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Abstract

We derive simple explicit formula for the character of a cycle in
the Connes’ (b, B)-bicomplex of cyclic cohomology and apply it to
write formulas for the equivariant Chern character and characters of
finitely-summable bounded Fredholm modules.

1 Introduction

The notion of a cycle, introduced by Connes in [4], plays an important role in
his development of the cyclic cohomology and its applications. Many ques-
tions of the differential geometry and noncommutative geometry can be re-
formulated as questions about geometrically defined cycles. Associated with
a cycle is its character, which is a characteristic class in cyclic cohomology,
described by an explicit formula ( see [4]).

Some natural constructs, like the the transverse fundamental cycle of a
foliation [6] or the superconnection in [15] require however consideration of
more general objects, which we call “generalized cycles” (we recall the defini-
tion in the section 2). The simplest geometric example of generalized cycle is
provided by the algebra of forms with values in the endomorphisms of some
vector bundle, together with a connection. More interesting examples arise
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from vector bundles equivariant with respect to action of discreet group, or,
more generally, holonomy equivariant vector bundles on foliated manifolds.
The original definition of the character of a cycle does not apply directly
to generalized cycles. To overcome this, Connes ([4], cf. also [6]) has devised
a canonical procedure allowing to associate a cycle with a generalized cycle.
This allows to extend the definition of the character to the generalized cycles.
In this paper we show that the character of a generalized cycle can be
defined by the explicit formula in the (b, B)-bicomplex, resembling the JLO
formula for the Chern character [10]. In the geometric examples above this
leads to formulas for the Bott’s Chern character [2] in cyclic cohomology. As
another example we derive formula for the character of Fredholm module.
The paper is organized as follows. In section 2 we define the character
of a generalized cycle and, more generally, generalized chain. Closely related
formulas also appear and play an important role in Nest and Tsygan’s work
on the algebraic index theorems [12, 13]. We then establish some basic prop-
erties of this character and prove that our definition of the character coincides
with the original one given by Connes in [4]. In section 3 we construct the
cyclic cocycle, representing the equivariant Chern character in the cyclic co-
homology, and discuss relation of this construction with the multidimensional
version of the Connes construction of the Godbillon-Vey cocycle [5], and the
transverse fundamental class of the foliation. In section 4 we write explicit
formulas for the character of a bounded finitely-summable Fredholm mod-
ule, where F? — 1 is not necessarily 0 (such objects are called pre-Fredholm
modules in [4]). The idea is to associate with such a Fredholm module a
generalized cycle, by the construction similar to [4]. We thus obtain finitely
summable analogues of the formulas from [10] and [9].
I would like to thank my advisor H. Moscovici for introducing me to the
area and constant support. I would like also to thank D. Burghelea and I.
Zakharevich for helpful discussions.

2 Characters of cycles

In this section we start by stating definitions of generalized chains and cycles,
and writing the JLO-type formula for the character. We then show that this
definition of character coincides with the original one from [4].

In what follows we require the algebra .4 to be unital. This condition will
be later removed by adjoining the unit to .A.



One defines a generalized chain over an algebra A by specifying the fol-
lowing data:

1. Graded unital algebras €2 and 02 and a surjective homomorphism 7 :
Q — 09 of degree 0 , and a homomorphism p : A — Q. We require
that p and r be unital.

2. Graded derivations of degree 1 V on €2 and V' on OS2 such that roV =
V'or and 6 € Q2 such that

V2(e) = 0€ — €0
V¢ € Q. We require that V() =0 .

3. A graded trace ][ on Q" for some n (called the degree of the chain)

such that
JAGEL

VE € Q"' such that 7(£) = 0.

If one requires 0€2 = 0 one obtains the definition of the generalized cycle.
Generalized cycle for which 8 = 0 is called cycle.

One defines the boundary of the generalized chain to be a generalized
!

/
cycle (092, V', #', ][ ) of degree n — 1 over an algebra A where the ][ is the
graded trace defined by the identity

fe=fve (2.1)

where £ € (0Q)"! and £ € Q" such that 7(§) = . Homomorphism p’ :
A — 000 is given by

pl=rop (2.2)
Notice that for & € 9Q (V')%(£") = 0'¢’ — €0’ where @' is defined by

0" = r(0) (2.3)



With every generalized chain C™ of degree n one can associate by a JLO-
type formula a canonical n-cochain Ch(C") in the (b, B)-bicomplex of the
algebra A, which we call a character of the generalized chain.

