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Pseudogroups of foliations

Cantor laminations

Let M be a compact connected metrizable topological space with a
foliation F.

A Cantor lamination

The space (M, F) is a Cantor lamination, M admits a foliated atlas
w; Ui — (=1,1)™ x Z;, where Z; is a Cantor set, 1 < i < v.

Note: The leaves of F are path-connected components of M.

Associated to (p;, U;) there is the holonomy pseudogroup
I'= {h‘ikik—l OO0 hiﬂo | k=1, Uij n Uij—l # 0}’

where h;; are the restrictions of the transition maps to ¢;(U; NU;) C Z;.



Pseudogroups of foliations

Invariants of Cantor laminations

In a foliated space (M, F), the holonomy pseudogroup I" depends
on the choice of the transverse sections 7 = | J; Z;.

Motivating problem

Given a Cantor lamination (M, F) with holonomy pseudogroup (Z,T"),
find (algebraic) invariants of F, which do not depend on the choice of Z.

In the rest of the talk, we restrict to the case when (Z,T) is
equicontinuous, that is, Z admits a metric d, so that for any € > 0 there
is 6 > 0 such that for all g,h € T and all z,y € Z with d(z,y) < § we

have d(g(r),g(y)) <e.

Examples of Cantor laminations with equicontinuous dynamics are
solenoids.



Pseudogroups of foliations

Example in dimension 1: the Vietoris solenoid

Let f/ , : S! — S! be a p;-to-1 self-covering map of a circle of length 1.

7

Let P = (p1,p2,...) be an infinite sequence, p; > 1. A Vietoris solenoid
is the inverse limit space

Sp = {(z:) = (w0, 21, 22,...) | fii(w) =wia }C ]S
i>0
with subspace topology from the Tychonoff topology on [, St.

Let s € S!, then the fibre Fy = {(s,x1,2,...)} is a Cantor section,
transverse to the foliation by path-connected components.

The fundamental group 71(S!,0) = Z acts on Fy via lifts of paths in St,
so the pseudogroup action (Fp,T') is induced by a group action (Fy,Z).



Algebraic invariants of solenoids

Weak solenoids

Let My be a closed manifold, zg € My be a point, and let
G = m(My, xg) be the fundamental group.

Let ff“ : M;+1 — M; be a finite-to-one covering, ff“(miﬂ) = ;.

The inverse limit space, called a weak solenoid, and defined by
Sp =lm{f*": Mity — M} = {(wo, 21,22, ) | fiTH (i) = i}
is a fibre bundle with Cantor fibre Fj.

The fundamental group G of My acts on Fy by path-lifts.
The pseudogroup action (Fp,T") is induced by the group action (Fp, G).



Algebraic invariants of solenoids

Solenoids in dimension 2 and higher |

Weak solenoids were introduced by McCord 1965, and studied in
- Schori 1966,
- Rogers and Tollefson 1970, 1971, 1971/72.

Recall that a topological space M is homogeneous if for every z,y € X
there exists a homeomorphism ¢ : M — M such that ¢(z) = y.

If M is a Cantor lamination, every homeomorphism ¢ : M — M is a
foliated map, as it preserves path-connected components.

McCord 1965 found sufficient conditions for a solenoid M to be a
homogeneous foliated space.

Schori 1966, Rogers and Tollefson 1970, 1971, 1971/72 found
examples of non-homogeneous solenoids, and studied maps between
solenoids.



Algebraic invariants of solenoids

Solenoids in dimension 2 and higher Il

Fokkink and Oversteegen 2002 found an algebraic criterion for a weak
solenoid to be a homogeneous space, and constructed the first example
of a weak solenoid which has simply connected path-connected
components but is not a homogeneous space.

Dyer, Hurder and Lukina 2016(1), 2017, 2016(2) explored an
algebraic invariant of non-homogeneous solenoids, called the discriminant
group.

Today, | will talk about a generalization of this invariant, called the
asymptotic discriminant, and how it classifies non-homogeneous

solenoids. The talk is based on the recent joint work with Steven Hurder
arXiv:1702.03032.



The discriminant group

Group chains: a tool
Let Sp = lim{ff"'l : M;y1 — M;} be a solenoid, Gy = 71 (My, o) and
—

Giy1 = (foT)emi(Mig1,wi41) C Gy
Then G =Gy D G1 D G2 D --- is a chain of subgroups of finite index.

