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Automata
𝑆 set of states,

Σ input alphabet

• Acceptor:

• 𝛿: 𝑆 × Σ → 𝑆
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Nondeterminism

• NFA
• 𝛿: 𝑆 × Σ → ℙ(𝑆)

• 𝑇 ⊆ 𝑆
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Nondeterminism

• NFA
• 𝛿: 𝑆 × Σ → ℙ(𝑆)

• 𝑇 ⊆ 𝑆

• Kripke structure
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Probabilistic

• Probabilistic systems

• 𝛿: 𝑆 × 𝑆 → 0,1 ℝ

• σ𝑥∈𝑆 𝛿 𝑠, 𝑥 = 1

1/2

1/3

1/6

1/2 1/2

3/4

1/4

1/2

1/2

1
𝑠0

𝑠1

𝑠2

𝑠3

𝑠4

𝑠5



Probabilistic

• Probabilistic systems

• 𝛿: 𝑆 × 𝑆 → 0,1 ℝ

• σ𝑥∈𝑆 𝛿 𝑠, 𝑥 = 1

1/2

1/3

1/6

1/2 1/2

3/4

1/4

1/2

1/2

1

𝑆

𝔻(𝑆)
𝑠0

𝑠1

𝑠2

𝑠3

𝑠4

𝑠5



Higher order

• Neighbourhood structure

• 𝑅 ⊆ 𝑆 × 2𝑆

• 𝑐: 𝑆 → ℙ(𝐶)



Higher order

• Neighbourhood structure

• 𝑅 ⊆ 𝑆 × 2𝑆

• 𝑐: 𝑆 → ℙ(𝐶)

𝑆

22
𝑆
× ℙ(𝐶)



Higher order

• Neighbourhood structure

• 𝑅 ⊆ 𝑆 × 2𝑆

• 𝑐: 𝑆 → ℙ(𝐶)

• Topological space

• 𝜏 ⊆ ℙ ℙ 𝑆
• closed under

• unions
• finite intersections

𝑆

22
𝑆
× ℙ(𝐶)



Higher order

• Neighbourhood structure

• 𝑅 ⊆ 𝑆 × 2𝑆

• 𝑐: 𝑆 → ℙ(𝐶)

• Topological space

• 𝜏 ⊆ ℙ ℙ 𝑆
• closed under

• unions
• finite intersections

𝑆

22
𝑆
× ℙ(𝐶)

𝑆

𝔽𝑖𝑙(𝑆)



Coalgebras and Algebras

• Set functors fix the „signature“ of coalgebras
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Coalgebras and Algebras

• Set functors fix the „signature“ of coalgebras

• Algebras are upside-down coalgebras
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Functors

• 𝐹 𝑋 a „natural set theoretical construction“

• 𝐹 should be a functor:
• for each 𝑋 construct new set 𝐹(𝑋)

• for each 𝑓: 𝑋 → 𝑌 provide map 𝐹𝑓: 𝐹 𝑋 → 𝐹(𝑌)

such that

• 𝐹 𝑔 ∘ 𝑓 = 𝐹𝑔 ∘ 𝐹𝑓

• 𝐹 𝜄𝑑𝐴 = 𝜄𝑑𝐹 𝐴

𝑆

𝐹(𝑆)

𝛼



Functors and Coalgebras

• 𝐹 𝑋 a „natural set theoretical construction“

• 𝐹 should be a functor:
• for each 𝑋 construct new set 𝐹(𝑋)

• for each 𝑓: 𝑋 → 𝑌 provide map 𝐹𝑓: 𝐹 𝑋 → 𝐹(𝑌)

such that

• 𝐹 𝑔 ∘ 𝑓 = 𝐹𝑔 ∘ 𝐹𝑓

• 𝐹 𝜄𝑑𝐴 = 𝜄𝑑𝐹 𝐴
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𝐹-coalgebras
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𝐹-coalgebras and homomorphisms
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𝐹-coalgebras and homomorphisms

𝐵 𝐶𝐴

𝐹(𝐴) 𝐹(𝐵) 𝐹(𝐶)
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𝐹-coalgebras and homomorphisms

𝐵 𝐶𝐴

𝐹(𝐴) 𝐹(𝐵) 𝐹(𝐶)

𝛼 𝛽 𝛾

𝜑 𝜓

𝜓 ∘ 𝜑

𝐹(𝜓 ∘ 𝜑)
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Homomorphisms compose 𝐹 𝜓 ∘ 𝜑 = 𝐹𝜓 ∘ 𝐹𝜑



𝑆𝑒𝑡𝐹

• 𝐹-coalgebras form a category 𝑆𝑒𝑡𝐹

• Homomorphism theorems

• Substructures, quotients, congruences, …

• Co-equations, Co-Birkhoff

• Modal logic

• …

• Properties of 𝐹 determine structure of 𝑆𝑒𝑡𝐹
- weak pullback preservation

𝑆

𝐹(𝑆)
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F weakly preserves pullbacks