Chk(Cn)(ao, A1y ak) =

D> fp(ao)oiowp(al»e“...V(p<ak>>eik (2.4)

ntk))
(552! do+i1 e tip="5E

Note that if C" is a (non-generalized) cycle Ch(C") coincides with the
character of C" as defined by Connes.
For the generalized chain C let dC denote the boundary of C.

Theorem 2.1. Let C" be a chain, and 0(C™) be its boundary. Then
(B +b)Ch(C™) = S Ch(a(C™)) (2.5)
Here S is the usual periodicity shift in the cyclic bicomplez.

Proof. By direct computation. O

Remark 2.1. A natural framework for such identities in cyclic cohomology
is provided by the theory of operations on cyclic cohomology of Nest and
Tsygan, cf. [12, 13]

Corollary 2.2. If C" is a generalized cycle then Ch(C™) is an n-cocycle in
the cyclic bicomplex of an algebra A.

Corollary 2.3. For two cobordant generalized cycles CT and C¥
[S Ch(CT)] = [S Ch(Cy)]
in HC"2(A).

Formula (2.4) can also be written in the different form. We will use the

following notations. First, can be extended to the whole algebra €2 by

setting ][f = 0 if degé # n. For & € Q ef is defined as Z;io% . Then
denote A* the k-simplex {(to,t1,...,tk)|to +t1 + -+ +tx = 1,¢; > 0} with
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the measure dt,dt, . ..dt;. Finally, o is an arbitrary nonzero real parameter.
Then

Ch*(C™)(ag, ay, - .. ax) =

k—n

a2 / (fp(ao)e_“toav(p(al))e_o‘tlg . V(p(ak))e_”tke) dtidty . .. diy
* (2.6)

where k is of the same parity as n. Indeed,

][p(ao)eat‘)av(p(al))e“tl" . V(p(ay))e &0 =

CoT 3 R e T V(e
i0+i1+...+ik:nT_k 021+ .-

(2.7)
and our assertion follows from the equality
iolin!. . .
(iop+ i1+ +ik + k)!

/t@%? LR dtydty ... dty, =
An

Remark 2.2. We worked above only in the context of unital algebras and
maps. The case of general algebras and maps can be treated by adjoining a
unit. We follow [15] The definition of the generalized chain in the nonunital
case differ from the definition in the unital case only in two aspects: first,
we do not require algebras and morphisms to be unital, second, we do not
require any more that the curvature 6 is an element of Q2; rather we require
it to be a multiplier of the algebra Q which satisfies the following: for w € QF

0w and wh are in QF2 V(fw) = 0V (w), V(wh) = V(w)6 and ][Hw = ][wﬁ

if w € Q2. We also need to require existence of # — multiplier of 9 such
that r(fw) = 0'r(w), r(wf) = r(w)#', and include it in the defining data of
chain.

With C"* = (Q,09,r,V,V'. 0, ][) — nonunital generalized chain over a

(possibly nonunital) algebra A we associate canonically a unital chain cn =
(SNI, 0Q,7, V, 6’5, ][) over the algebra A — A with unit adjoined. The con-

struction is the following: the algebra Q is obtained from the algebra €2 by
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adjoining a unit 1 , ( of degree 0 ) and an element 9 of degree 2 with the
relations fw = Bw and wh = wh for w € ), and similarly for the algebra
d9Q. The derivation V coincides with V on the elements of €2 and satisfies
equalities V(#) = 0 and V(1) = 0, and V' is defined similarly. The graded

trace ][ on € is defined to coincide with ][ on the elements of {2 and, if n is

even, is required to satisfy the relation ][5% =0.

Now if C" is a (nonunital) generalized cycle over A, formula (2.4), applied
to to C" defines a (reduced) cyclic cocycle over an algebra A and hence a
class in the reduced cyclic cohomology HC" (A) = HC"(A). The Corollary
2.3 implies that this class is invariant under the (nonunital) cobordism. Note
also that in the unital case the class defined after adjoining the unit agrees
with the one defined before.

Alternatively, one can work from the beginning with the Loday-Quillen-
Tsygan bicomplex, see e.g. [11], where the corresponding formulas can be
easily written.

We now will show equivalence of the previous construction with Connes’
original construction.

With every generalized cycle C = (2, V, 0, ][) over an algebra A Connes

shows how to associate canonically a cycle Cx.

