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MATH 2400 test-1 review, Math Dept, CU Boulder
Review guide for mid-term exam 1 — Fall 2019

Exam date and time: Monday, September 23, 2019, 5:15-6:45PM

1. Vectors and Their Operations: d + b,cd,da-b,axb,a (I; X ).
Letd = (al, an, a3), b= (bl, bz, b3>, ¢ = ( ci, C2, C3> € Vs, and ¢ € R be a scalar.
(a) If P(x, y,z) € R?, the vector ¥ = a[)’ =(x, y, z) is the position vector of the point P

9 Z 9
¥ = 0P| = \x2 + )2 + 2.

(b)a+b (a1+b1,a2+b2,a3+b3)a—_)—(al
a b= (albl, Clzbz, aszbsz) = |d| |b| cos 6, where 6 is the angle between @ and b.

by, ap — by, a3 — b3), cd = = {cay, car, ca3),

7 ] k
axb=l|a; ap a3|=1i w2 -J BRI Pl = (azhs — asha, —(a1bs — ashy), arby — azby).
by b3l "|br b3| b1 b2
by by bs
2. More on Vectors:
(@) d-b=|d |b| cos §, where 0 is the angle between @ and b. 6= arccos( f’é )
a
R
| = -
F } F = PQ is the force moves the object from P to Q with with
; s } displacement vector D= P—Q> The work done by Fis
N _20R 1 . —
P 0 W =|F||D| cos6 = F - D.
D
(b) The addltlon of any two vectors follows the triangle and parallelogram laws. A vector b can be decom-
posed as b= proj; b+ orth»b
R >
L. S . > a-b
\ scalar projection of b onto d: comp;b W
orthp a
.- (a-bya a-b,
prolab = "L e

vector projection of b onto @:

orthogonal projection of b onto @

proj, b
(c) d x b = |d||b|sin @i, where n is the unit vector perpendicular to both d and b, and whose direction is

determined by the right-hand rule.
(d) The area of a parallelogram and the volume of a parallelepiped

area = |d| (|b| sin ) = |@ x b|

a, ax az
vol = |a (bxa| Abs||by by by
c1 ¢ 3

i. The area of the triangle with 3 vertices A, B and C is % ’A_B) x AC ‘ — half area of the parallelogram

ii. The volume of the tetrahedron with vertices A, B, C and D is % of the volume of the parallelepiped

L
S

ax

—_— — —

spanned by AB, AC, AD.
'12, sinf = =
|a] ||

(e) If 0 is the angle between @ and b, cos 6 = A
a

) adLbea-

(g)ﬁlll?(:nzx

(6 L any vector.)
e d=chorb=ci = gl = Z; = Z—i Gfb £ 0). O || any vector.)

0.
0
bLb axbis orthogonal to the plane determined by @ and b if @ }f b

b
b

-

(h) @xbLaadx
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3. Lines and Planes in A Three Dimensional Space:

(a) Equation of a line L through Py(xg, o, zo) with direction ¥ = {a, b, c).

. - —_— . ..
(1) Vector equation: 7# = 7y + ¢ ¥, where %) = OP,) is the position vector of Py, t € R.
(2) Parametric equations: x = xg +at, y =yo+ bt, z = 79 + c t, parameter 1 € R.
X—=X0 Y—JYo 2Z—20
==

(b) Equation of a line segment from Py(xo, yo, z0) to P1(x1,y1,21). Let 7y = E%, 7= a’_]), 7= a)’

(3) Symmetric equations:

PoP | PoPL & PoP =t PoPL & f(t) — o=t (i —R) @ Ft) = (1 - g+t 71, 0t < 1.

(c) Equation of a plane 7 through a point Py(x, yo, z0) with a normal direction 77 = {a, b, c).

(1) Vector equation of the plane: 7- (7—7) =0, or #-7=i-7 where7)= O_)PO.

(2) Scalar equation of the plane: a(x — x¢) + b(y —yo) + c(z —20) = 0

(3) Linear equation of the plane: ax + by + cz +d =0, where d = —(axg + byg + czo)
(d) Distances: — Formulas can be derived by projection of vectors.

(1) The distance between a point Pi(x1,y1,21) and a plane 7: ax + by + cz+d = 0.

