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Math 2400 Midterm 1 February 12, 2018

1. (14 points) Find an equation of the plane that contains the points (—2,3,1),
(1,0,2), and (1,2, —1).

Solution: Denote the points by A(-2,3,1), B(1,0,2), C(1,2,—1).

AB = OB — OA = (1,0,2) — (—2,3,1) = (3, —3, 1)

AC =0C — OA = (1,2,—1) — (—2,3,1) = (3,1, —2)
- -
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W=ABxAC=|3 -3 1
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_>
k
—(6+1)7 —(—6—3)7 +(—3+9)K = (7,9,6)

7 = (7,9, 6) is normal to the plane that contains A(-2,3,1), B(1,0,2),
C(1,2,—1). So the equation of the plane is

(7,9,6) - (z,y,2) — (—2,3,1)) =0
or7(x+2)4+9(y—3)+6(z—1)=0
or 7x + 9y — 6z — 19 = 0;
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2. (14 points) Find the volume of the parallelipiped determined by the following
three vectors: @ = (3, 3, 3), b= (2,3,0), and ¢ = (0,1,1).

Solution: The volume of the parallelipiped determined by a, b and € is

or or %
v01ume:7-(?x?)(:(7><b)-?)|:(?><a)-b)\
- = -
v R s 0 2 ol |2 3=
- ;
bxZd=[2 3 0 :‘ | — j + K
11 01 01
o 1 1

—(3-07 -(2-07 +2-0)Fk = (3,-2,2)
- (B x@)=(3,3,3)-(3,-2,2) =3-34+3-(—2) +3-2=09
Volume = 7(?)(7)‘:9

Note 1: The scalar triple product can also be computed by the determinant

directly.
333 30 20 2 3
_>
@-(bx7?d)=12 3 0/=3 -3 +3
11 01 01
011

=3(3—-0)—3(2—0)+3(2—0)=9
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3. Consider the curve in space described by 7(t) = (¢, 2 sin(t), 2 cos(t)).

(a) (8 points) Find the equation of the line tangent to this curve when t = .

Solution:
d

7(t) = o (t, 2sin(t), 2cos(t)) = (1, 2cos(t), —2sin(t))

7'(7) = (1, 2 cos(w), —2sin(w)) = (1, —2, 0)

7 () = (m, 2sin(rw), cos(w)) = (m, 0, —2)
So the equation of the tangent line is

T =7 (m) +t 7 (m)
or ¥ = (m, 0, —=2) + ¢ (1, —2, 0) = (mw + ¢, —2t, —2)

where t € R is the parameter.

You may also write the equation of the tangent line in parametric equa-

tions or in symmetric form as follows,

x = m+t .
t € R is the r—T y—20 z+ 2
y = —2t or = =
parameter. 1 —2 0
z = —2

(b) (7 points) Find the length of the arc of this curve between the points (0, 0, 2)
and (7,0, —2)

Solution: It is easy to see that point (0,0, 2) corresponds to t = 0,

point (7, 0, —2) corresponds to t = .

L= [ 7@l a= [ VEOF + W OF+ FOPd
~ [ VT @ + 2eos)] d
= /07r \/1 + 4[sin®(t) + cos2(t)] dt
:/Oﬂ\/1—|——4dt:/0ﬂ\/5dt: \/575:: V.
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4. Assume that the lines
L, : r=14+t, y=1+6t, z =2¢
L, : r=1+4+2s, y=5+ 158, z= —2+ 6s
are skew.

(a) (5 points) Find a vector 72 normal to both Ly and L.

Solution: The direction vectors for Ly and Ly are, respectively,
ny = (1, 6, 2), nj = (2, 16, 6).

w = 77{ X 77% is normal to 77{ and 7?2, and so is to Ly and L.
- = =

t 3 k
6 2 — 1 2 — 1 6|—
H=mxny=|1 6 2|= - 7+
16 6 2 6 2 16
2 16 6

= (36 —30)7 — (6—4)7 + (16 — 12)k = (6, —2, 3)

(b) (5 points) Find an equation of the plane that contains Ly and normal to 7i.

