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Math 2400

Midterm 3 April 16, 2018

1. (12 points) Match the vector fields F' with the plots below.
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2. Consider the transformation T~! : R — S given by T (z,y) = (y,y — z2),
where R is the region in the first quadrant of the xy-plane bounded by y = 0,
y=16,y=2* and y = 2* — 9.

Ny (a) (4 points) If u = y and v = y — &2, find the transformation T (u, v) from
Wy TR yms O @Y 0 M @ vau-
Lg’#ﬂ‘“ V=4x0) X=U-V, T the Lyst quadiat
- ,/
\ N0/, ’)(}0/ X= A0 -v
Soﬁ,@\lf59ﬁ
{ o= F"I ;(uv) (Fvb(}

J= « R
(b) (4 points) Calculate themam v) of the transformation T'.
% X ””) , )
M = 5:"1‘ g; zJ_I, 2y = 1
2Lu,v) U oV { 0 2Ju-v

(c) (4 points) Use transformation T" to evaluate / / rdA.

xdis 1 o (3505

=, f T ddu A
“L\ J dvdu = 4 (le-9 (0 -c)
vff;\ \
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3. (8 points) Select the integral that is ALWAYS equivalent to the integral given.

No work is required.

" /01 /y\/17+2 /Ow—f-y F @y, 2) dz do dy E = ?‘(X)'?I%))DfZé )(‘f’j/ ()(,V)') LLD“?}
Rq = 64y) )Oé Y<l, ‘ﬁzéxeqn

2+2

(A) /01 /yﬁ+2 /Om+y f(z,y,2)dzdydx

2+2

(B) /01 /(w—2)2 /w+y f(z,y,z)dzdydx

x—2 0

(C) /23 /(%‘—2)2 /w+y f(z,y,z)dzdydzx

x—2 0

N ;3 ooz poty
/2 /(m_2)2/0 J(z,y,2)dzdydzx RVIZ%(X'P))

2EXE3, <x-zféﬂéJ;§

(2) /()I/OE/Oyf(m,y,z)dzdyda:
(A) /Ol/lz/lwf(m,y,z)dydmdz
) /Ol/zl/mlf(m,y,z)dydmdz

) /01 /o1 /: (@, y, z) dy dw dz
/01 /,1 /j f(z,y,2) dydzdz 2

r (‘/\)‘>

/ Ly=X

(,1,0)

E=56 0| 2%, (wépﬂ} | E={Gen 2y | 0€22Y (el “Ul
vX%:‘?fonLT?W Vg E onb /)(ﬂ;);w E(V):%(x)g) ' OSX?\))OS jé_x}
< <y¢ 3
{0, 0| <24, 2 1"1:‘)3 fl8 4 :
4




4. The solid FE is inside the cylinder 2*>4y? = 1, below the sphere ?>+y?+2% = 4,
and above the plane z = 0. The density of the solid is p(z, y, 2) = /&2 + y2.

X%y 3=y-

In Cylindial Gordinn

X"(’
Vel element ~—rd%dr%

(a) (6 points) Set up, but do not evaluate, the integral for the mass of the soli

The mag m= m e(x,‘a,i\d\/:gg fﬁz'@’ﬂ - OM\
(;r\ l El thu' O
)

P

e f‘o)&alro{t%

0

(b) (6 points) If (&, g, Z) is the center of mass of the solid, set up, but do not

evaluate, the integral for z.

.

3 = ) acpry,pdv

&

| | (Vly2
- _L
T m &() S() g 5 Y s0- Y- m"%o{ Y‘O{(S]

“ha owj\uﬁm % & on ay plank S a disk
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5. Let S be the parametric surface 7(u,v) = (u cos(v), u sin(v), v)
for0 <u<+2and0<v<u.

(a) (8 points) Compute 7, X 7.

_Y,j <Co§(\/) 6.;4(\/) 0> Y;/ =GU SV L osty) | >

P
s &) L ) K : .
WxYy=| osv)  simlv) g |= ,5”‘(") ‘; = (oS) 0/ ; /a;s(u) S
Usylv) Uwsly) | Utsst) *“-W | U5 nly) U

~

. 2 (2 ~
= (W7 - 650+ [Uueesrr usi) K

:P( Su(u), ~lstvl, u E

e S

Z T . =
!:J Salwyt (<sw) + Ut = ity

(b) (8 points) Determine the surface area of S.

