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Automata

S set of states,
2 input alphabet

* Acceptor:

e ):SXXY—> S
e TCS

={0,1,+, -}

e.g.
-1011 accepted
+0110 not accepted




Nondeterminism

* NFA 2, b b

 8:5 X 35 P(S) OEXORc ALY
w R0



Nondeterminism

* NFA 2, b

b
¢ 5:S XX - P(S) aabb S
e TCES b b.a ' l
P(S)*



Nondeterminism

* NFA 2, b

b
 8:5 X 35 P(S) OEXORc ALY :
w QPO |
(2 ° P(S)E x 2



Nondeterminism

* NFA
¢ 5:S XX - P(S)
e TCS

* Kripke structure
cRCSXS
cv:S5-P(C)
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Nondeterminism

* NFA
¢ 5:S X I - P(S) >
. TCs 1
P(S)* x 2
* Kripke structure ¢
*cRCSXS l
*v:S - P((C) P(S) x P(C)

blue '---°
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Higher order

* Neighbourhood structure

+RCSx2S @50) f
e c:S - P(C) S
22" X P(0)

Y7

* Topological space

. 7 S P(P(S)) S == 5
* closed under b l
* unions ooy iee

« finite intersections Fil(S)
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Coalgebras and Algebras

co T T e
a §% X 2 P(S)* X 2 D(S) 22° x P(C) IFill(S)

\/ » Set functors fix the ,signature” of coalgebras
F(S

( ) * Algebras are upside-down coalgebras F(A)

a
AXA A% + A A2+ A+ 1 P(A)
@ | B v
A A A A A
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Functors

 F(X) a ,natural set theoretical construction”

* I should be a functor:
* for each X construct new set F (X)
 foreach f: X — Y providemap Ff: F(X) — F(Y)
such that
F(5)
* F(gof)=FgoFf
e F LdA — tdF(A)



Functors and Coalgebras

 F(X) a,natural set theoretical construction”

S
* I should be a functor:
a * for each X construct new set F (X)
 foreach f: X — Y providemap Ff: F(X) — F(Y)
’ such that
F(S)

*F(gef)=FgeoFf
F-coalgebra * Fudy = tdpy



F-coalgebras

Homomorphism

A

F(A)
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A B
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F-coalgebras and homomorphisms

/M\
A ¢ > B l/) > C

F(A) F(B) F(C)

Homomorphisms compose F(WYop)=FpoFgp




SetF

* F'-coalgebras form a category Set

S * Homomorphism theorems
Substructures, quotients, congruences, ...
Co-equations, Co-Birkhoff

Modal logic

\4
F(S)
* Properties of F determine structure of Set:
- weak pullback preservation



Fuctor properties
Weak Pullback Preservation
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* (Weak) pullback

f
A > C
q1
ﬁ' /
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* (Weak) pullback

> C

f
A
q1
ﬁ' /
(ﬂz . B P={(ab)eAx BI|fa)=gh)
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F weakly preserves pullbacks

* (Weak) pullback

f
A » C
/ /
p > B

P={(a,b) e Ax B|f(a) =g(b)}
e apply F

Ff
F(A) ~ F(C)

~ A

F(P) - F(B)




F weakly preserves pullbacks

* (Weak) pullback

f
A C
g
P B P={(a,b) e AX B|f(a) =g(b)}
e apply F
Ff
F(A) F(C)
Fg
F(P) F(B)

Is this a weak pullback diagram?



Observational equivalence
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Observational Y
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Observational equivalence

Observational Y

. B > C
equivalence ... /’ /
P > A
A 4 {V
F(B) ~F(C)
/ Y




F weakly preserves pullbacks

Observational Y

B > C
equivalence ... / /
P > A
! !
F(B) "F(C)




Bisimilarity

Observational
equivalence ...

... 1S bisimilarity

B L4 - C
/ /
P » A
|
|
|
| ' '
| F(B) > F(C)
| /
F(P) F(A)
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Weak pullback preservation

e F weakly preserves pullbacks, iff F preserves
* kernel pairs
* and preimages

* I weakly preserves kernel pairs,
* iff F preserves pullbacks of epis
* iff observational equivalence = bisimilarity

* I weakly preserves preimages

« iff HS(8&) = SH(R), foranyclass &
(provided |F(1)| > 1)

