Math 2400, Midterm 3
December 3, 2018

PRINT YOUR NAME:

PRINT INSTRUCTOR’S NAME:

Mark your section/instructor:

0 Section 001 Kevin Berg 8:00-8:50

O Section 002 Philip Kopel 8:00-8:50

O Section 003 Daniel Martin 8:00-8:50 Question | Points | Score
O Section 004 Albert Bronstein ~ 9:00-9:50 1 12
0O Section 005 Mark Pullins 9:00-9:50 2 14
O Section 006 Xingzhou Yang 9:00-9:50 3 12
O Section 007 Martin Walter 10:00-10:50 4 14
0 Section 008 Kevin Manley 10:00-10:50 5 14
O Section 009 Albert Bronstein ~ 1:00-1:50 6 3
O Section 010 Martin Walter 1:00-1:50 7 3
O Section 011 Xingzhou Yang 2:00-2:50 8 14
O  Section 012 Taylor Klotz 2:00-2:50 9 14
[0 Section 013 Xingzhou Yang 3:00-3:50 Total: 100
O Section 014 Braden Balentine 4:00-4:50

O Section 015 Caroline Matson — 4:00-4:50

Honor Code

On my honor, as a University of Colorado at Boulder student, I have neither
given nor received unauthorized assistance on this work.

e No calculators or cell phones or other electronic devices allowed at any time.

e Show all your reasoning and work for full credit, except where otherwise indicated. Use full mathematical or
English sentences.

e You have 90 minutes and the exam is 100 points.

e You do not need to simplify numerical expressions. For example leave fractions like 100/7 or expressions like
In(3)/2 as is.

e When done, give your exam to your instructor, who will mark your name off on a photo roster.

e We hope you show us your best work!
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1. (12 points) Match the vector fields F' with the plots below.

X
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2. (14 points) Consider the vector field F = (2zy + e*)i 4+ x2J.

(a) Determine if F is a conservative vector field. If so, find a potential function of F.If not,

explain how you can tell.

Solution: Let P(z,y) = 2zy + €*, Q(xz,y) = x2 Then Q, = %(mz) =
2z, P, = a% (2zy + e*) = 2x. So Q, = P, for all (x¢,y) € R% Hence F is
conservative.

So there exist f such that Vf = F. That is

fo =2wy+e” @

<f:ca fy> = <2£IIy + ew’m2> <~ {fy — g2 )

Integrate both sides of (D with respect to & and we get
fay) = [ fode = [ oy +en)dz = oy + e + C(w) 9
Plug it into @ and we have
#2120 @y et Cw) =+ C') & O =04 Co) = K

So we get a potential function f

f(z,y) = 2?2y + €* + K, where K can be any real numbers.

It is easy to check that V f = (2zy + e®, x?) = F.

(b) Let C be the curve given by
C: #(t) =In(1 4+t + In(1+ > +t* +5 + )7, 0<t<1

Evaluate the line integral / F . d7.
c

Solution: The initial and terminal points, denoted by A and B, respectively, of C are
7(0) = (0,0) and #(1) = (In2,In5). From (a), F is conservative. F has continuous
partial derivatives on R%. We choose f(z,y) = x?y + e® (K = 0), and use the

Fundamental Theorem of Line Integrals.

/Cﬁ-df’: f(In2,In5) — £(0,0) = [e™* + (In2)*(In5)] — [e° + (0)*(0)]

=2+ (In2)?In5—-1=|1+ (In2)%In5

Solution 2: Since F is conservative, [ c F.dvis independent of path, and it equals
iz F . d7, where AB is the line segment from A(0,0) to B(In2,1n5). Its equation
is7(t) = (1—¢){(0,0)+t(In2,ln5) = (¢t In2,¢t In5). 7¥'(t) = (In2,In5). Along
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C, F = (2(tIn2)(tIn5) + ™2, (tIn2)?) = (2In21n5 t* + 2¢, (In2)%?)

F.di=F -7 (t)dt = [2(In2)*In5 t* + 2'In2 + (In2)%In5 *] dt

= [3(In2)*In5 t* 4+ 2" In 2] dt
1 1
/ F.di = / [3(In2)*In5 ¢* + 2" In2] dt = [(In2)*In5 ¢* + 27
C 0 0

=14+ (In2)?In5

3. (12 points) A solid E is bounded by the plane & +y + 2z = 9 and the paraboloid z = x? + y?
within the cylinder * + y? = 4. The density of the mass is p(x,y, 2) = /x2 + y2.
Set up the integral for the mass of the solid E in cylindrical coordinates.