The quotient G/G; is a finite set, the inclusions G;11 C G; induce
surjective maps G/G;11 — G/G;, and there is a homeomorphism

¢ Fy — GOC = {iﬂ{G/Gz — G/Gi_l}
equivariant with respect to (Fp, G) and the action
G x Goo — Goo : (h7 (6G0791G1792G27 . )) = (h‘G07 hglGla h/g2G2a .. )

Thus (G, G) models the action (Fy, G, ).



The discriminant group

Profinite group acting on Fj
Let C; = ngG gGig~!, then C; is a finite index normal subgroup of G,
then C = lim{G/C; — G/C;_1} is a profinite group,
—

acting transitively on G, = Fy, with the isotropy group

D, = {iLn{Gi/Ci — Gi—1/Ci1}

Theorem (Dyer, Hurder, L. 2016(1))

The profinite group C, is isomorphic to the Ellis group of the action
(Fo, G, ®), and D, is isomorphic to the isotropy group of the Ellis group
action on Fj.

We call D,, the discriminant group of the action.

Since D, is a profinite group, it is either finite, or a Cantor group.
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The discriminant group

Algebra versus topology

Let P = {f}*l : M;y1 — M; | i >0} be a presentation for Sp.

The truncated presentation P,, = {fi*!: M1y — M; | i > n}
determines a solenoid Sp,, homeomorphic to Sp.

The truncated presentation corresponds to the truncated group chain
{G;}i>n with discriminant group D,,.

Main question of the talk
What is the relationship between the discriminant groups D,,, for n > 07

Example: If a solenoid is homogeneous (for example, a Vietoris
solenoid), then D, is trivial for all n > 1.

In general, this need not be the case.
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Stable actions

Why the discriminant group changes

Let {G;}i>0 be a group chain, and D, = 1<i£1{Gi+1/Ci+1 — G;/C;} be

the discriminant group. Recall that C; = ﬂ g,»Gigi_l.
geG

Let {G;}i>n be a truncated group chain for n > 0. Then it's maximal
normal subgroup in G, is

E,;= ﬂ 9:Gig; ', and D,, = {iin{Gi+1/En,i+l — G, /E,;}

ge€Gn

Thus C; C Ey s C Epyy i, also Dy, = I}Ln{GiH/En,iH — G;/Ep;},

and there are a surjective maps

An+k,n : Dy — DnJrk-
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Stable actions

Stable and wild group actions

Definition: Stable group actions (Dyer, Hurder, L. 2016(2))

Let (X, G, ®) be a group action with group chain {G;}i>o. Then
(X, G, ®) is stable if there exists n > 0 such that for all m > n the

restriction
Npip 8 D = Dy

is an isomorphism. Otherwise, the action is said to be wild.

Example: Vietoris solenoids are stable, with trivial discriminant group.



Stable actions

Realization theorems for stable actions

Every finite group can be realized as a discriminant group of a stable
equicontinuous action on a Cantor set.

Theorem (Dyer, Hurder, L. 2016(2))

Given a finite group F, there exists a group chain {G;};>o in SL(n,Z)
for n large enough, such that for any truncated chain {G;};>, the
discriminant group D,, = F.

Every separable profinite group can be realized as a discriminant group of
a stable equicontinuous action on a Cantor set.

Theorem (Dyer, Hurder, L. 2016(2))

Given a separable profinite group K, there exists a finitely generated
group G and a group chain {G;};>0 C G , such that for any truncated
chain {G;};>, the discriminant group D,, = K, and D,, = D,,¢; is an
isomorphism.
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Wild actions

Tail equivalence of discriminant groups

Let A={¢;: A;i — A;41} and B={t; : B; — B;11} be sequences of
surjective group homomorphisms. Then A and B are tail equivalent if
there are infinite subsequences A;, and B;,, such that the sequence

Aio_>Bjo_>Ai1_>Bj1_>"'

is a sequence of surjective group homomorphisms.

Asymptotic discriminant (Hurder and L. 2017)

Let {G;}i>0 be a group chain with discriminant group Dy, and let D,, be
the discriminant group of the truncated chain {G;};>,. The asymptotic
discriminant of the group chain {G;};>¢ is the tail equivalence class of
the sequence of surjective group homomorphisms {D,, — D1 | n > 0}.

These sequences are distinct from group chains {G;};>0: the inclusion
Git+1 — G is not surjective.
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Wild actions

Stability of the asymptotic discriminant

A sequence A = {¢; : A; — A;11} is constant if ¢; is a group
isomorphism for ¢ > 0.

