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1 Introduction

Rigged Hilbert spaces, introduced by Gelfand and Vilenkin in 1964 [1], provide the setting for a

powerful spectral theory of unitary and self-adjoint operators. Although a matter of opinion, one

could argue that the theory is more elegant, and the theorems more natural, than the spectral

theory of operators on ordinary Hilbert space. Moreover, the abstract beauty is complemented

by practical applicability: the spectral theory of operators on rigged Hilbert spaces resembles and

mathematically justifies many of the techniques used by physicists in quantum mechanics, including

Dirac’s bra-ket formalism. Given these advantages and its 55 year old lifetime, I find it somewhat

surprising that rigged Hilbert spaces are not more prevalent in today’s mathematical and physical

literature. It seems likely that this is due to the high degree of background knowledge required,

the existence of an already satisfactory spectral theory of operators on Hilbert space, and a lack of

interest in the physics community.

This paper seeks to mitigate the first of those issues (at least for the author). We focus on the

mathematical background required to understand just what is a rigged Hilbert space and how the

spectral theory of its operators is so special. We prove only a few spectral theory results whose

background can reasonably be developed over the course of this paper, and cite further results with

references to the literature. Our exposition closely follows [1], although [2] is helpful for examples

and the connection to quantum mechanics.

2 The Structure of Rigged Hilbert Space

In this section we build up to a definition of rigged Hilbert space with countably Hilbert spaces

and nuclear spaces acting as building blocks. Along the way, we develop some of the important

structural features of these spaces.

2.1 Countably Hilbert Space

Definition 2.1. Let Φ be a vector space on which are defined two inner products. We say the

inner products are compatible if every sequence in Φ which is Cauchy with respect to both inner

products and converges to φ ∈ Φ with respect to one inner product also converges to φ with respect

to the other inner product.

It is easy to verify that it suffices to check the above condition only for sequences which converge

to zero.

Definition 2.2. A Frechét space Φ is a countably Hilbert space if its topology can be induced

by a countable system of pairwise compatible inner products.
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If {⟨· , ·⟩n} is a countable system of inner products on a topological vector space X, we may

define an alternative system of scalar products on Φ by

⟨φ,ψ⟩′n =

n∑
k=1

⟨φ,ψ⟩k . (1)

The advantage of this system is that the induced norms ∥·∥′n clearly satisfy

∥φ∥′1 ≤ ∥φ∥′2 ≤ ∥φ∥′3 ≤ · · · (2)

for all φ ∈ Φ. Furthermore, it is not too difficult to see that continuity of the systems {⟨· , ·⟩n}
and

{
⟨· , ·⟩′n

}
are equivalent (hence, the induced locally convex topologies are the same), and that

pairwise compatibility of {⟨· , ·⟩n} implies pairwise compatibility of
{
⟨· , ·⟩′n

}
. Thus, we may, and

always will, assume without loss of generality that the inner products on a countably Hilbert space

X satisfy (2).

We will always notate Φn as the completion of Φ with respect to the nth inner product.

Let us now elucidate the role of compatibility of the inner products, since this is a new concept.

Fix natural numbers m and n with m ≤ n. The map

Φn ⊃ Φ ∋ φ 7−→ φ ∈ Φ ⊂ Φm (3)

is continuous since ∥φ∥m ≤ ∥φ∥n. Since Φ is dense in Φn, this map extends to a continuous linear

map Tn
m : Φn → Φm of norm one. Using compatibility we can show that Tn

m is in fact injective.

Suppose ψ ∈ ker(Tn
m) and let (φk) be a sequence in Φ approaching ψ. By continuity of Tn

m, we have

∥φk∥m → 0. Thus, (φk) is Cauchy with respect to both norms and converges to zero in the mth

norm. Compatibility implies that (φk) converges to zero in the nth norm as well, i.e. ψ = 0, so Tn
m

is injective. This shows that we have a decreasing chain

Φ ⊂ · · · ⊂ Φn ⊂ · · · ⊂ Φ2 ⊂ Φ1, (4)

where inclusion is in the sense of the imbedding Tn
m.