Als)= V) 15 % Y\T/)MA:HJ(s«‘wu»f*-(*ws—u«\))%\uzM
Y

Uv

= Sf Si: Jruz dvAu

= Ve
- u=u
= glvmcv i om:f u Jieg du
0 U=o 0 ,3

:@tld“' ‘(Zj\/H\l«t; H[D,\/Z

= . L+ =1tu _{;l , 'U‘g
iﬁ\@:@ —Jz; Ol(Jc H’M)

>N = Atdts 2udy
NEN ‘&3 tot= udu

udrm duzt (tat) =ty



6. (12 points) Evaluate /c(ac2 + y? + 2?) ds where
C: =48t y=cost, z=sint, 0<t<1.
, Y
ey C)=<X,9,25=KVEE, st | SntD
.\
C ()= & -5t cost s
~3 ¢ e —
l C ({\ \: (\[8+ (‘Sl\n‘ﬂz‘(‘ CDS?]- = '\/) 81’9%&{ f&;& ;\/? :5
Ads=| F'tey)dt = 24+
. ‘ 2
Xt ‘373“ Y= (Vs «ef’f (C»s+)1+ (5 ’r)
= REt GsFtSing = %{L-(—[
| & L %L \ e
SC(K+\3+% A4 = SO (st +) 2 d+
—_ [ I
= 5(%5’ +t>lo =324)= 2 (%)

=u_|
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7. (12 points) Let F = (y,z + e*,ye* +1). Calculate the integral / F .dr
&
where C is given by 7(t) = (¢, %, sin(wt)) for 0 <t < 2.

__ziu; Rzt 28, Tes@m) >
E(v(6) =<7, J{"Jrgé‘\"(ﬁ)) {’egnm)ﬂ >
~ 0 ol ) \ )
k(v(ﬂ)»i(ﬂ: BOYE) BE (105 ™) 4 T ws(me) @es‘"m})—:]
— S_t + [TCOSOT‘{; 2, STt 2 Swm)
Wkl Mm) T3 tnee T @)
FO= L™ w4l <3 2psmm
FFER)- T = ST wsime) + 4/6)
= 4 a2 ¢ f
§Fdr={ Tot“mosmt)+9)dt
_ 2 e \
— [165 +6in (T Tﬁ(f\}’o :@S*rﬁ‘v)(?—ﬁ)‘fa%ém(&ﬂ‘[U“’ OJPOJ
| =23+0+8=( {0 |
Soll 2 (o4 F=Uf . solve it o d (o e e ,:f = (mswmh‘w)
- © -
Sp we cyaiw“x 4 09 $009,0= [fax= (u dx

% 4\, ()
+T ¢ Co (it

‘f'v):XTQ& ® =
= + } e
‘Srg:‘je%ﬂ @ Vluﬁ _— (2) 3(3 x) @

2 Syt qen)Eare © 4‘1“33:0(*@,2 = =R
43y =89 09dy=[dy= & pay @(j

PY® i @ S S0 = XYty 1 R(2) (D

Mg mo @S 4= 2 (xyryet+R )=yt

S YR Q=Y so B@ so £R)=24C
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(omt'd) ( Sola o ano(ow ?)
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8. The figure below shows the vector field ﬁ(w, y) = (y,x + cos y), and 3 curves
C,, C3, Cj3 start at A(7,1) and end at B(2,7).
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(a) (4 points) Determine if F' is conservative. Justify.

Solution: Let P(z,y) =y, Q(z,y) = @ + cos(y). Then
0 0
Q= _—(r+cos(y) =1, P,=_—(y)=1
ox Jdy
So Q. = P, and F is conservative.

(b) (4 points) Explain why /C F . d7 has the same value for all three paths.

Solution: From (a), F is conservative, and so F - d7 is independent of

path. Cy, Cs, and Cj3 have the same initial and terminal points. So

/ﬁ-df’:/ F.df = | F.dF = f(B) — f(A),
C: C2

C3
where f is a potential function of F.

(c) (8 points) Evaluate / F . d7, where C is a smooth path from A to B.
c

Solution 1: Let f be a potential function of F. Then we have fe = v,

fy = « + cos(y). From the first equation we have
f(w,y)=/fwdw=/ydw:wy+g(y) @
Plugging D to f, = x + cos(y) gives
0
7= 3, (zy + 9(y)) ==+ g'(y) = = + cos(y) @

So we get g'(y) = cos(y), and so g(y) = /cos(y)dy = sin(y) + C.
From @, f(x,y) = xzy + sin(y) + C. So

Lﬁ A7 = f(2,7) — £(7,1) = [(2)(7) + sin(7)] — [(7)(1) + sin(1)]

=7 —sin1 + sin(7).
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Solution 2: From (a), F is conservative, F - d is independent of path.
We choose the line segment from A to B as a path C, whose equation
is 7(t) = (1L —¢)(7,1) +t(2,7) = (7T—5¢t,6t+1). 0 <t < 1.
7'(t) = (—5,6).

—

(7(t)) = (y, x4+ cosy) = (6t + 1, —5t + cos(6t + 1) + 7)
F.df = F . 7/(t) dt

= [(—5) (6t + 1) + (6) (—5t + cos(6t + 1) + 7)] d¢t
= [—60t + 6 cos(6t + 1) + 37| dt

1
/ﬁ-df‘:/ [—60t + 6 cos(6t + 1) + 37] dt
C 0

1

= [—30t> + 37t + sin(6t + 1)]
0

=7 —sin1 + sin(7).
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