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So far in the mathematical physics seminar, we have encountered several axiomatic sys-

tems of quantum field theory. These include the Wightman axioms, which treat the fields

as operator-valued distributions, and the Osterwalder-Schrader axioms, which describe the

correlation functions of a theory in Euclidean spacetime. In these notes we will introduce a

third system of axioms, due to Haag and Kastler, which take algebras of observables as the

fundamental objects of the theory, rather than a Hilbert space of states or a set of fields.

Why should we bother with yet another set of axioms, especially when it faces the same

challenges as the first two when it comes to interacting theories in four spacetime dimensions?

One reason is that it is simpler. In fact, the Haag-Kastler axioms make no reference to fields,

distributions, or even unbounded operators, circumventing many of the difficult technicalities

of the previous axiomatizations. A more physical reason is that the algebraic approach very

nicely describes the superselection structure of a quantum system. When the Haag-Kastler

axioms are applied to this algebraic superselection theory, one obtains a description of particle

spin statistics. In particular, the Haag-Kastler axioms can handle the braiding statistics

of “anyons” that arise in two spacetime dimensions; this is impossible in the Wightman

formalism where Bose and Fermi statistics are built into the axioms. Finally, the Haag-

Kastler axioms lend themselves to generalization to arbitrary curved spacetimes. In these

notes we will limit ourselves to a discussion of the axioms, followed by an exposition of

superselection theory in algebraic quantum mechanics, without getting into spin statistics

or curved spacetimes. Perhaps there can be a sequel to these notes to cover those topics.

The material in these notes draw on several references and are, of course, entirely uno-

riginal. First and foremost there is the classic text by Haag [1], which one may refer to for

further details and the extension to spin statistics. For immediate readability and minimal

prerequisites, however, I recommend [2, 3, 4]. In particular, the book [2] by Naaijkens con-

tains a chapter on algebraic quantum mechanics and applies the superselection theory to the

example of the toric code. For the generalization of the axioms to curved spacetime, see [5].

Statement of the Axioms.

Let M be Minkowski space in any number of spacetime dimensions.

1. Algebras of Local Observables. To each bounded open set O ⊂ M we assign a

unital C∗-algebra

O 7→ A(O).∗ (1)

∗That’s a fraktur capital A, by the way.
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Physically, the self-adjoint elements of A(O) are the observables that are localized in O,

i.e., the observables that contain information about the physical properties contained

in O. This is called a net of local observables because the collection of bounded open

subset O ⊂M forms a directed set.

2. Isotony. If O1 ⊂ O2, then A(O1) is a unital (meaning they share the same unit)

C∗-subalgebra of A(O2):

A(O1) ⊂ A(O2). (2)

This axiom makes perfect sense in light of the interpretation of A(O). An observable

localized in O1 is also localized in O2 if O1 ⊂ O2.

This axiom allows one to form the algebra of all local observables

Aloc =
⋃
O⊂M

A(O). (3)

This is a well-defined algebra because given any O1,O2 ⊂ M , both A(O1) and A(O2)

are subalgebras of A(O1∪O2). From there one can take the norm completion to obtain

A = Aloc, (4)

called the algebra of quasi-local observables. This gives a C∗-algebra in which all

the local observable C∗-algebras are embedded.

3. Poincaré Covariance. For each Poincaré transformation g ∈ P↑+, there is a C∗-

isomorphism αg : A→ A such that

αgA(O) = A(gO) (5)

for all bounded open O ⊂ M . For fixed A ∈ A, the map g 7→ αg(A) is required to be

continuous.

4. Causality. If O1 and O2 are spacelike separated, then all elements of A(O1) commute

with all elements of A(O2). Concisely,

[A(O1),A(O2)] = 0. (6)

This is not intended to be a statement about particle statistics, but rather a statement

about the causal structure of spacetime. Most of the fields for which the commutation

relations are an indicator of spin statistics are in fact unobservable, and so lie outside A.

We shall see later on that the Haag-Kastler axioms can indeed account for non-bosonic

commutation relations.