We remark that, on the other hand, we have an increasing chain of dual spaces

Φ∗
1 ⊂ Φ∗

2 ⊂ · · · ⊂ Φ∗
n ⊂ · · · ⊂ Φ∗ (5)

in the following sense. If m ≤ n and f ∈ Φ∗
m, then

|f(φ)| ≤ ∥f∥m∥φ∥m ≤ ∥f∥m∥φ∥n, (6)

for all φ ∈ Φ, where ∥f∥m is the supremum norm on Φ∗
m. Thus, we see that f , when restricted to

Φ, is continuous with respect to the topology induced by the nth inner product. Since Φ is dense in

Φn, f extends uniquely to an element of Φ∗
n. This mapping Φ∗

m → Φ∗
n is clearly linear and injective,

and (6) shows that ∥f∥n ≤ ∥f∥m, so that the mapping is continuous as well.

Since each Φn is Hilbert spaces, there exist antilinear bijective isometries between the spaces Φn

and their duals. When these antilinear isometries are composed with the imbedding of Φ∗
m ⊂ Φ∗

n

for m ≤ n, we get a linear imbedding Φm in Φn. Thus we may imbed Φn in Φm or vice versa (but

I do not think the Hilbert spaces are necessarily isomorphic).

Finally, the inclusion Φ∗
n ⊂ Φ∗ in (6) can be explained with the following proposition.
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Proposition 2.3. Let (Φ, {pn}n∈N) be a locally convex space with a countable system of seminorms

such that.

p1(φ) ≤ p2(φ) ≤ · · · (7)

for all φ ∈ Φ. Then f ∈ Φ∗ if and only if there exists an n ∈ N and an M ≥ 0 such that

|f(φ)| ≤Mpn(φ). (8)

Hence, since (8) holds for f ∈ Φ∗
n with ∥φ∥n in place of pn(φ), we have see that the restriction

of f to Φ is in Φ∗.

Proof. If f satisfies (8), then f is continuous since shrinking the image of the neighborhood

{φ : pn(φ) < δ} is contained in the ball of radius Mδ centered on zero.

On the other hand, if f is continuous, then by definition of the topology on Φ and the fact that

the seminorms are increasing, there exists an n ∈ N and δ > 0 such that

f({φ : pn(φ) < δ}) ⊂ {x : |x| < 1} (9)

Then for any φ ∈ Φ with pn(φ) ̸= 0, we have

|f(φ)| = 2pn(φ)

δ

∣∣∣∣f( δφ

2pn(φ)

)∣∣∣∣ < 2

δ
pn(φ). (10)

Setting M = 2/δ yields the desired result. If pn(φ) = 0, then |f(αφ)| < 1 for all scalars α, which

implies that f(φ) = 0, so |f(φ)| ≤Mpn(φ) still holds. ■

Finally, our running example throughout this paper will be Schwartz space.

Example 2.4. Consider Schwartz space S(R). We are familiar with the topology endowed on S(R)
by the norms

∥f∥n = max
0≤j,k≤n

sup
x∈R

∣∣∣xjf (k)(x)∣∣∣ (11)

The same topology can also be endowed by the system of compatible inner products

⟨φ,ψ⟩n =
∑

0≤k≤n

∫ ∞

−∞
(1 + x2)2kφ(k)(x)ψ(k)(x) dx . (12)

We omit the proof.

2.2 Nuclear Spaces

Definition 2.5. A countably Hilbert space Φ is nuclear if for every m ∈ N, there exists n ≥ m

such that the mapping Tn
m : Φn → Φm described above has the form

Tn
m(φ) =

∞∑
k=1

λk ⟨φ,φk⟩ψk =

∞∑
k=1

λkFk(φ)ψk, (13)
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where {φk} ⊂ Φn, {ψk} ⊂ Φm, and {Fk} ⊂ Φ∗
n are orthonormal bases and the λk are positive

numbers such that
∞∑
k=1

λk <∞. (14)

In this case, we call Tn
m a trace-class or nuclear operator, with the trace defined as the above

sum.

Nuclear spaces possess many nice properties, stemming from the fact that they satisfy the

Heine-Borel property [1]. These include the facts that every nuclear space is separable and that

the strong and weak topologies coincide on Φ [3]. One can show that Schwartz space is nuclear,

although we will again omit the proof.

2.3 Rigged Hilbert Space

Finally, we are ready to define rigged Hilbert space.

Definition 2.6. A rigged Hilbert space Φ is a nuclear countably Hilbert space equipped with

yet another inner product ⟨· , ·⟩ which is continuous in both variables.

