RETURN THIS COVER SHEET WITH YOUR EXAM AND SOLUTIONS!

Analysis
Ph.D.

Preliminary Exam

August, 2016

INSTRUCTIONS:

1. Answer each of the six questions on a separate page. Turn in a page for each
problem even if you cannot do the problem.

2. Label each answer sheet with the problem number.

3. Put your number, not your name, in the upper right hand corner of
each page. If you have not received a number, please choose one

(1234 for instance) and notify the graduate secretary as to which number
you have chosen.



1. Let m be Lebesgue measure on R, and let £ C R have finite Lebesgue measure. If
E, ={x € E : |z| > r}, prove that m(E,) — 0 as r — oc.

2. Let fy, :]0,1] — R be a sequence of measurable functions. Suppose that

(i) fol |fn‘2 <lforn=12,..., and

(ii) frn — 0 almost everywhere.

Show that

3. Let f and g be real-valued integrable functions on a measure space (X, B, u), and
define
Fi={zeX: f(x)>t}, Gi={reX:g(x) >t}

Prove that

/!f —gldu = /_OO w((Fy\ Gy) U (Ge \ Fy)) dt.

Hint: Rewrite the right-hand side as a double integral.

4. Let f € LY(R) be a function satisfying [p |f(z)|dz = 1.

(a) Prove that
lim /f(:c) cos(tz)dx = 0.
R

[t| =00
Justify your reasoning.

(b) Compute
lim /|f(x)sin2(tm)|d1:.
R

t——+o00

Justify your reasoning.

5. (a) Let f :[0,1] - RU {£o0} be in L*([0,1]), where s € (1,00). Suppose that
r € [1,00) and r < s. Prove that f € L"(]0, 1]).

(b) Prove that LS(R) N L3(R) C L*(R), and moreover show that this containment
is proper. Explain your reasoning.



6. Let C([0, 1]) be the Banach space of all complex-valued continuous functions on [0, 1]
with norm

Il = sup [f(z)

z€[0,1]

(a) If we define B by
B = {fec(o1): [Ifl <1},

show that B is a closed subset of C([0,1]) that is not compact.
(b) Let H :[0,1] x [0,1] — C be a continuous function, and for f € C([0,1]) define

1
S(f)(x) = /0 H(z,y) [ (y)dy.

Prove that if f € C([0,1]) then S(f) € C([0,1]), and also prove that the closure
of {S(f): f € B} is compact in C([0,1]).



Solutions:

1. Let (r,) be an increasing sequence of positive real numbers tending to infinity. It
suffices to show
lim m(E,,) = 0.

n—oo

(Observe that the limit on the left-hand side always exists since m(E;, ) is a decreasing
sequence.) Let F,, = E\ E, . Then Fy C F5 C --- and m(F,) = m(E) — m(E,,).
Thus, by continuity from below,

lim m(F,) = m(E)

n—oo

since N, Ey, = 0. On the other hand,
lim m(F,) =m(E) — lim m(E,,)

n—oo n—00

yielding the desired conclusion. O

2. Let M > 0. Then

1 1 1
/ fn:/ an{|fn|§M}+/ InX{|fn|>M}s
0 0 0

where x|, |<ay and xq|y,|>n are indicator functions. Notice that the sequence of
functions (fux{|s,|<ay) is uniformly bounded. So, by the dominated convergence
theorem,

1
,}g"go/o faxqpal<my = 0.

For the second integral,

! 1o, 1
< = < —
/0 | fnlX(fn> 0y < M/o fal” < 57>

which can be made arbitrarily small by taking M sufficiently large. O

3. Letting x; be the indicator function of the set (F; \ Gi) U (G \ F}) allows us to write

| _wEeyv@nFd= [ [ @i

—0o0

Applying Fubini’s theorem gives the desired conclusion. U



4.

(a) This is just a special case of the Riemann—Lebesgue Lemma, but we include

the proof. We consider the case where we have g = X[, € L'(R), for a finite
subinterval [a,b] C R. Then

b

lim g(z)costrdr = lim cos txdx
[t|—o0 JR [t|—o00 Jq
sintx., . sintb — sinta
lim ]i;g = lim [——].
[t|—oo™ T [t|—o0 t

We now note that

sintb — sinta 2
<
t 2]
so that e 5
0 < limsup |2 <y 2 = o,
[t]— o0 t [t =00 [t]
Therefore

lim [ g(x)costzdx = 0.

[t|—o0 JR

Now let [a;,b;] C R, 1 <1i < n, be a collection of finite intervals in R, and let
{ai}l =1" C C. Let gi = X{a;0,] € L'(R). By properties of the integral and of
limits we get:

lim [Z a;gi(x)] cos txdz

We have thus shown that if ¢» € L*(R) is a step function,

lim /LZJ(.CL‘) costxdr = 0.

[t|—o0 JR

But step functions are dense in L'(R) in the L' norm, so that given f € L'(R)
with || f||1 = 1, there is a sequence of step functions {psiy}3°, with

lim / F(2) — (@) |dz = 0.
k—o00



Given ¢ > 0, find K > 0 such that for all £ > K,

[ 1@ = tu@ldn < 5.
[ 1@ = vx@lde < 5.

Note ¥ is a step function, so there exists N > 0 such that if |t| > N,

In particular,

|/1/)K(m) costrdr| < =
R 2

So, for [t| > N,
|/f ) costxdr; = |/ x) + Y (x)] cos txdx|

|/ — YK (z ]cost:pd:c+/1,bK ) cos tadx|
< |/ — g (x ]008t$df€|+|/w;{ ) cos txdz|
< /| — Yk ( ))costx|da;+|/wK ) cos txdr|
/\ — Y (z )\dx—i-—I—!/@bK ) cos txdz|

< SHi=c

2 2 7

We thus have shown that

lim /f(a;) costzdr = 0,

[t|—o0 JR

as desired.

