Area accumulation functions and the FTC: an analytical perspective

1. Let F(x) :/ et dt
3

(a) Find a formula for F'(x) by anti-differentiating and substituting.

r 1 2 1 1
F(z) = /3 ePtdt = geSt .= 3659” - 3615.

(b) Differentiate to find F'(x).

Taking the derivative of the previous result with respect to = gives F'(z) = €°*.

(c) Explain your result.

Using the Evaluation Theorem (a part of the FTC), we found a formula for F'(x) by antidifferentiating,
substituting and subtracting. Then when we found the derivative of F'(z) we basically undid our work.
So we ended up with the function inside the integral, with the upper limit of integration x substituted
for t.

(d) Why does the lower limit of integration not affect the derivative?
The lower limit is constant and only shifts the area accumulation function; it does not affect its rate
of change. Another way to look at it is that when we took the derivative in part (b), that part of the
function was a constant so its rate of change was 0.
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(e) Using what you noticed and learned above, find T [ /

arctant dt] .
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arctanx

In summary:

The Fundamental theorem of Calculus, Part 1: If f is continuous on [a, b], then

ch[/:f(t)dt] = f(z) (fora<az<b).

Worded differently, if F(x) = / f(t)dt, then F'(z) = f(x) .
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2. Let F(z) :/ costdt
4

(a) Find a formula for F'(z) by anti-differentiating.
2 22

F(m):/ Costdt:sint4 = sin (2%) — sin (4)
4

(b) Differentiate to find F’(x). Look at your answer and notice how it relates to the definition of F(x).
F'(z) = 2z cos (2?)
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(c¢) Using what you noticed and learned above, find e [ / lntdt} )
2

cos () In (sinx)

In summary:

g(x)
HF@=A f(t)dt, then F'(z) = f(g(x)) - ¢'(x)
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3. If F(z) = / f(t)dt, what is F'(x)? Hint: notice that F(z) = —/ f(t)dt.
T 0

F'(x) = — f(x)
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4. If F(z) = / sint dt, what is F'(x)? Hint: the integral can be broken into two parts, so
3
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0 x?
F(x) :/ sintdt+/ sint dt.
3 0
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F'(z) = 2zsinz? — 3sin 3z

In summary:

b(z)
1 F(@) = [ f@)dn then F'w) = _1(0() ¥(s) — f(ale) - (0)
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5. Use the above result to answer the following: if F'(z) = / i1 + . dt, what is F'(x)?
3 -
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F'(z) = L P R T 3.2
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