X f +Y
S
ker(f) ————X
f
X - Y
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Functors weakly preserving special pullbacks

e all pullbacks

c F(X) = .. X, X2, X", P(X), P,(X), F(X), D%, ..
: f
* preimages X .y
s F(X) = .. P_(X), X3, IX, .. /
V) ———=v
* kernel pairs f

e F(X) = .. 2%, X2 — X +1,0dd(X), .. X Cy



Functor properties

Functors parameterized by algebras



Parameterizing functors by algebras

* Let F; depend on some algebra A

* Choose A so that F 4 has desirable properties,
e.g. (weakly) preserves

* kernel pairs
* preimages
e pullbacks
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1. Generalize P(X) = 2% For U € X put yy(x) = {0 & U

* Replace 2 = {0,1} by a complete lattice L

* on objects: L*
e onmaps [:X -V
V@ o=\ o
f(x)=y
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Finite M-bags

2. Generalize P, (X)

* Replace boolean algebra 2 by a commutative monoid Ml = (M, +, 0)

* onobjects: M¥ = {myx; +--m,x, |n€N,m; €M.x; € X}

e onmaps f: X - VY: Mf)(mlxl + mpxy) i=myfxy +omyfx,

* The functor ij (weakly) preserves

e preimages iff M is positive

e kernel pairs iff Ml is refinable

v’

v’

positive:
x+y=0 = x=0

refinable:
X1 +tXp =YLty =

a b | x;
c d| xy

Y1 YZ‘ —
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* (:5 t(xli ...,Xn) — tA((pxli ) (pxn)
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Free-algebra functor
Preimage preservation
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Independence

* p(x,vq, ..., Vy) weakly independent of x if

p(x, Ve, ..., V) = q(V) where x # y

* p(x,2z{,...,2y,) independent of x, if

p(x, 21, ..., 2y) = (Y, 21, ...,Z,) Where x,V,2q, ..., Z, mutually different

Derivative of X:

Y= {plx,2) = p(y,z) | p(x, V) weakly independent of x}



Preservation of preimages

* Thm: F5(—) preserves preimages iff X X'



Preservation of preimages

* Thm: F5(—) preserves preimages iff X X'

* Proof(=)



Preservation of preimages

* Thm: F5(—) preserves preimages iff X X'

* Proof(=)
p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)



Preservation of preimages

* Thm: F5(—) preserves preimages iff X X'

* Proof(=)
p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

‘4

{x,v,21, ..., Z0} “{x,y, V1, ..., Up}

J J

o~ (D) -1y}




Preservation of preimages

* Thm: Fx(—) preserves preimages iff X + X'

* Proof(=)
p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

‘4

{x,v,21, ..., Z0} “{x,y, V1, ..., Up}

J J

x & o~ ({yh) “ Y}




Preservation of preimages

* Thm: Fx(—) preserves preimages iff X + X'

* Proof(=)
p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

(pp(x: Zqy o »Zn) ~ p(QDX, PZq, ..., QDZn) P

{x,v,21, ..., Z0} “{x,y, V1, ..., Up}

J J

x & o~ ({yh) “ Y}




Preservation of preimages

* Thm: F5(—) preserves preimages iff X X'

* Proof(=)

p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)
@p(X, Z1, ---»Zn) ~ p(QDX, PZyy ) QDZn) 4
~ p(x,Vq, ., Uy)

{x,v,21, ..., Z0} “{x,y, V1, ..., Up}

J J

x & o~ ({yh) “ Y}




Preservation of preimages

Thm: F5.(—) preserves preimages iff X X

* Proof(=)

p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

(ﬁp(x: Zqy o »Zn) ~ p(QDX, PZq, ..., QDZn) P

{x,v,21, ..., Z0}
~ p(x, vy, .., Uy)

~ q(y) J

“{x,y, V1, ..., Up}

J

x & o {y})

- {y}



Preservation of preimages

Thm: Fx(—) preserves preimages iff X + X’

* Proof(=)

p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

(pp(x: Zqy o »Zn) ~ p(QDX, PZq, ..., QDZn) P

{x,v,21, ..., Z0}
~ p(x, vy, .., Uy)

~q(y) € Fa({y}) J

“{x,y, V1, ..., Up}

J

x & o {y})

- {y}



Preservation of preimages

Thm: Fx(—) preserves preimages iff X + X’

* Proof(=)

p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

(pp(x: Zqy o »Zn) ~ p(QDX, PZq, ..., QDZn) P

{x,v,21, ..., Z0}
~ p(x, vy, .., Uy)

~q(y) € Fa({y}) J

= p(x,21,....,2,) € @ 1 (Fs({v})) x & o~ ({y})

“{x,y, V1, ..., Up}

J

- {y}



Preservation of preimages

Thm: Fx(—) preserves preimages iff X + X’

* Proof(=)

p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

op(x, 21, ...,7,) = p(QX, PZ1, ..., PZy) T2, on 7] @
~ p(x, vy, ., Vy) n
~q() €D J
= p(x, 24, ...,2,) € @_1 (FZ({Y})) X ¢ 90_1({3’})