5. Time Evolution. This axiom expresses the solvability of initial-value problems of

evolving observables forward or backward in time given their data in a region O. To

formulate it, we need first need some background concepts of Minkowski space.
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If O ⊂ M , we say x belongs to the future causal shadow of O if every past-

directed timelike or lightlike trajectory beginning at x intersects O. Essentially, O
separates the past lightcone of x. Likewise, we say x belongs to the past causal

shadow of O if every future-directed timelike or lightlike trajectory beginning at x

intersects O. The causal completion or causal envelope Ô of O is the union of

its future and past directed causal shadows. For example, the causal completion of a

disk at constant time t = t0 is a “diamond” or “double cone” with lightlike edges. The

causal completion of a double cone is the double cone itself. The causal completion of

a constant time hyperplane is all of M .

This definition of the causal completion Ô can be reformulated in terms of “causal

complements,” which are computationally easier to deal with. If O ⊂ M , we define

the causal complement O′ of O to be the set of all points with are spacelike to all

points in O. Then O′′ = Ô is the causal completion of O.

One expects the observables localized to Ô to be completely determined by the

observables localized to O, carrying the same information. Thus, we postulate

A(Ô) = A(O). (7)

6. Vacuum State & Positive Spectrum. There exists a faithful irreducible represen-

tation π0 : A → B(H ) with a unique (up to a factor) vector Ω ∈ H such that Ω

is cyclic and Poincaré invariant, and such that unitary representation of translations,

given by

U(x)π0(A)Ω = π(αx(A))Ω, (8)

where A ∈ A and αx is the C∗-isomorphism from Axiom 3 associated with translation

by x ∈M , has Hermitian generators P µ whose joint spectrum lies in the forward light

cone. The last phrase is the most physically important here; it simply states that we

have energy-momentum operators whose spectrum satisfies

E2 −P2 ≥ 0,

or in other words, that everything has energy E ≥ 0 and nothing can move faster than

the speed of light. The vector Ω is the vacuum state.

This axiom does not appear to be purely algebraic; we have had to introduce a

Hilbert space H . In fact, we can rewrite the axiom in a completely algebraic but less

transparent way as follows. We postulate that there exists a vacuum state ω0 on the

C∗-algebra (i.e., a normalized, positive, bounded linear functional) such that

ω0(Q
∗Q) = 0 (9)

for all Q ∈ A of the form

Q(f, A) =

∫
f(x)αx(A) d4x (10)
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where A ∈ A and f(x) is a smooth function whose Fourier transform has bounded

support disjoint from the forward light-cone centered at the origin in M . The rep-

resentation π0 and vector Ω from the original formulation are then obtained via the

Gelfand-Naimark-Segal construction. Of course, one has to make sense of the right

hand side of (10) (it is a Bochner integral for those, unlike myself, who know what

that means) and one has to show that these formulations are equivalent. We will not

go into these details here.

Superselection Sectors

One attractive feature of the algebraic framework is that superselection sectors have a nat-

ural description. Physically, superselection sectors are equivalence classes of states, with

each equivalence class corresponding to a conserved quantum “charge,” for example, electric

charge, total spin, baryon number, etc. One expects a state in one sector to have vanishing

transition amplitude to a state in another sector. Moreover, a state in one sector will never

evolve into a state in another superselection sector through any local operation. Furthermore,

states with different superselection charges cannot be quantum mechanically superposed, or

rather, a superposition of such states would yield a mixed state, i.e. a statistical superpo-

sition, rather than a pure state. All of these concepts are captured nicely in the algebraic

framework, as we shall soon see.

We note that although we will only use a small piece of the Haag-Kastler axioms—the

existence of a C∗-algebra of observables A—to define the superselection structure, application

of these definitions to study particle statistics in a quantum field theory requires the full force

of the Haag-Kastler axioms.† This lies just outside the scope of these notes.

Let us collect the definitions we need to understand superselection sectors algebraically.

Definitions. Recall from Markus’s and Robin’s talks that a state on a C∗-algebra A with

unit I is a bounded linear functional ω : A→ C which is positive,

ω(A∗A) ≥ 0 for all A ∈ A, (11)

and normalized,

ω(I) = 1. (12)

We interpret ω(A), A ∈ A, as the expectation value of A in the state ω.

