € A x I. But r(z,0) = (z,0) so
x € A

H(z,0) = px(r(z,0)) = px(z,0) =z

H(a,t) = px(r(a,t)) = px(a,t) = a

If H(z,1) € A, then px(r(z,1)) € A, so r(z,1) € X x {0}. Therefore, pr(r(z,1)) =0 and

1> ¢(x) = Sup it —pr(r(z,t)] > [1 = pr(r(z, 1)) = 1.

Hence, ¢(z) = 1. Therefore, if ¢p(x) < 1, then H(z,1) € A.
Now suppose that (X, A) is an NDR-pair. Let r: X x I — X x {0} U A x I be given by

(H(x7 1)7t - (p(l‘)) t > g0($)

r(x,t) =
(H(z,t/o(x)),0) ¢ < p(z)
]
3. Homoropry FIBER
Construction. e The mapping space Y/ = Map(I,Y) with maps ev; : Y1 = Y, evs(a) =

a(t). If Y is based, the constant map at * is a base point for Y.

e Given a point *x — Y, the path space

Py —s=Y!
* Y

There is a map PY <2 Y and the constant map is a natural base point.
e The loop space
QY —— PY

* Y




	1. Barratt-Puppe sequence
	2. Neighborhood Deformation Retracts
	3. Homotopy Fiber

