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Introduction

Toric varieties have been a shining ex-
ample of success in Gromov-Witten the-
ory. The Gromov-Witten theory of toric
3-folds can be computed by several tech-
niques, including the topological vertex,
(virtual) tixed point localization and the
remodeling conjecture. Each of these
techniques harnesses the combinatorics
of the toric variety in a different way.
Our motivation is to develop new com-
putational techniques that stem from the
combinatorics of these varieties.

Cremona Symmetry on IP”

The classical Cremona transformation
on IP" is the birational map given by

coordinate-wise reciprocation,
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As a map on the fan (or polytope) of
P", the Cremona symmetry is induced
by retlection through the origin in the
lattice Z". The Cremona transformation
is resolved by maximally blowing up the
torus fixed subvarieties of IP”. The poly-
tope of this variety is known as the per-
mutohedron I, (shown in figure 1 for
n = 3). Gottsche-Pandharipande (in di-
mension 2) and Bryan-Karp (in dimen-
sion 3), showed that this map pushes

forward to a nontrivial automorphism
of the homology, and yields a nontrivial
symmetry of the Gromov-Witten invari-
ants. In IP? this map sends lines to conics,
and in IP° it sends lines to cubics.
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Figure 1: The fan and polytope of the permutohedron.

A property of basic interest proved by
Hu and Bryan-Karp, is that the symme-
try of Xp,, descends to the blowup of
IP° at six points. This gives the result
enumerative significance. For instance,
pushing forward the class of a line be-
tween two points in IP° via Cremona, we
get
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This recovers the result that there is ex-
actly one cubic through 6 generic points
In projective space.

Blowups of PxP!xP!

Consider the cube (the polytope of P'x
P!xP'). Blowing up points on an inte-
rior diagonal, and all lines intersecting

these points, we are again left with the
polytope Il3. This common blowup for
IP°> and P'x IP!xIP!, gives us a birational
map T between these spaces, via blowup
and blowdown.

Now, if ¢ is the map on the lattice poly-
tope 113, given by the matrix
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then o, is a nontrivial symmetry of the

homology on Xpy, viewed as a blowup of
Plx PIxP!.
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Descent of Toric Symmetry

The degeneration formula gives us the
absolute invariants in terms of the rela-
tive ones,
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where the sum is taken over curve split-
tings B = B1 + By, and P is the projective
completion of the normal bundle of the
center of the blowup (in our case over a
line). F is the relative divisor. Using rel-
ative invariants and deformation to the
normal cone, we can prove that the sym-
metry o, above descends to a symme-
try on P'x P'xIP}(2). There is an au-
tomorphism 7, on A,(Xry,), and thus, if
we prove that the invariants on Xpp, are
equal to those on P! x P! x IP1(2), to-

gether with the result of Bryan-Karp, we
get a basic result relating the Gromov-
Witten invariants on IP° and IP'x PP,
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Figure 2: The birational map 7 relates the GW invari-
ants on IP° and P! x P! x P,

Further there are the two involutions on
X11, that are nontrivial on classes pulled
back from the base spaces. Let 0 and T
are as before, and 0 is the Cremona invo-
lution on IP°. If B is a class on IP°(4) that
lifts to a non exceptional class on Xy,
then we have
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Note that GW invariants are not functo-
rial under birational maps in general.
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