(b) We use the following double-angle formula in trigonometry:

1 — cos [2tz]

)
sin“tr =
2

Therefore since sin®* | >0,

3 102 _ . .. 92
lim /|f(x) sin® tx|dx = tETMA\f(x)‘Sln tedx

t——+o0 R



L 1 — cos [2tz] 2t:v cos [2tx]
= Jim_ [ 1@ v = [If@lde— tm [ 1@ 5

———- lim /|f cos [2tz]|dz

t—+o00
(the first “1” occurring since we are told that || f|j; = 1)

1
= --0
2

(by part (a), since |f| € L*(R)). Therefore, we have proved that

lim /|f(:1:)sin2tx|da: = %

5. (a) Since f € L*(]0,1]), we have

[ w@ra = [ @i <.
[0,1] [0,1]

It follows that g(z) = |f(x)|" is an element of L+ ([0, 1]). We now apply Holder’s
inequality to the product |f|"-1=|f|" with respect to the conjugate exponents

S and q 1, — = 2= = to obtain

/ If(w)lrdwz/ |f(x)]" -1 da
[0,1] [0,1]

Thus f € L"([0,1]). O
(b) We first show that
1flla < max{[[f]ls, [[fll6}-
We write 4 as a convex combination of 3 and 6 :
1

1
4=(1-2)3+=-6.

So
f@)] = [f@)5350 = [f@) - |f(2).



We now apply Holder’s inequality with p = %, q = 3 to obtain that

45 D21 Pde
/le(fv)l dr = /le( 2| ()2d

< (L1s@Paalt - 17@P Pl

= 1 r@)dal’ - [ 1))

= (Ilf1)* - (IIlle)*.

win

wIn

It follows that

N

Iflla = | /R [f@)[*d2]z < (If)13)% - (I flle)?-

Let M = max{||fl|s,||fll¢}. We then obtain
1

1£la < (IF1)2 - (Iflls)2 < M2 -Mz = M.

Hence ||f|ls < max{||fl|s,| fll6}, as we desired to show. Now suppose f €
LS(R)NL3(R). Then || f|j¢ < oo and || f||3 < co. Hence M = max{|| f|l3, || fll6} <
0. Since || f||4 < M, we get the desired result, that || f||4 < 0o, so that f € L*(R).

Finally, to show the containment is proper, consider the function

f(z) = X(o,l)(x)ﬁ

We note that
1 1

|f(33)\4 = X(0,1)(ff)[m]4 = X(0,1)($)W

1
f(z)|*dx = / —= < 00.
/R (@) [

Therefore f € L*(R). On the other hand,

so that

1
6 _
1 @)"=X01() 157

1
fisertar = [ o=

Therefore f ¢ L9(R), so that f ¢ L5(R) N L3(R). (The exponent 2/9 was chosen
since 1/6 < 2/9 < 1/4.)

so that

g



6.

(a) We first show that B is closed. Recall the sup norm on C(]0,1]) is a norm and

the norm is continuous since we have

WA =Tlglll < 1If = gll, vf,9 € C([0, 1)),

by standard properties of norm. Therefore if {g,} is a Cauchy sequence in
B. by completeness of C([0,1]) this sequence will converge in norm to some
g € C(]0,1]), Since the norm is continuous,

1im [lgall = gl

But for all n € N, g, € B, so that ||g,|| < 1, Vn € N. Therefore |g|| < 1, so
that g € B, and B is closed.

Now consider the sequence of functions in B given by {f,(z) = 2"}5°,. We
calculate the pointwise limit of the f, :

g fn(®) =

0 if0<z<l,
1 ifr=1.

We see that the pointwise limit function is discontinuous at = = 1. Therefore,
the sequence {f,} does not have a subsequence that converges uniformly, so
that {f,} is a sequence in B that does not have any convergent subsequence in
norm, so B cannot be compact. O

Fix f € B. We first show that S(f) is continuous. Let ¢ > 0 be fixed. We
note that since H is continuous on the compact set [0, 1] x [0, 1], it is uniformly
continuous there, so that there exists § > 0 such that whenever x1, x2, y1, y2 €
[0,1] and |z1 — 2| < 0 and |y1 — y2| < 0, |H(x1,91) — H(w2,32)| < §. So if
x1, x2 € [0,1] and |x1 — z2| < 0,

1 1
IS(/) (1) — S(f) ()| = | /0 H(ar,y) f(y)dy — /0 H(az, ) f(4)dy]

1 1
= l/ (H(x1,y) — H(z2,y))f(y)dy| < / |H (x1,y) — H(z2,y)[|f(y)ldy
0 0

1
€ €

< —-ldy=-<e.

< [ a3 <

(We recall that f € B so that sup,¢jo 1) [f(z)| = [[f[| < 1.) Therefore S(f) is
uniformly continuous on [0,1] so that S(f) € C([0,1]). The above argument
also shows that the set {S(f) : f € B} is equicontinuous, because the value ¢
chosen above depends only on £ and H and is independent of f € B. Since H



is continuous on the compact set [0,1] x [0,1] it is bounded on that set, and
therefore there exists M > 0 such that

[H (z,y)| < MV (2,y) €[0,1] x [0,1].

It follows that for f € B, and z € [0, 1],

1 1 1
S(N)@)| = | /O H(x,y)f(y)dy| < /O Hz,y)|f)ldy < /0 M-1dy = M.

Thus {S(f) : f € B} is equicontinuous and pointwise (in fact uniformly)
bounded on [0, 1], so that by the Arzela—Ascoli Theorem, the closure of {S(f) :
f € B} is compact in C([0, 1]). O