Our exposition may make it seem as though we are handed an unfeasible number of inner

products, but in practice, the rigged Hilbert space Φ is usually constructed from a single inner

product. For example, if A is a self-adjoint positive operator, then from a single scalar product

⟨· , ·⟩ we may define a countable collection by

⟨φ,ψ⟩n =
n∑

k=1

⟨
φ,Akψ

⟩
. (15)

Of course, we can also generate a rigged Hilbert space structure on Schwartz space with the

additional inner product

⟨φ,ψ⟩ =
∫ ∞

−∞
φ(x)ψ(x) dx . (16)

A rigged Hilbert space is often written as

Φ ⊂ H ⊂ Φ∗, (17)

where H is the completion of Φ with respect to the inner product ⟨· , ·⟩. The inclusion Φ ⊂ H

arises from the natural imbedding T : Φ → H of a pre-Hilbert space with its completion, while the

inclusion H ⊂ Φ∗ arises from the adjoint T ∗ : H∗ → Φ∗ and the identification of a Hilbert space

with its dual. Writing a rigged Hilbert space as (17) emphasizes the crucial role played by each of

these spaces.

Theorem 2.7. Let Φ ⊂ H ⊂ Φ∗ be a rigged Hilbert space, and let T : Φ → H be the natural

imbedding. There exists n ∈ N such that T takes the form

T (φ) =
∞∑
k=1

λkFk(φ)hk (18)
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where {hk} ⊂ H is an orthonormal basis, {Fk} ⊂ Φ∗
n is an orthonormal basis in the sense of the

identification of Φn and Φ∗
n, and the λk are positive numbers such that

∞∑
k=1

λk <∞. (19)

The proof would require a considerably more detailed exposition of nuclear spaces and operators.

We therefore omit the proof and refer the reader to [1], but the similarity to (13) should make the

result believable. This is the key theorem we will use to launch the development of the spectral

theory of operators on rigged Hilbert space.

3 Spectral Theory on Rigged Hilbert Space

We are now in a position to prove a few theorems that demonstrate the beauty of rigged Hilbert

space. While our end goal is spectral theory, the following theorem is remarkable in its own right,

and serves as a lemma to our spectral theorems.

Theorem 3.1. Let Φ ⊂ H ⊂ Φ∗ be a rigged Hilbert space and let H → L2(µ), φ 7→ φ(x) be an

isometric isomorphism of H with the L2 function space of a measure space (X,µ). To each x ∈ X

there exists a linear functional Fx ∈ Φ∗ such that for every φ ∈ Φ,

φ(x) = Fx(φ) (20)

for almost every x ∈ X.

This theorem realizes evaluation at a point as a linear functional on Φ. Since elements of L2(µ)

are only defined up to a set of measure zero, evaluation at a point does not even make sense as a

functional if all we consider is the ordinary Hilbert space.

The proof of this theorem requires the following lemma.

Lemma 3.2. If {hk(x)} ⊂ L2(µ) is an orthonormal system and {λk} are nonnegative numbers

such that
∑∞

k=1 λk <∞, then
∞∑
k=1

λk|hk(x)| (21)

converges almost everywhere.

Proof. By the Hölder’s inequality,( ∞∑
k=1

λk|hk(x)|

)2

≤

( ∞∑
k=1

λk

)( ∞∑
k=1

λk|hk(x)|2
)
. (22)

It therefore suffices to prove convergence of the rightmost sum above. By the monotone convergence

theorem, ∫ ∞∑
k=1

λk|hk(x)|2 =
∞∑
k=1

λk

∫
|hk(x)|2 dx =

∞∑
k=1

λk <∞, (23)

which implies that
∑∞

k=1 λk|hk(x)|
2 converges almost everywhere, as desired. □
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Proof of Theorem 3.1. By Theorem 2.7, there exist orthonormal bases {hk} ⊂ H and {Fk} ⊂ Φ∗
n

for some n, and λk ≥ 0 whose sum converges such that

T (φ) =

∞∑
k=1

λkFk(φ)hk. (24)

for all φ ∈ Φ. Mapping hk ∈ H to an element hk(x) ∈ L2(µ), we claim that

Fx =
∞∑
k=1

λkhk(x)Fk (25)

converges in Φ∗
n for almost every x. To prove this, we simply observe that for any M,N ∈ N with

M ≤ N ∥∥∥∥∥
N∑

k=M

λkhk(x)Fk

∥∥∥∥∥ ≤
N∑

k=M

λk|hk(x)|, (26)

where we have used the fact that ∥Fk∥ = 1. Applying Lemma 3.2 proves that the sequence of partial

sums of (25) is Cauchy for almost every x ∈ X, and completeness of Φ∗
n implies convergence. If

the series does not converge, we set Fx = 0. Recall that Φ∗
n ⊂ Φ∗, so we may think of the Fx as

elements of Φ∗.