One starts with a graded algebra €2y, which as a vector space can be
identified with the space of 2 by 2 matrices over an algebra {2, with the
grading given by the following:

[wn W12

€ ng if w11 € Qk wig, W9 € Qkil and Wag € Qki?
Wa1 Waz

! !
The product of the two elements in Qy w = [wll wu] and W' = [w“ wu]

T
Wa1 Wa2 Wop Wog
is given by
] ! !
wHw = 0 ol ot o (2.8)
W21 W22 | Wo1 Woo

The homomorphism py : A — 2y is given by

pola) = | P9 0] (2.9)



On this algebra one can define a graded derivation Vy of degree 1 by the
W11 wlz]

formula (here w =
Wa1 Wa2

= S0 S e10
One checks that
Vi(w) = [g (1)} *W— W * {g ﬂ (2.11)

More generally, one can define on this algebra a family of connections V},
0 <t <1 by the equation

Vi(w) = Vy(w) + (X *w — (=1)%8“w x X) (2.12)

where X' is degree 1 element of €2y given by the matrix

X = [(1) _01] (2.13)

Lemma 2.4. (V5)?(w) = (1 —t?) ([g (1)} W —we {g ?D

Proof. Follows from an easy computation. O

Hence for t = 1 we obtain a graded derivation Vj whose square is 0 .

Finally, the graded trace ][ is defined by
9

][aw = ][w11 — (—1)desw ][w220 (2.14)

It is closed with respect to Vg, and hence, being a graded trace, it is closed
with respect to V} for any ¢.

Corollary 2.5. Cx = (Qg,Vé,][ ) is a (nongeneralized) cycle
0



The cycle Cx is Connes’ canonical cycle, associated with the generalized
cycle C . With every (nongeneralized) cycle of degree n Connes associated a
cyclic n-cocycle on the algebra A by the following procedure: let the cycle
consist of a graded algebra €2, degree 1 graded derivation d and a closed

trace 4. Then the character of the cycle is the cyclic cocycle 7 in the cyclic

compler given by the formula

T(ag, a1, -+, 0n) = ][p(ao)dp(al) ...dp(ay) (2.15)

To it corresponds a cocycle in the (b, B)-bicomplex with only the one nonzero
component of degree n, which equals ﬁ][p(ao)dp(al) ...dp(ay)

Theorem 2.6. Let C™ be a generalized cycle of degree n over an algebra A,
and C% be the canonical cycle over A, associated with C" (see above). Then

[Ch(C™)] = [7(C%)] in HC™(A).

Note that equality here is in the cyclic cohomology, not only in the pe-
riodic cyclic cohomology. The theorem will follow easily from the above
considerations and the following lemma.

Lemma 2.7. Let Cy = (2, Vo, b, ][) , be a generalized cycle of degree n over

an algebra A, and let n be an element of Q'. Consider the generalized cycle
Ci = (9, V1,01,][), where

Vi =V +adn

01 =60 + Von+ 1’
Then [Ch(Cy)] = [Ch(C,)].

Proof of the Lemma 2.7. First, we can suppose that the cycle is unital — in
the other case one can perform a construction, explained in the Remark 2.2.

We start by constructing a cobordism between cycles Cy and C;. This
is analogous to a construction from [15]0. The cobordism is provided by the

chain C¢ = (Q¢, 0Q°,r¢, V¢, (Vc)’,ﬁc,][) with 0C¢ = —Cy U C; defined as

follows.



The graded algebra Q° is defined as Q*([0,1])®Q, where ® denotes the
graded tensor product, and Q*([0, 1]) is the algebra of the differential forms
on the segment [0,1]. The map p°: A — Q€ is given by

p°(a) = 1&p(a) (2.16)

We denote by ¢ the variable on the segment [0, 1].
The graded derivation V¢ is defined by

Vé(a®w) = da®w + (—1)%8*%a@Vw + (—1)%*e*%a[n, ] (2.17)

Here d is the de Rham differential on [0, 1].
The curvature 6¢ is defined to be

186, + t®Vn + *@n° + dt®n (2.18)

As expected, the algebra 0€2¢ is defined to be Q@ €2. The restriction map
r¢: Q¢ — Q& Q is defined by

r(0Bw) = a(0)wd a(l)w if dego.z =0 (2.19)
0 otherwise
The connection V' on Q @ 2 is given by Vo & V.