Asymptotically constant sequence

A sequence B = {¢; : B; — B;11} is asymptotically constant if it is tail
equivalent to a constant sequence.

Now the stability of the action (X, G, ®) can be defined in terms of the
asymptotic discriminant.

An equicontinuous group action (X, G, ®) with associated group chain
{G;}i>0 is stable if and only if it's asymptotic discriminant
D ={D,, = D,1} is tail equivalent to a constant sequence.

15/25



Wild actions

Wild solenoids

Does the asymptotic discriminant really distinguish between different
group actions?

The answer is yes.

Theorem (Hurder and L. 2017)

For n > 3, let G C SL(n,Z) be a torsion-free subgroup of finite index.
Then there exists uncountably many distinct homeomorphism types of
weak solenoids which are wild, all with the same base manifold My with
fundamental group G.

In the remaining part of the talk, | will construct a family of examples
which give this theorem.
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Wild actions

Lenstra's construction

Let G be a finitely generated and residually finite group, and CAY'Abe its
profinite completion. Then G embeds as a dense subgroup of G.

Let D be a closed subgroup of G such that ﬂgeG gDg™1 = {e}.

Let {U;} be a clopen neighborhood system of the identity in G, where U;
is normal and of finite index, and ;5 U; = {e}.

W; = DU; is a clopen subgroup of G, such that miZO W; = D. Set

G, =W;NG.

Proposition

The group chain {G;};>0. constructed as above, has the discriminant
group D, = D.
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Wild actions

Wild solenoids |

Consider congruence subgroups of SLy(Z), N > 3,
T'n(M) = Ker{SLy(Z) — SLx(Z/MZ)}.

For M >3, T'y(M) is torsion-free.
Let G be a finite-index torsion-free subgroup of SLy (Z).
By the congruence subgroup property, G D T'y (M) for some M > 3.

Let H = [1,,50 SLN(Z/piZ), p; are distinct primes.

Let Q : G — H be the diagonal embedding. Then Q(G) is dense in H.
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Wild actions

Wild solenoids |l
For p; > M, let A,, be a non-trivial subgroup of SLy(Z/p;Z) such that

m gAPz‘g_l = {6}

gESLN (Z/p:Z)

(for example, A,, may be in Alty embedded into SLy(Z/p;Z)).
Let D = Hsz Ap,, and set Gy = G N U, where

U= [] {en} x ] SIn(Z/piZ).

m<i<l i>e

Proposition

The action (Goo, G) with group chain {Gy},>1 defined as above has the
discriminant group Dy = D.
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Wild actions

Wild solenoids Il

For n > 1, consider truncated chains {G/}¢>,. One can show that the
discriminant of the action (G, o, Gy) is

D, =[] Ap.,
pi=>n

and so the asymptotic discriminant of the action (G, G) is the tail
equivalence class of the system {D,, — D, 11}

For each n > 1, the kernel of D,, — D,,+1 is non-trivial and equal to A,,.
Thus the action (G, G) is wild.




Wild actions

Wild solenoids IV

An uncountable number of distinct asymptotic discriminants is obtained
by distinct choices of [[ A,,, for N = 3. For a prime p;, let

10 0
AL =310 1 a ‘aEZ/piZ ,
00 1
10 b
2
A2 =2101 a ‘a,beZ/piZ
00 1

Then Allh has order p;, and Agi has order p?.



Wild actions

Wild solenoids V

Let ¥ = HZZM{LQ}, s0 Z = (S, SM+1,---), and let

DT = H Asi

i>M

Proposition

Let 77,7, € 3. Then the sequences of surjective homomorphisms

{DI' — DI} and {DZ: — D2} are tail equivalent if and only if

there is n > M such that for all i > n we have s; = t;.

This shows that there is uncountably many distinct tail equivalence
classes of wild solenoids.



Future work and references

Work in progress

@ Conjecture: Let Sp be a weak solenoid with group chain {G;};>o0,
and suppose there exists a foliated embedding Sp — M, where M
is a smooth finite-dimensional manifold with a C?-foliation F. Then
the asymptotic discriminant class of {G;};>¢ is constant, that is, the
group action on the fibre of the solenoid Sp is stable.

@ In all examples of wild solenoids, constructed so far, the embedding
G — Homeo(F,), where G is the fundamental group of the base
manifold, has an infinitely generated kernel. Find an example of a
wild solenoid where the kernel is finitely generated, or show that this
is not possible.



Future work and references
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