Do not evaluate the integral.

Solution: The mass of the solid is m = / / / p(x,y,z)dV. In cylindrical coordinates,

x =rcosf,y=rsinf, z =z, dV =rdz flr d@, and the equations of the surfaces are
plane: rcos @ + rsin@ + z = 9, paraboloid: z = 72, cylinder: r = 2.

The projection of the solid onto xy-plane is a circle: D = {(x,y)|x* + y*> < 4}, and in
cylindrical coordinates, the region becomes {(7,0)|0 < 0 < 27w, 0 < r < 2}.

27 2 9—rcosf@—rsinf
m:///p(m,y,z)dV: / / / r-rdzdrdf
E 0 0 r2

Solution 2:

2w 4 Az 27 2 ,9—7rcosO@—rsinf
m = / / / r-rd’rdde—i—/ / / r-rdzdrdf
0 o Jo 0 0 J4
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4. (14 points) Determine the surface area of S, where S is the parametric surface
(u,v) = (u, v, 4 — u® — v?)

for u? 4+ v% < 2.

Solution: Let D = {(u,v)|u® + v? < 2}.

o
7y = —(u,v,4 — u® — v?) = (1,0, —2u)
ou
- 9 2 2
7 = —(u,v,4 — u” —v°) = (0,1, —2v)
ov
t 3 k
o o —2ul 21 =24 |1 0
Tu XTy =11 0 —2u|l =1 —7J k
1 —2v 0 —2v 01
01 —2v

=2ui+2v]+k = (2u, 2v, 1)
|7 X 7] = V(2u)2 + (20)2 + (1)2 = V4(u? + v2) + 1

A(S):// |Fu><ﬁ,|dA=// VA4a(u? +v2) +1dA
D D
27 \/5 27 \/§
:/ / \/4r2+1rdrd0=/ dO/ Var2 +1 rdr
—2«/ Var? + 1 rdr 25241 /\/_

d_8 dr
™ T 2 137
4 Jq 4 3 1 6
Av
vz
2 o) ZTI
X Yy —E
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5. (14 points) Consider the curve C given by the half circle of radius 3 centered at the origin,
traversed CLOCKWISE from (—3, 0) to (3,0).

(a) Find a parameterization of C. Include bounds.

ml:l

Solution: Let € = 3sinf, y = 3cosf. —3 < 6 <
by

Or: ¢ = —3sinf, y = —3cosh. 7 <0 < 37”
Or:  =3cosf,y=—3sinf. # < 0 < 2.
Or: = —3cosf, y =3sinf. 0 <0 < 7.

=Y

-3 o) 3

(b) Let F = (4y, —4x). Evaluate the integral / F . d7
c

Solution: C in vector form is 7(0) = (3sin 6,3 cos B). ¥'(0) = (3 cos §, —3 sin ).
F along Cis F = (4-3cos0,—4 - 3sin6) = (12cos 6, —125sin ).
F.di =F .7 (0)dd = (12cos, —12sin 0) - (3 cos §, —3 sin 0) d
= (12 cos 0) (3 cos 0) + (—12sin §)(—3 sin §) = 36(cos® O + sin? )
= 36
/ -dr = 36d9 = 3671'
%
Solution 2: If we add a path C4, a line segment from (3, 0) to (—3,0), then the path

C and C enclose a region D with boundary C' and C; with clockwise orientation.
vy

=Y

Use Green’s Theorem,

/CMF* dr = /C+Cl4yd:c—4a:dy_ //D(i( 4:c)—|——(4y)> dA

1

= — // (—8)dA = 8A(D) = 8 - o w(3)? = 367
D
Along the path from (3,0) to (—3,0), y = 0, and « from 3 to —3.

-3
/ﬁ-d?:/ 4ydw—4mdy:/ 4(0)dz — 42 d(0) = 0
Cy Ci 3
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. (3 points) No work is required for this problem.

2 ry® ry?
Select the integral that is ALWAYS equivalent to / / / f(xz,y,z)dzdzdy.
o Jo Jo

& [ e sty
o [ [ [ e ds
O [ [ st ayas
o [ [ [ s asayas
o [ 7]t s ayas
o [ s s ayas
& [ [t ayas

(H) /Ozéﬁ/oygf(m,y,z)dzdydw

E = {(m,y,z)|0 <z< yza (m,y) € Dmy}
Dyy = {(z,y)[0 <y <2, 0< 2 < y°) (type 2 region)
={(z,y)|0 <z <8, Yz <y<2}  (type 1 region)

y=2 (8, 2)
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7. (3 points) No work is required for this problem.