The graded trace ][ on (2¢)"*! is given by the formula

c fa][w if degw =n and dega =1
][ a®w = < [0,1] (2.20)

0 otherwise
It is easy to see that
¢ ,\ 1) — (0 if d = dd =0

][Vc(a®w) _ (a(1) — of ))][w if degw =n and dega (2.21)

0 otherwise

C

Hence the “boundary” trace (][ ) induced on Q2 & 2 equals —][ ®

Thus we constructed the generalized chain C¢, providing the cobordism
between Cy and C;. The Corollary 2.3 implies that [S Ch(Cp)] = [S Ch(Cy)]-
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To obtain the more precise statement of the Lemma and finish the proof of
the Theorem, we need to examine the character Ch(C¢), since S Ch(Cp) —
S Ch(Cy) = (b+ B) Ch(C®).

Ch(C¢) has components Ch*(C¢) for k = n+ 1, n —1, .... Its top
component Ch"'(C¢) is given by the formula

1

n+1/c —
Ch (C )(ao,al,...,an+1) = (n+1)'

][cp%ao)v%p%al)) V(P (1))
(2.22)

where a; € A. But the expression under ][c is easily seen to be of the form
a®w, with a of degree 0. Hence the expression (2.22) is identically 0, by the
definition (2.20) of ][C. It follows that Ch(C®) is in the image of the map S,
and this implies that [Ch(Cy)] = [Ch(C,)] O
Remark 2.3. The above lemma remains true if we relax its conditions to
allow 1 to be a multiplier of degree 1 , such that ][nw = (—1)("_1)/2][w77

and r(nw) = r(wn) = 0 if r(w) = 0. Then Vyn is a multiplier, defined by
(Von)w = Vo(nw) + nVoew. The same proof then goes through if we enlarge
the algebra €2 to the subalgebra of the multiplier algebra of {2 obtained from

Q by adjoining 1 , 6y, 1, Vgn, and extending ][ to this algebra by zero (i.e.
we put ][P = 0 for any P — monomial in 6y and 7).

Proof of the Theorem 2.6. The lemma above applies directly to the cycles

Ci = [, Vo, [g (1] ,][) and C; = C% (with n = X) This shows that

9
Ch(C") = Ch(C%) in HC™(A). Since C% is a (nongeneralized) cycle, com-
parison of the definitions shows that Ch(C%) = 7(C%), even on the level of
cocycles, and the Theorem follows. O

Corollary 2.8. For two generalized cycles C} = (€, Vl,Ol,][ ) and C§* =
1

(92, V2,92,][ ) define the product by C; xCy = (QI®Q2,V1®1+1®V2,01(§)1+

2
1@592,][ @f ). Then Ch(C, % Cs) = Ch(Cy) U Ch(Cy).
1 2
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Proof. For the non-generalized cycles this follows from Connes’ definition of
the cup-product. In the general case, the statement follows from the exis-
tence of the natural map of cycles (i.e. homomorphism of the corresponding
algebras, preserving all the structure) (C; x C3)x — (C1)x X (C2)x, which
agrees with taking of the character.

The simplest way to describe this map is by using another Connes’ de-

W21 W22

wi; € () is identified with the element wyy + w12 X + Xwa; + Xwoe X, where X
is a formal symbol of degree 1 . The multiplication law is formally defined
by wXw' = 0, X2 = #. This should be understood as a short way of writ-
ing identities like wX * Xw' = whuw' (note that X is not an element of the
algebra).

If we denote by X, X,, X, formal elements, corresponding to Cy, Cy, C; X
C, respectively, the homomorphism mentioned above is the unital extension
of the identity map ©,®Q, — Q,®€, defined ( again formally) by X5 —
(X181 + 18Xs).

. . . . e i w W
scription of his construction. In this description matrix { 1 12],

O

3 Equivariant characteristic classes

This section concerns vector bundles equivariant with respect to discrete
group actions. We show that there is a generalized cycle associated naturally
to such a bundle with ( not necessarily invariant ) connection. The character
of this generalized cycle turns out to be related ( see Theorem 3.1 ) to the
equivariant Chern character.