Having defined our linear functionals Fx, we now fix φ ∈ Φ and show that Fx(φ) = φ(x) for

almost every x. First, we observe that (24) implies that

φ(x) =
∞∑
k=1

λkFk(φ)hk(x) (27)

where the sum converges in the sense of the L2 norm (not in the sense of pointwise convergence).

Next, we observe that since the evaluation functional φ̂ ∈ Φ∗∗ is continuous,

Fx(φ) = φ̂(Fx) =

∞∑
k=1

φ̂(λkhk(x)Fk) =

∞∑
k=1

λkhk(x)Fk(φ) (28)

for almost every x. Hence, the series
∑∞

k=1 λkhk(x)Fk(φ) does in fact converge pointwise almost

everywhere to Fx(φ), which also implies that Fx(φ) is a measurable function of x. Furthermore,∣∣∣∣∣Fx(φ)−
N∑
k=1

λkhk(x)Fk(φ)

∣∣∣∣∣
2

≤ ∥φ∥2
∥∥∥∥∥Fx −

N∑
k=1

λkhk(x)Fk

∥∥∥∥∥
2

(29)

= ∥φ∥2
∥∥∥∥∥

∞∑
k=N+1

λkhk(x)Fk

∥∥∥∥∥
2

(30)

≤ ∥φ∥2
( ∞∑

k=N+1

λk|hk(x)|

)2

(31)

≤ ∥φ∥2
( ∞∑

k=1

λk|hk(x)|

)2

(32)
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It is demonstrated in Lemma 3.2 that the function in the last line is integrable. Therefore, by

Lebesgue’s dominated convergence theorem, we see that

N∑
k=1

λkhk(x)Fk(φ) → Fx(φ)

in the L2 norm. Since this series converges to both Fx(φ) and φ(x) in the L2 norm, we conclude

that Fx(φ) = φ(x) almost everywhere, as desired. ■

Finally, we arrive at the spectral theory. As in the spectral theory of ordinary Hilbert spaces,

it is still generally impossible to find orthonormal bases of eigenvectors for normal operators on Φ.

However, by generalizing our notion of eigenvector in a way that is natural on rigged Hilbert space,

we do obtain complete systems of eigenvectors.

Definition 3.3. Let A be a linear operator on a locally convex topological vector space Φ. A linear

functional F ∈ Φ∗ is a generalized eigenvector of A if there exists a scalar λ such that

F (Aφ) = λF (φ)

for all φ ∈ Φ. We call λ the eigenvalue of the eigenvector F . In other words, a generalized

eigenvector of A is an eigenvector of the adjoint A∗ : Φ∗ → Φ∗!

We say the set of all generalized eigenvectors {Fα}α∈A of A is complete if Fα(φ) = 0 for all

α ∈ A implies φ = 0.

Spectral theorems in rigged Hilbert space guarantee the existence of complete systems of gen-

eralized eigenvectors for unitary and self-adjoint operators on Φ. We will prove one such theorem

and merely state a few others, as their proofs would require a much longer exposition.

Definition 3.4. Let Φ be an inner product space. A unitary operator U : Φ → Φ is cyclic if there

exists a vector φ ∈ Φ such that the span of the vectors Unf for n ∈ Z is dense in Φ.

Since unitary operator are continuous, if Φ ⊂ H ⊂ Φ∗ is a rigged Hilbert space then a unitary

operator U : Φ → Φ can be extended to a unitary operator U : H → H, which we denote by the

same letter by abuse of notation. If the original operator is cyclic, it follows immediately that the

extended operator is cyclic as well.

Our spectral theorem in rigged Hilbert space builds on the following theorem of ordinary Hilbert

spaces.

Theorem 3.5. Let H be a Hilbert space and let U : H → H be a cyclic unitary operator. There

exists an isometric isomorphism H → L2(µ), h 7→ h(x), where µ is a positive measure on the unit

circle S1, such that

(Uh)(x) = xh(x) (33)

for all h ∈ H and almost every x ∈ S1.

We will omit the proof.