• (Weak) pullback

A                                               C

P                                             B

f

g

𝑃 = { 𝑎, 𝑏 ∈ 𝐴 × 𝐵 ∣ 𝑓 𝑎 = 𝑔 𝑏 }
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F weakly preserves pullbacks

• (Weak) pullback

• apply 𝐹

A                                               C

P                                             B

F(A) F(C)

F(P)                                         F(B)

f

g

Ff

Fg

𝑃 = { 𝑎, 𝑏 ∈ 𝐴 × 𝐵 ∣ 𝑓 𝑎 = 𝑔 𝑏 }



F weakly preserves pullbacks

• (Weak) pullback

• apply 𝐹

Is this a weak pullback diagram?

A                                               C

P                                             B

F(A) F(C)

F(P)                                         F(B)

f

g
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Fg

𝑃 = { 𝑎, 𝑏 ∈ 𝐴 × 𝐵 ∣ 𝑓 𝑎 = 𝑔 𝑏 }



Observational equivalence
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Observational equivalence
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Observational equivalence
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𝐹(𝑃)

F weakly preserves pullbacks
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𝐹(𝑃)

Bisimilarity
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… is bisimilarity



Weak pullback preservation

• 𝐹 weakly preserves pullbacks, iff 𝐹 preserves
• kernel pairs
• and preimages

• 𝐹 weakly preserves kernel pairs, 
• iff congruences are bisimulations
• iff observational equivalence = bisimilarity

𝑋 𝑌

ker(𝑓) 𝑋

𝑓

𝑓
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(provided |𝐹 1 | > 1 )    
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Functors weakly preserving special pullbacks

• all pullbacks
• 𝐹 𝑋 = … 𝑋, 𝑋𝑛, Σ𝑖∈𝐼𝑋

𝑛𝑖 , ℙ 𝑋 , ℙ𝜔 𝑋 , 𝔽(𝑋), 𝐷𝑋 , …
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Parameterizing functors by algebras

• Let 𝐹𝒜 depend on some algebra 𝒜

• Choose 𝒜 so that 𝐹𝒜 has desirable properties,  
e.g. (weakly) preserves

• kernel pairs

• preimages

• pullbacks



𝐿-fuzzy functor

1. Generalize ℙ 𝑋 = 2𝑋

• Replace 2 = {0,1} by a complete lattice 𝐿

• on objects: 𝐿𝑋

• on maps 𝑓: 𝑋 → 𝑌: 

𝐿𝑓 𝜎 (𝑦):= ሧ

𝑓 𝑥 =𝑦

𝜎(𝑥)

For 𝑈 ⊆ 𝑋 put 𝜒𝑈 𝑥 = ቊ
1, 𝑥 ∈ 𝑈
0, 𝑥 ∉ 𝑈



𝐿-fuzzy functor
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• 𝐿(−) always preserves preimages 
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𝜎(𝑥)

• 𝐿(−) always preserves preimages 

• 𝐿(−) weakly preserves kernel pairs iff 𝐿 is JID 

𝑥 ∧ ⋁ 𝑥𝑖 𝑖 ∈ 𝐼 = ⋁{𝑥 ∧ 𝑥𝑖 ∣ 𝑖 ∈ 𝐼}
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… the above, and also …

• implication algebras
• all congruence regular algebras

…
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𝑛-permutable + wkp ⇔ Mal‘cev
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Conclusion

• 𝐹Σ preserves

• preimages ⇔ weak independence implies independence

• kernel pairs ⇐ 𝒱(Σ) is Mal‘cev
⇒ ( 𝑛-permutable ⇒ Mal‘cev )

Open: ⇔ ???



Distributive and modular varieties

• If 𝐹𝒱 𝑋 preserves kernel pairs then

• 𝒱 is congruence distributive iff
∃𝑘 ∈ ℕ. ∃𝑚.𝑚 is 𝑘−ary majority term, i.e.

𝑚 𝑥,… , 𝑥, 𝑦 = ⋯ = 𝑚 𝑥,… , 𝑥, 𝑦, 𝑥, … , 𝑥 = ⋯ = 𝑚 𝑦, 𝑥, … , 𝑥 = 𝑥

• 𝒱 is congruence modular iff
∃𝑘 ∈ ℕ. ∃𝑚. ∃𝑞.

𝑚 𝑥,… , 𝑥, 𝑦 = ⋯ = 𝑚 𝑥,… , 𝑥, 𝑦, 𝑥, … , 𝑥 = ⋯ = 𝑚 𝑥, 𝑦, 𝑥, … , 𝑥 = 𝑥
𝑚 𝑦, 𝑥,… , 𝑥 = 𝑞 𝑥, 𝑥, 𝑦
𝑞 𝑥, 𝑦, 𝑦 = 𝑥