Let V be an orientable smooth manifold of dimension n, E a com-
plex vector bundle over V, and A = End(FE) — algebra of endomorphisms
with compact support. One can construct a generalized cycle over an al-
gebra A in the following way. The algebra Q2 = Q*(V,End(E)) — the alge-
bra of endomorphism-valued differential forms. Any connection V on the
bundle F defines a connection for the generalized cycle, with the curva-
ture # € Q?(V,End(FE)) — the usual curvature of the connection. On the

Q™(V,End(E)) one defines a graded trace ][ by the formula ][w = [trw,
1%

where in the right hand side we have a usual matrix trace and a usual in-
tegration over a manifold. Note that when V is noncompact, this cycle is
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nonunital. The formula (2.6), define a cyclic n-cocycle {Ch*} on the algebra
A, given by the formula

Chk(ao, Ap,y... ak) =

/ /tr ape 0V (a1)e ™0 ...V (ap)e ™ | dtidt,. .. dt, (3.1)
Ak 4

Hence we recover the formula of Quillen from [16]. (Recall that for noncom-
pact V' these expressions should be viewed as defining reduced cocycle over
the algebra A with unit adjoined, with Ch® extended by Ch°(1) = 0).

One can restrict this cocycle to the subalgebra of functions C*(V) C
End(FE). As a result one obtains an n-cocycle on the algebra C*°(V'), which
we still denote by {Ch*}, given by the formula

1

Chk(ao,al, .. .ak) = E

/aoda1 .. .dagtre? (3.2)
v

To this cocycle corresponds a current on V', defined by the form ¢re=. Hence
in this case we recover the Chern character of the bundle E. Note that we
use normaliztion of the Chern character from [1].

Let now an orientable manifold V' of dimension n be equipped with an
action of the discreet group I' of orientation preserving transformations, and
E be a I'-invariant bundle. In this situation, one can again construct a cycle
of degree n over the algebra A = End(E) xT". Our notations are the following
: the algebra A is generated by the elements of the form aU,, a € End(E),
g €T, and U, is a formal symbol. The product is (a'Uy)(al,) = da'a? U,y
The superscript here denotes the action of the group.

The graded algebra 2 is defined as Q*(V,End(E)) x I'. Elements of
clearly act on the forms with values in E, and any connection V in the bundle
E defines a connection for the algebra €2, which we also denote by V, by the
identity (here w € Q, and s € Q*(V, E))

V(ws) = V(w)s + (=1)8“wV(s) (3.3)

One checks that the above formula indeed defines a degree 1 derivation,
which can be described by the action on the elements of the form alU, where
a € Q*(V,End(E)), g € T, by the equation

V(al,) = (V(a) + a A 3(9)) U (3.4)
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where § is Q'(V, End(E))-valued group cocycle, defined by
5(g) =V —goVog™ (3.5)

One defines a curvature as an element fU;, where 1 is the unit of the group,

and @ is the (usual) curvature of V . The graded trace ][ on 2" is given by

][aUg _Jfe re=t (3.6)

0 otherwise

One can associate with this cycle a cyclic n-cocycle over an algebra A,
by the equation (2.6). By restricting it to the subalgebra C§°(V) x I' one
obtains an n-cocycle {x*} on this algebra. Its k-th component is given by
the formula

X (apUyys a1Ugy,s - - - aU,, ) =

§ : 041 Y2 Yipr—1 _7Viq Yip+1
aodal da/2 .« e dail_l a/zl da“_i_l “ ..

1<i1<ip << <k §,
®i1,i2,...,il (’Y1, cee ,’Yk) (3-7)

for gog1 - .- gr = 1 and 0 otherwise. Here the summation is over all the subsets
of {1,2,...k} and the following notations are used: 7, are group elements
defined by v; = gog1 - - - gj—1- Oirjis,...ii (Y1, - - -, V&) is the form (depending on
90,91 - .. ) defined by the formula

@ihiz,...,il( Y1y« «5 )k)
—to071  —t1072 —_ts Vi .
/tre b =167 p=tiy 10 Y6(giy )0

Ak
e 0T et 102 50 V1 e i0qs | dty, (3.8)

The change of connection does not change the class in the cyclic cohomology,
as can be seen by constructing a a cobordism between corresponding cycles.
This formula is a cyclic cohomological analogue of the formula of Bott [2].
More precisely, the following theorem holds:
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Theorem 3.1. Let Chp(E) € H*(V xr EI') be the equivarint Chern charac-
ter. Let ® : H*(V xp EI') — HP*(C3°(V) x I') be the canonical imbedding,
constructed by Connes, cf. [6]. Then

® (Chr(E)) = [x]

Here E pulls back to an equivariant bundle on V' x EI', and then drops
down to V xp ET', and the equivariant Chern character Chr(F) is the Chern
character of the resulting bundle. We recall that we use normalization from

