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Q.1 Let C∗ be the multiplicative group of non-zero complex numbers. Let
C∗ act on Cn+1 r {0} by

t.(x1, . . . , xn+1) = (tx1, . . . , txn+1).

Let CPn be the orbit space (Cn+1r{0})/C∗ with the quotient topology.
Show that CPn is compact.

Q.2 Prove that there is no homeomorphism between R3 and R2.

Q.3 Prove that any continuous map RP2 → S1 × S1 is homotopic to a
constant map.

Q.4 Let M2×2 be the space of 2×2 matrices, and let J =
[
1 0
0 −1

]
. Define

a map F : M2×2 →M2×2 by

F (A) = ATJA.

(a) At which matrices A does the differential DF (A) have maximum
rank?

(b) Show that the set

{A ∈M2×2 | ATJA = A}

is a submanifold of M2×2.

Q.5 (a) Let M be an n-dimensional manifold. Prove that the tangent
bundle TM is bundle-isomorphic to M×Rn if and only if there ex-
ist n vector fields X1, . . . , Xn on M such that the vectors {X1(p),
. . ., Xn(p)} are linearly independent for every p ∈M .

(b) Let T2 = S1 × S1 be the 2-torus. Use part (a) to show that the
tangent bundle of T2 is isomorphic to T2 × R2.

Q.6 (a) State Stokes’ Theorem.

(b) Let M be the manifold consisting of R3 minus the z-axis, and
consider the 1-form

α = − y

x2 + y2
dx+

x

x2 + y2
dy + (z + 1) dz

on M .

i. Show that dα = 0.
ii. Let C be the unit circle x2 + y2 = 1 in the xy-plane, and

compute
∫
C α.

iii. Use Stokes’ Theorem to show that C is not the boundary of
any 2-chain in M .