Theorem 3.6. If U : Φ → Φ be a cyclic unitary operator on a rigged Hilbert space Φ ⊂ H ⊂ Φ∗,

then U has a complete system of generalized eigenvectors.
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Proof. We first extend U to a cyclic unitary operator on H and apply Theorem 3.5 to obtain a

realization of H as the function space L2(µ) for some measure µ on the unit circle such that (33)

holds. By Theorem 3.1, there exist linear functionals Fx ∈ Φ∗ for each x in the unit circle such

that

Fx(φ) = φ(x) (34)

for almost every x.

We claim that almost every Fx is a generalized eigenvector of U , and that this system is complete.

Indeed, for almost every x we have

Fx(Uφ) = (Uφ)(x) = xφ(x) = xFx(φ), (35)

which implies that Fx is a generalized eigenvector of U for almost every x. Furthermore, if Fx(φ) = 0

for all such x, then φ(x) = 0 almost everywhere, which implies that φ = 0, so the system of of

generalized eigenvectors is complete.∗ ■

This result can be generalized and expanded to a full-fledged spectral theory of unitary and

self-adjoint operators.

Theorem 3.7. A unitary operator on a rigged Hilbert space Φ ⊂ H ⊂ Φ∗ has a complete system

of generalized eigenvectors with eigenvalues of modulus one.

Theorem 3.8. A self-adjoint operator on a rigged Hilbert space Φ ⊂ H ⊂ Φ∗ has a complete

system of generalized eigenvectors with real eigenvalues.

We refer the reader to [1] for the proofs and necessary background.

Example 3.9. Consider once again Schwartz space S(R). Schwartz space is dense in L2(R), so we

get a rigged Hilbert space

S(R) ⊂ L2(R) ⊂ S(R)∗. (36)

For fixed x0 ∈ R, the operator Ux0 : S(R) → S(R) given by

(Ux0f)(x) = f(x− x0) (37)

is unitary, since ∫ ∞

−∞
f(x− x0)g(x− x0) dx =

∫ ∞

−∞
f(x)g(x) dx . (38)

However, Ux0 has no eigenvectors in L2(R), since if there exists a scalar λ such that f(x − x0) =

λf(x), we would have

λ

∫ ∞

−∞
f(x)e−ikx dx =

∫ ∞

−∞
f(x− x0)e

−ikx dx = e−ikx0

∫ ∞

−∞
f(x)e−ikx dx (39)

∗In [1], Gelfand overspecifies the representatives of the representatives φ(x) of the equivalence classes of L2(µ),

claiming that the representatives can be chosen so that (35) holds for all φ ∈ Φ and x ∈ S1. The translator points

out this error in a footnote on page 122 and one can find a fair amount of concern that the proof is inaccurate in

online forums. While it does not appear that (35) can hold for every x, it seems to me that the fact that it holds for

almost every x is sufficient to prove the desired result.

8



Spectral Theory in Rigged Hilbert Space

for all k ∈ R. But λ = e−ikx0 for at most countably many k ∈ R, which implies that the Fourier

transform of f is zero for almost every k, hence f = 0.

However, the spectral theorem for unitary operators on rigged Hilbert space guarantees the

existence of generalized eigenvectors. Indeed, the functional

Fk(f) =

∫ ∞

−∞
f(x)e−ikx dx (40)

is in S(R)∗ and, by (39), satisfies

Fk(Ux0f) = e−ikx0Fk(f). (41)

Hence Fk is a generalized eigenvector of Ux0 . The system {Fk} is complete, since if Fk(f) = 0 for

all k ∈ R, then the Fourier transform of f is zero, so f is zero.

4 Conclusion

We have built up the structure of rigged Hilbert space Φ as a special class of Frechét spaces whose

topology is given by a countable system of inner products, which yield a nested sequences of Hilbert

spaces {Φn} when Φ is completed with respect to these inner products. With certain nuclearity

conditions on the inclusions of this nested sequence, one obtains a nuclear countably Hilbert space,

and with an additional distinguished inner product, one obtains a rigged Hilbert space. We then

went on to prove a few of the extremely beautiful theorems on rigged Hilbert spaces, including the

realization of evaluation at a point as a continuous linear functional, and a spectral theorem for

cyclic unitary operators.

These results give only a taste of what can be done with rigged Hilbert space. There is much

material we have not proven, such as properties of nuclear spaces, the full extent of the spectral

theory, and the relation of the rigged Hilbert space to quantum mechanics. I look forward to

continuing to learn about this rich subject, which, in the words of Gelfand and Vilenkin, “is no less

(if indeed not more) important than that of Hilbert space.”
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