“{x,y, V1, ..., Up}

J

= Fs(p™"{y})

- {y}



Preservation of preimages

Thm: Fx(—) preserves preimages iff X + X’

* Proof(=)

p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

“{x,y, V1, ..., Up}

J

op(x, 21, ...,7,) = p(QX, PZ1, ..., PZy) T2, on 7] @
~ p(x, vy, ., Vy) n
~q() €D J
= p(x,29, ..., 2,) € @~ (Fs({y}) 1
= Fs(¢™' ) * €T (b

< (Y 21, ) Zn})

- {y}



Preservation of preimages

Thm: Fx(—) preserves preimages iff X + X’

* Proof(=)
p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)

Pp(x, 21, ., Z) = P(PX, PZ1, .., PZy) {x,v,21, ..., Z0} L {x,y,v1, .., 0.}
~ p(x, V1, ...,vn) "
~q() € F (i) ] ]
= p(x, Z1, ---»Zn) € <:5_1 (FZ({)’})) X $ (p_l({y}) > {y}

= Fs ((P_l{y})
< (Y 21, ) Zn})

= p(x; Z1, ---;Zn) ~ T'(y, Z1, ...,Zn)



Preservation of preimages
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Thm: Fx(—) preserves preimages iff X + X’

* Proof(=)
p(x, vy, ..., ) = q(y) F v(x,2¢,...,2,) = p(V, 21, .., Zy,)
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~ p(x, V1, ...,vn) "
~q() € F (i) ] ]
= p(x, Z1, ---»Zn) € <:5_1 (FZ({)’})) X $ (p_l({y}) > {y}

= Fs ((P_l{y})
< (Y 21, ) Zn})

= p(x,2y,.,2n) =1 (V, 21, e, Zy) = V(X, 21, 00, Z0) = D(V, 21, 0, Z0) ¥
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Free-algebra functor

Weak kernel preservation
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* Variety V(2) = all algebras satisfying X

* Mal’cev variety :& 3Im.
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* Variety V(2) = all algebras satisfying X

* Mal’cev variety :& 3Im.

x =m(x,y,y)
m(x,x,y) =y

* n —permutable variety :< 3k.Am4, ..., my,.

x=mq(x,y,y),
m;(x,x,y) = mip1(x,y,y)
mk(x, X, Y) =Yy
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Groups:

m(x,y,z) =x*xy 1xz
Quasigroups:

m(x,y,z) = (x/Y\y)) * (¥\2)
Rings:

m(x,y,z) =x—y+z

... the above, and also ...

. implication algebras
. all congruence regular algebras
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When does Fsx(—) preserve kernel pairs

 Thm: If V is Mal‘cev, then Fx(—) weakly preserves kernel pairs
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* Thm: If V is Mal‘cev, then Fx(—) weakly preserves kernel pairs

n = m(p, 7, q) where ; Y
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* Thm: If V is Mal‘cev, then Fx(—) weakly preserves kernel pairs
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Mal‘cev = weak kernel preservation

* Thm: If V is Mal‘cev, then Fx(—) weakly preserves kernel pairs
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* Lemma: If F5 weakly preserves kernel pairs then for any terms p, g
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* Lemma: If F5 weakly preserves kernel pairs then for any terms p, g

p(x,x,y) =qlx,y,y)
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Proof <
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* Lemma: If F5 weakly preserves kernel pairs then for any terms p, g

p(x,x,y) =qlx,y,y) & 3s.

p(x,y,z) =s(x,y,2,2)
q(x,y,z) =s(x,x,y,7)

 Thm: Mal‘cev & n —permutable + Fs weakly preserves kernel pairs
Proof&<- , mi (x,y,z) =s(xy,z2)
miy1(x,y,2) = s(x,x,y,2)
xzml(x;Y;Y); ,’/
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m(x;x;Y) — mi+2(x;}7;37)

me (e, x,y) =y



Conclusion

* [ preserves

* preimages < weak independence implies independence

* kernel pairs & V(X) is Mal‘cev
= ( n-permutable = Mal‘cev )

Open: & P77



Distributive and modular varieties

* If F},(X) preserves kernel pairs then

* P is congruence distributive iff
Ak € N.3Im.m is k—ary majority term, i.e.

m(x,..,x,y) = =m(x, .., X, y, X, ...

* Vis congruence modular iff
1k € N.3m.3q.

m(x,..,x,y) = =m(x, ., xX,y, X, ...

m(y,x,..,x) =q(x,x,y)
q(x,y,y) =x