[1].
To prove the theorem we need some preliminary constructions and facts.
For a ['-manifold Y by Yr we denote the homotopy quotient Y xr EI".
Suppose we are given [-manifolds V' and X, X oriented. We construct
then a map I : HC/(C$(V) x ') — HCITIMX(C2(V x X) x I'). The con-
struction is the following: in HCY™X (C$°(X )« ') there is a class represented
by the cocycle

% fX fodfiqo ce dfgoglmgk_l if gogd1 - . -9 = 1
0 otherwise

T(fOUQO’ flUgl’ - '7kagk) - {

k = dim X.
One then constructs the map I from the following diagram:

HCI(CE(V) % T) 5 HOTH =X ((C(V) % T) @ (C3°(X) % T))
5 HCHmX(0o(V x X) «T) (3.9)
Here the last arrow is induced by the natural map
A:CP(VxX)xTl = (C(V)®CP(X)) x T
= (C(V)xT) @ (C°(X) »T) (3.10)

defined by A ((f ® f)Uy) = (fU,) ® (f'Uy).
Suppose now that V' is also oriented.

Proposition 3.2. The following diagram is commutative:

HP*(C*(V x X) % T) «—— H*((V x X)r)

IT Lr* (3.11)

d

HP*(CP(V)xTI)  «+—— H* (V)

14



Here m : (V x X)r — Vr is induced by the ( I'-equivariant ) projection
VxXxElI'—V xEIL.

Proof. We can consider V' x X with action of I' x I'. We start with showing
that the following diagram is commutative:

HPH(CE(V x X) % ([ xI)) «—— H* ((V x X)rxr))
UTT TW* (3.12)

HP*(Ce(V) % T) 2 H* (V)

Here we identify C§°(V x X) x (I' x ') with (C(V) x ') @ (C§°(X) x I')
and (V x X)xry with Xt x Vp. This is verified by the direct computation,
using the Eilenberg-Silber theorem and shuffle map in cyclic cohomology, cf.
[11].

Now we note that the commutativity of the following diagram is clear:

HP*(C®(V x X) x (T xT)) «=— H*((V x X)rxn))

l l (3.13)

HP*(CP(V x X)xT) «2—  H*((Vx X))

where the both vertical arrows are induced by the diagonal maps I' = I' x I
and EI' — EI' x EI'. This ends the proof. O

Proposition 3.3. Let E be an equivariant vector bundle on V with connec-
tion V. Let x € HC™"(C$(V) x I') be the character of the associated cycle,
and let X' € HC™*(C$°(V x X) xT) be the character of the cycle constructed
with the bundle pri, E and connection pri,V, where pry : X xV — V. Then
I(x) = X' (Here n and k are dimensions of V' and X respectively)

Proof. Let C denote the corresponding cycle over Cg°(V) x I', and T -
transverse fundamental cycle of X. Then C x T is a cycle over (C§°(V) %
I ® (C§°(X) xT), and

Ch(C x T) = Ch(C)UT

by the Corollary 2.8. If by pr*C we denote the corresponding cycle over
Cs°(V x X) x T, we have

Ch(pr*C) = A* (Ch(C ® T)) = A* (Ch(C) UT) = I(Ch(C))
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Lemma 3.4. Suppose in addition to the conditions of the Theorem 3.1 that
I' acts freely and properly on V. Then the statement of the Theorem holds.

Proof. Since the group acts freely and properly, one can find a connection
on F which is I'-invariant. For the class of the cocycle x written with the

invariant connection the result follows easily from the definition of the map
. O

Proof of the Theorem 3.1. Comparison of the construction from [7], [14] with
the definition of the map ® implies that (class of) x is in the image of @,
[X] = (&) for some (necessarily unique) & € H*(V xp EI'). We need to verify
that £ = Chp(E). We do this by showing that for any oriented manifold W
and any map continuous f: W — V. f*¢ = f*Chyp(F).

Let W be the principal I'-bundle obtained by pullback of the bundle
V x EI' — Vr, so that the following diagram is commutative, and f is
['-equivariant:

W —L s v xED

l l (3.14)

w5 w

We can write fas a composition of two I'-equivariant maps fl W — W x
V x EI', which embeds W as the graph of f and pr: W x V xEI' — V x ET,
projection. Let m: (W x V)r — Vr and f; : W — (W x V) be the induced
maps. We have f =7 f;. .