Select the integral in spherical coordinates that is equivalent to

0 Vi-a? py/1-a2—y? V2 1—2? py/1-22—y2
/ / / 22 dzdyda:—l—/ / / 22dzdydzx
—2J 0 0 @ 0

- SY)
(A) / / / p* cos? ¢ sin ¢ dp dO d¢
o J= Jo

(B) / / / p® cos? ¢ sin ¢ dp dO d¢
o Jx Jo

3 o
(C) / / / p?cos®> ¢ dpdf do
o Jz Jo

2 oz
(D)/ / /p4cosz¢ sin ¢ dp df d¢
= Jo Jo

3m % 1
(E)/4/ /pzsinqucosq_’)dpd@dqb
= Jo Jo

: 7 1
(F) / / /p4cos2q,’)sinq’) dp dO do
o Jz Jo

5o
(G)/ / /p300s2¢ sin ¢ dp df d¢
o J= Jo

T oo
(H)/ / / p?sin? ¢ cos ¢ dp dO do
o Jzr Jo

2

;N

EZ{(w,yaz){OSZS\/l—@ﬁ—yza —z<y<V1-—a?, — SwSO}
3 % V2
U ($7yaz)|0SzS 1—22—y?, z<y< 1_w2’OSmS7

E = {(p, 0, d))}O <p<1, 0< o< g} (in spherical coordinates)
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8. (14 points) Let R be the region in the xy-plane bounded by the lines

2c —y=0, 2x—y=3, z=z+y=-1, and ¢+ y = 1.

Sketch the

(a) Find a transformation that maps R onto a rectangle S in the ww-plane.

rectangle S in the wv-plane.

Solution: Let T: w = 2 — y, v =  + y. Then the transformation T" mages R
onto a rectangle § = {(u, 'v)|0 <u<3, -1<v< 1},
Ay [3,5]
2x-y=1
2x-y=0 - ‘V
X 1
=
[_1 _\E] R 3 3
2x-y=3 o] S 3 .LT
2x-y=-1
[E _E] -1
3‘ 3

(b) Use the result in (a) to find an appropriate Jacobian, and use it to evaluate the integral

/] e —vyaa.

Solution: From (a), % = %(21’ —y) =2, g—Z = 8%(2:1: —y) =—1,
=@ty =1=2(z+y) =1
du Ou
d(u,v) 9% oy 2 —1
V) _ (o= ol _ = (@2)(1) — (-1)(1) =3
d(x,y) v dv 1 1
dx Oy
a(x,y) _ (a(u,v))‘l 1
9(u,v) o(z,y) 3
o L3 1
//(2:c—y)3dA://u3 5(y) dA’:/ / u® —'d’u,dv
R S 3(’&,’0) —-1Jo 3
1/t 3 1" Wt 201 27
:_/ dv/ u® du = —v — ==-=(3*"=0Y) =| —
3.7 Jo 30, 4|, 3 4 2
Note: Ifwesolveu:2az—y,v:m+yfora:,y,wegetaz:“;‘”,y:—%—l—%”
and the Jacobian 322,3; can be computed directly,
oY) _|ou oo| _| 3 3 _(1) <z)_(1) (_1>_§_1
d(u,v) |8y oyl |_1 2| \3/\3 3 3/ 9 3
ou Ov 3 3
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9. (14 points) Consider the vector field
F = (2y — eSin(“’)) P4 (ln(l + 3%+ 893) ;

and let C denote a curve which traverses the boundary of the rectangle with vertices (0, 0),

(0,5), (5,0) and (5,5) exactly once in the counterclockwise direction.

Evaluate the line integral F . dr.
c

Solution: Let P(x,y) = 2y — e® Q(zx,y) = In(1 + y?)? 4 8x. Then
Q. = Z(In(1+y*)?+8z) =8, P, = a% (2y — ™) = 2, and Q, and P, are
continuous when (xz,y) € D = {(w,y)‘O <z <5, 0<y<5}, the given rectangle

region. By Green’s Theorem,

LF-dFZ//[)(Qw—Py)dA://D(S—z)dA://D6dA

:6// dA =6A(D)=6-(5—0)(5—0) =[150]
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