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Algebra Preliminary Exam, January 2013, First Draft

1. Suppose G = A oH is a finite group and A is abelian. Prove that the size of
the conjugacy class of a ∈ A in G is |H : CH(a)|.

2. Let H,K / G, where G is a finite group.

(a) For each P ∈ Sylp(HK), show that P ∩H ∈ Sylp(H), P ∩K ∈ Sylp(K),
and P = (P ∩H)(P ∩K).

(b) Show that if H and K are nilpotent, then HK is nilpotent.

3. Prove that the subring of Q[x] consisting of all polynomials with integer constant
term is not a UFD.

4. Does there exist a 6× 6 matrix A

(a) over Q
(b) over R,

such that A4 + I = A2 − I? Prove your claim.

5. How many roots does the polynomial x2013 − 1 have in the field F67 (note that
2013 = 3 · 11 · 61)?

6. Let F be a field of characteristic 0. Show that if E/F is a normal field extension
of prime degree p such that F contains the p2th roots of unity, then E has an
extension of degree p.
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