Construct now the class x' € HP"(C§°(W x V) x I') using the bundle
pr*E with connection pr*V. By the Proposition 3.3 x' = I(x), where I :
HP*(C*(V) % T') — HP*dmW (0o x V) x I'). By the Proposition 3.2
X = I(x) = I(®(£)) = ®(x*¢). By the Lemma 3.4, since W x V is acted by
I freely and properly, x' = ®(Ch(pr*E)). But since Ch(pr*(E)) = n* Ch(E),
and using injectivity of ® we conclude that

7" Ch(E) = 7"¢
Hence

f*Ch(E) = fin" Ch(E) = fin"¢ = f°€
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Remark 3.1 (Relation with Connes’ Godbillon-Vey cocycle). In the paper [5]
Connes considers (in particular) the case of the circle S* acted by the group
of its diffeomorphisms Diff(S') . Here we present the Connes construction in
the multidimensional case and indicate some relations with our construction
of cyclic cocycles representing equivariant classes.

In the situation of the previous example take the bundle F to be \" T*X.
This is a 1 -dimensional trivial bundle, naturally equipped with the action
of the group I' = Diff(X). Let ¢ be a nowhere 0 section of this bundle, i.e.
a volume form. Define a flat connection V on FE by

V(f¢) =df¢, ¢ € C(X) (3.15)

We can thus define the cycle C over the algebra C*°(X).
Let now (g) be defined as above, and put

g

n(g) = e C*(X) (3.16)
Then 4 is a cocycle, i.e.
p(gh) = u(h)*u(g) (3.17)
We also have
6(g) = dlogpu(yg) (3.18)
Indeed,
0(9)¢? = V¢? — (V(9))” = V(u(g)9) = du(g)¢
and

_du(g)e _ dulg)
o) = o ()

For every t we define a homomorphism p; : C*°(X) x ' = End(E) x T’
by

= dlog(p(g))

pe(aly) = a(pu(9))'Us (3.19)
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This is a homomorphism due to the cocycle property of u, which according to
[5] is the Tomita-Takesaki flow associated with the state given by the volume
form ¢.

Consider now the transverse fundamental cycle ® over the algebra A =
C*°(X) defined by the following data:

the differential graded algebra Q2*(X) x I' with the differential d(wU,) =
(dw)U,

the graded trace ][ on Q*(X) x I defined by

Jw ifg=1
][ngz X

0 otherwise

the homomorphism p = py = id from A = C®(X) x T to C®(X) x I.
The flow (3.19) acts on the cycle ®, by replacing py by p;. We call the cycle
thus obtained ®;. Using the identities

d(pi(alUy)) = (da + ta dlogu(g)) u(9)'Uy = (da + ta 6(g))n(9)'U,  (3.20)

and

11(g0) (1) 11(g2)?°%* . .. u(g) 9% = u(gogs - - - g) (3.21)

we can explicitly compute Ch(®;). This is the cyclic n-cocycle with the only
component of degree n The result is:

Ch(®;) = itjpj (3.22)

where p; is the cyclic cocycle given by

pi(aoUgy, a1U,,, ..., a,Uy,) =
1 , , ,
T Y2 Yii—1 Yiy Yip+1
] E apday day” ... da; L a;tdag VL
T 1<y <ip << <n

®i1,i2 ..... ij (’71a s a/Yk) (323)

for gog1 ... gx = 1 and 0 otherwise, where we define as before v; = gog: ... g;-1,
and the j-form ©, ;, ;. (71,---, ) is given by

Gil,iz,---,ij (’Yla cee ,’ch) = 5(92'1)%15(92'2)%2 s 5(gij)%j (324)
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In particular, py is the transverse fundamental class. Comparing these for-
mulas from the formulas in the previous example we obtain

Proposition 3.5. Let ®; be the image of the transverse fundamental cycle
® under the action of the Tomita- Takesaki flow for the time 1 . Let C be the
cycle over C®(X) x T associated to the equivariant bundle \" T*X with the
connection from (3.15). Then, on the level of cocycles Ch(®,) = Ch(C).