The set of all states is denoted S(A), and is a convex subset of all bounded linear

functionals on A. We say a state ω is pure state if it cannot be written as a convex

combination of two distinct states, i.e., ω is pure if

ω = tω1 + (1− t)ω2, t ∈ (0, 1) (13)

†Plus a little extra actually. Axiom 5 needs to be strengthened slightly to a condition called “Haag

duality.”
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implies ω = ω1 = ω2. The set of all pure states is denoted PS(A). If ω ∈ S(A) is not pure,

we say ω is a mixed state. The transition probability between two pure states ω1 and ω2

is defined by

P (ω1, ω2) = 1− 1

4
‖ω1 − ω2‖2. (14)

These definitions connect to the usual notions of a state in elementary quantum mechanics

when we have a representation π : A → B(H ), for example as obtained in the Gelfand-

Naimark-Segal construction. We assume that the representation is nondegenerate, i.e.

π(A)H is dense in H , which implies that π(I) = I. In that case, given any unit vector

ψ ∈H , we have have a state

ωψ(A) = 〈ψ, π(A)ψ〉 . (15)

States of this form are called vector states. One can show that the transition probability

between vector states defined in the algebraic sense agrees with the square modulus of the

inner product. If π is irreducible, then every vector state is a pure state, and the transition

probability agrees with the square modulus of the inner product, as expected. To include

the mixed states, we may consider states of the form

ω(A) = Tr(ρπ(A)), (16)

where ρ is a density operator on H .

Finally, we consider the superposition principle. If we have a representation π and two

vector states given by linearly independent vectors ψ1, ψ2 ∈H , then the traditional quantum

mechanics procedure to superpose the two states is to take a linear combination

ψ =
αψ1 + βψ2

‖αψ1 + βψ2‖
, α, β 6= 0 (17)

and consider the vector state defined by π and ψ as in (15). But the resulting state may not

be pure even if ψ1 and ψ2 define pure states! As remarked above, the representation must

not be irreducible for this to happen. We say two (algebraic) pure states ω1, ω2 ∈ PS(A)

are superposable if for every representation π in which ω1 and ω2 can both be realized as

vector states, any linear combination as in (17) gives rise to a pure state.

Theorems. Let us now collect the results which elucidate the superselection structure of

A. We omit the proofs, referring the reader to our references.

• There exists a unique finest partition of the space of pure states into mutually orthogo-

nal subsets PS(A) =
⋃
α∈I Cα. By “finest” we mean that each Cα cannot be written as

a disjoint union of mutually orthogonal subsets. The Cα are called the superselection

sectors of PS(A).

• If ω is a state, then ω is pure if and only if its GNS-representation πω is irreducible.
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• If π is an irreducible representation of A, then the vector states defined by π coincide

with a sector of PS(A). Combined with the preceding bullet point, this says that every

sector corresponds to the vector states of some irreducible representation.

• Two pure states ω1 and ω2 are superposable if and only if they belong to the same

sector.

• Two pure states ω1 and ω2 are not superposable if and only if their GNS-representations

πω1 and πω2 are not unitarily equivalent.

To summarize, the superselection sectors are in one-to-one correspondence with the

classes of unitarily equivalent irreducible representations of A. This translates the physi-

cal problem of describing the superselection rules of a theory into the algebraic problem of

classifying the irreducible representations of a C∗-algebra. Nice!

Often, one is not actually interested in all the irreducible representations. For example,

one may only be interested in physical systems which look like the vacuum outside some

given region of spacetime. This is the basis of the Doplicher-Haag-Roberts criterion: we

consider only representations satisfying

π|A(O′)
∼= π0|A(O′), (18)

for some bounded open O ⊂ M , where ∼= indicates unitary equivalence, π0 is the vacuum

representation, O′ is the causal complement of O, and A(O′) is the C∗-algebra generated by

the C∗-algebras A(U) where U ⊂ O′ is a bounded open set. The DHR criterion provides the

jumping-off point for the analysis of spin statistics in [1].
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