Integral Practice Problems (Provided by Patrick Wynne)

Evaluate the following integrals. Note: The last two pages are significantly more challenging.

1. /eﬁ dx = 2\/xeV* — 2eV¥ 4 C. (Use integration by parts with u = 2,/x and v = eV*.)

COoS X . _1 (sinx L . .
2. / dx = sin™! ( ) + C. (Do u substitution with u = sin x.)

\/ —sm X \/E

3. / Iy n(lnx) + C. (Do u substitution with u = In x.)

4/x +\/_

= 323 4 In |x| +3x71/3 + C. (Simplify to x"/13 + x~1 — x7#/3 then

use the power rule.)

5. /x secxtanxdx = xsecx —In|secx + tanx| + C. (Use integration by parts with u = x

and dv = sec x tan xdx.)



6. - dx = 3(x —1)%24+2\/x =1+ C. (Do u substitution with u = x — 1, so x =
x_
u+1.)
t
A |1+ secx| . (Do u substitution with u = 1 + sec x).
1+ secx

8. / xtan ! xdx = 2((x*+1) arctan x — x) + C . (Use Integration by Parts with u = arctan x
and dv = xdx).

9. [ 4y 1| 52D (Use Partial Fractions decomposition then simplify the log)
- | 3= dx =In[;qy| . (Use Partial Fractions decomposition then simplify the log).

10. /x sin(5x% 4 2) dx = —1/10cos(5x +2) + C . (Do u substitution with u = 5x2 + 2).



2 2
11. / (sin_l x> dx = /1 — x2sin'(x) — 2x + x (sin_1 x) + C. (Do integration by parts

with u = sin~!(x) and dv = sin~!(x)dx).

12. /x sin~! xdx = I <xv 1—x2+ (2% —1)sin tx+ C.) (Do integration by parts with u =

x and dv = sin~! xdx).

13. /sin1 Vxdx =1 (\/x —x2+ (2x — 1) sin’%/f). (Do u substitution with u = +/x, so
dx = 2udu then follow the process from the preceding problem).

1
14. / 1 s dx = § (2x — In(cos x — sinx) + In(cos x +sinx)) . (Do u substitution with
— tan® x

u = tanx, so dx = %, using the identity tan?(x) +1 = sec?(x). Then use partial

fractions.)

15. /ln (VAi=T+vx+1) dx =1} (xIn2+ xIn(x +VaZ = 1) ~v/aZ =1 ). (Notice that v/x — 1+

Vx+1=12x+2/x2 — 1. Use this to simplify the logarithm then do integration by parts
with u = In(x +v/x2 — 1) and dv = dx).




16.

17.

18.

19.

20.

1
——dx = (ln x —V1—x2| —sin~!(x > + C. (Do a trigonometric substitu-
= =3 (il VT —sin (1)) +C. (Doa trig
tion with x = sin §, so dx = cos 0d0 then rewrite cos 6 as 1 ((cos 6 — sin ) + (cos 6 + sin0)).
Then split it in two and do a u substitution with u = sin — cos 6).

2x X
/ 207 7¢ gy —2/3% 6o — 1+ Lin|3 - 3¢* —v/0e% — 18" 3+ C. (Doa

V3e2¥ —6e* — 1 3 V3
substitution with u = e* then complete the square in the denominator, i.e. 3u? — 6u — 1 =
(\/§u —\/5)2 — 4. Then do another substitution with v = v/3u —/3. Split it into two
integrals, one with constant numerator and one with numerator equal to cv for some
constant ¢. Then one more substitution gives the desired result.

/x61—1 dx =5 (In(x®> —x+1) —In(x> +x+ 1) +2In|x — 1| = 2In|x + 1|)
~2/3 <tan_1(2\x[—;1) - tan—l(z%l)).

(Factor the denominator as x® —1 = (x —1)(x + 1)(x®> — x + 1)(x? + x + 1) and note
that the two quadratic terms are irreducible over the reals. Use the partial fractions de-
composition to rewrite the integral. Once the coefficients are determined, each piece is
straightforward to integrate).

1
/ e dx = £ (In(x? +2x +2) —In(x? — 2x +2) — 2tan" (1 — x) + 2tan"!(1 + x)). (Fac-
tor the denominator as x* + 4 = (x? 4 2x +2)(x? — 2x + 2) and note that each of the two
factors are irreducible over the reals. Then use the partial fractions decomposition).

1

/X(X+1)(X+2)~~(x+n)

where a; = 1/(—1)i(i)!(n —i)! fori = 1,...,n.. (Use the partial fractions decomposition
to write as ag/x +ay/(x +1) + - - - +a,/(x + n) for some constants ag, ay, ..., a,. The i"
term integrates to a;In |x + i| for alli = 1,...,n. To solve for the coefficients, write the
decomposed expression with a common denominator. Notice that taking x = i makes
every term zero except the one involving a;, which equals a;(—1)(i)!(n — i)! and this
equals the expression on the other side evaluated at i, which is always 1. Hence, 4; =

1/(=1)'(i)(n—i)foralli=1,...,n).

dx =agIn|x|+a;In|x+ 1|4+ - +a,In|x+n|,