P . , o, |ﬁ.3|

/;H D = dist(P1,m) = compﬁb| = |pr0],7b| =T
b D — la1=x)+bGn—yo)+e(zi—20)| _ laxi+byi+ezi—(axo+byo+ezoll

: Va2 +p2+¢2 Va2 +p2+¢2
laxy + by + cz1 + d|
P = (axg + byg + czo+d = 0)
Va2 + b% + ¢2
(2) The distance between two parallel planes: my: ax + by + cz+d; = 0; mp: ax + by + cz+ dr = 0.
. |d1 - d2| or .. . .
D = dist(mry, 1) = ——— = dist(P, m2), (P is any point on 1)
Va2 + b2 + c2

(3) The distance between parallel line (L) and plane (7): D = dist(L, mr) = dist(P, «r), where P can be
any point on L.

(4) The distance between parallel lines (L || L) D = dist(Ly, Ly) = dist(P, L), where P is any point
onl.

(5) The distance between a point P(xg, yo, z9) and a line L: % = ===

C(cy, ¢, c3) € Lison L. d = {ay, a», asz) is the direction vector

a of L. Let b = a)’ Then
] D =|PQ| = |0rthﬁb - ’b - projﬁb’
proj, b
(6) The distance between two skew lines:
/ it By
. —
| ows ines D = dist(Ly, Ly) = CompﬁPlel = ,
[ |
RN 7 / ’ where i1 = l-; X E, and l-;, fz are the direction vectors of L; and

i~ L. Py €Ly, Py € Ly.
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4. Cylindrical and Spherical Coordinates:

Pir,0,z) il
y oy
(r, 8,0
x = vrcos6 x = psingcosf
Cylindrical coord (r,6,z): ¢ vy = rsiné Spherical coord: (p,0,¢): 4 ¥y = psingsinf
Z =z Z = pcos¢

(a) Convert points or equations in Cartesian (or rectangular) coordinates to that in cylindrical or spherical

coordinates, and verse visa.

(b) Space curves, surfaces, solids in cylindrical or spherical coordinates.

5. Space Curves and Surfaces:

(a) A space curve C can be described by a vector function A7) = (x(¢), y(t), z()), or parametric equations

x = x(t), y = y(t), z = z(¢t), where ¢ is the parameter.

The domain of the vector function is the intersec-
tion of the domains of the components.

A(t) is continuous if )161_1)1(11 A1) = Aa).

70 = (0, y(0), @), ,

S Rayde =[] xeyde, [ y@)de, [7 2()dr).

If a particle position at time ¢ is described by 7(),
7’(1) is the velocity of the particle at ¢, and 7" (¢) is
the acceleration of the particle.

(b) Equation of the tangent line:

(©)

(d)

(e

()

If C: A1) = (x(1), y(1), z(t)) is a space curve, and Py(xo, Yo, 20) € C, and Py corresponds to t = fy, then
the equation of the tangent line through Py is

X — X0 X—=Y0 Z—20
A = Atg) + t 7' (fg) or x = xo + at, y = yo + bt, z=z9 + ct, or = by =
a c

—>
where #(tg) = OPg = {x0, Y0, 20), 7'’ (to) = {a, b, c).
Equation of a normal plane through Py is a(x — xp) + b(y — yo) + c(z — z0) = 0.

The arc length of a space curve C: At) = (x(¢), y(¢), z(t)) from ¢t =atot = b is
b b
L= / ds = / I?/(t) dt = / \/[x’(t)]2 + O] + [Z()]* dr,  (similarly for arc length in 2D.)
C a a

In 3D, a space surface can be described by a vector function #(u, v) with two parameters:
P, v) = x(u, v)i + y(u, v)f+ 2(u, VK

where (u,v) € D. D is the domain of 7.

Parametric equations of surface S: x = x(u, v), y = y(u, v), z = z(u, v).

Quadric surfaces: cylinder, ellipsoid, elliptic paraboloid, hyperbolic paraboloid, cone, hyperboloid
with one or two sheet(s), etc. See Page 679 for the plots of some basic quadric surfaces.

Parametrize a space curve or a surface:

A space curve C: 7(t) = (x(1), y(t), z(t)) usually has one parameter (z).

A space surface S: Au,v) = (x(u,v), y(u, v), z(u, v)). usually has two parameters (u, v).