Solution: Let s = 0 and we get a point Qo (1, 5, —2) € Ls. From
the result in (a), we have the equation of the plane is

6(x —1)+ (=2)(y —=5) +3(2 - (-2)) =0

or6x —2y+32+10=0

(c) (5 points) Find the distance between Ly and L.

Solution: We denote the plane in (b) by r. Pick any point on L;. For

example, let t = 0, and we get Py (1, 1, 0) € L. Then

dist(Ly, Ly) = dist(Qo, ) — 10 (=2 +3(0) +10] _ 14
V(6)? + (=2)* +3)? V49

Solution 2: Note Py(1,1,0) € Ly, Qo (1, 5, —2) € Ly, and

FOZQ_; = <07 4, _2>'

. . S PoQo'ﬁ 7 POQO'ﬁ
dlSt(L]_,Lz) = PI'O']ﬁP()QO = ‘ﬁ‘ . ‘ﬁ‘ = T
0,4, —2)-(6, —2, 3 14
= ‘Comp#mq = |< > 2 > < ’ ’ >| = =2

V(6P + (=2 +3)* V49

Page 4 of 7



5. (15 points) Find a parametric representation for the cone y? = 2x? 4 222

between the planes y = 0 and y = 3.

Solution: Solve the cone equation for y and we have y = ++/2x? 4 222.
Since 0 < y < 3, y = v/2x2 + 22z2. There are at least 3 different ways to
parametrize the equation.

¢

Method 1: Let * = «, and z = z. Then y = +/2x% + 2z2. Since
0<y<30<+2x2+222<3 ie,22®>+222<9, or

9
2 2
x zt < —.
+ - 2
r = T x, z are parameters

= 2x2 4 222 9

Y + x? 4+ 22 < =

z = z 2

or in vector form, 7(.’3, z) = <a:, \V2x2 + 222, z> .

Method 2: Use cylindrical coordinates, ® = rcos 8, z = rsinf, y = y.
Plug them into the cone equation and we have

y = \/2a? + 222 = \/2(r cos 0)2 + 2(rsin 0)2 = v/2r.
3
SinceOSyS&OSx/§r§3,andsoogrg7_,

2

x = rcosf T, 0 are parameters

= V2 3
y = V2r 0<r<-",0<6<2nr
z = 'T'Silla \/5

or in vector form, 7(1‘, 0) = <r cos 0, V2r, rsin 0> .
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Method 3: Use spherical coordinates, x = psin ¢ cos 8, z = psin ¢ sin 0,
y = pcos ¢. Plug them into the cone equation and we have
p?cos’¢p = 2(psin¢cosh)® + 2 (psin ¢sinh)?
= 2p?sin? ¢ (cos2 0 + sin? 0) = 2p?sin? ¢
Dividing both sides by 2p? cos? ¢ gives
tan? ¢ = %, or tan¢ = :I:\/i_. Since 0 < y < 3, the cone

[\

s[§

equation becomes tan ¢ = By trig. identities,

1
V2
1 V3 3 3v6

sin¢p = — = —, cos¢p = 31/— = ——. So we have
V3 3 2 2
( \/g
r = ?pCOSO
p, 0 are parameters
6
P 0<p<——0<6<2nm
V3 ?
z = —psin6
( 3
3 6 3
or in vector form, 7)(p, 0) = <\/?_pcos 0, —, \/?_psin 9> .
P

6. (15 points) Find a rectangular (Cartesian) equation for the surface whose
spherical equation is

p = 2sin¢cos@

Solution: In spherical coordinates, * = psin¢cos@, y = psin¢sinb,
z = pcos¢, x° + y> + 2% = p°.
Multiplying the given equation by p
gives

p-p=2psin¢cosb

x? + y2 + 22 =2z

(x—1)*+y*+22=1

Page 6 of 7



7. (12 points) Match each 3D surface with one of the equations on the right side.

Not all equations will be matched.

I
8
I
N

Note: You may use
traces to distinguish any
similar graphs and iden-
tify their corresponding

equations.
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