We now sketch a construction of a family of chains ¥, providing the
cobordism between ®y and ®,, s € R. The algebra Q* = Qx ([0, s])®Q*(X) x
I'. The homomorphism from A to Q° maps aU, € Q*(X) x I to au(g)'U,,
where ¢ is the variable on [0, s]. The connection is given by 1®V +d®1 where
d is the de Rham differential, and the curvature is 0 . The restriction map is
given by the restriction to the endpoints of the interval and the graded trace

is given by
][a®(wU p)des / /

ifdega =1 and g =1 and 0 otherwise. This chain provides a cobordism
between &, and ®,. Its character is given by the formula

n+1
j=1
where g; is the cyclic cochain given by
qj(aOUQO’ a'lUgU s Cangn) =
l Z aodazldaém N da% 1 ’Yv,ld Yig+1 o

n' 11—1 Zl+1
T 1<y <ig << <n g

Eil,iz,...,ij (717 R 77]6) (326)

for gog: ... gx = 1 and 0 otherwise, where we define as before v; = gog:1 ... gj_1,
and the j — 1-form Z; 4, ;. (71,-.., %) is given by

Eil,ig,...,i]‘ (71; e ,%) =
- Z 8(gi)16(gi,) "2 .. log pu(gs,) % ... 6(gi,)" (3.27)
Comparing this formula with (3.22) we obtain:
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Proposition 3.6. Let p;, j = 1,..., n be the the chains, defined in (3.22),
(3.23), and ¢j, 5 =1,..., n+ 1 be from (3.25), (3.26). Then for j=1,...,n
we have

Bgj=p; andbg; =0 (3.28)
Also
Bgyi1=0and bg,y 1 =0 (3.29)

In particular oll p; define trivial classes in periodic cyclic cohomology, and
Gn+1 1S @ cyclic cocycle.

The cocycle g, 41 should represent (up to a constant) the Godbillon-Vey
class in the cyclic cohomology (i.e. class defined by hicf, while p; and g;
represent forms c{ and hlc{, Jj = 1,..,n, see [2], but this remains to be
verified.

Remark 8.2 (Transverse fundamental class). The construction of the equiv-
ariant characteristic classes works equally well in the case of a foliation. The
new ingredient required here is the Connes’ construction of the transverse
fundamental (generalized) cycle. We now will write a simple formula for the
character of this cycle.

We start by briefly recalling Connes’ construction from [6]. Details can
be found in [6]. Let (V,F) be a transversely oriented foliated manifold,
F' being an integrable subbundle of 7'V. The graph of the foliation G is
a groupoid, whose objects are points of V' and morphisms are equivalence
classes of paths in the leaves, with equivalence given by holonomy. Equipped
with a suitable topology it becomes a smooth (possibly non-Hausdorff) man-
ifold. By r and s we denote the range and source maps G — V. By
Q}T/Q we denote the line bundle on V' of the half-densities in the direc-

tion of F. Let A = C§° (Q,S*(Q;ﬂ) ®r*(Q};/2)> be the convolution al-
gebra of G. We define a ( nonunital ) generalized cycle over the algebra
A as follows. The k-th component of the graded algebra * is given by
o (g,s*(Qllw/Q) @ (%) @ r* (A" T*)) Here 7 = TV/F is the normal
bundle, and the product QF ® Q! — Q**! is induced by the convolution
and exterior product.

The definition of the transverse differentiation (connection) requires a
choice of a subbundle H C TV, complementary to F'. This choice allows one
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to identify C°(V, A" TV*) with C®(V, \* F* ® \"7*). We say that form
w € C°(V, \" TV*) is of the type (r, s) if it is in C®°(V, A" F*® A\’ 7*) under
this identification. For such a form we have

dw =dyw + dgw + ow (3.30)

where dyw, dgw, ow are defined to be components of dw of the types (r+1, s),
(r,s+1), (r—1,s+2) respectively (our notations are slightly different from

those of [6]). Now, writing locally p € C*(V, Q}V/Q) as p = flw|'?, f €
C®°(V), w e C®°(V, A" " F*) we define

1208w

dip = (duf) o] 2 + fluo] 2T

(3.31)

Finally, dg can be extended uniquely as a graded derivation of the graded
algebra Cg° (g, s QD) @ r () @ r* (N T*)) so that the following iden-
tities are satisfied:

dy (r*(p1) 5" (p2)) =
r*(dupr) fs"(p2) + r*(p1)du fs*(p2) + 77 (p1) fs™ (du p2)
for pi, ps € C®(V, %), f € C(G) (3.32)

and
dr(¢r*(w)) = du($)r*(w) + ¢r*(dpw)
for ¢ € CJ° (g,s*(Q};/Z) ® r*(Q;/z)) ,w € C®(V, /\7’*) (3.33)

Now, for the form w d4w = —(dyo + ody)w. The operator § = —(dyo +
ody ) contains only longitudinal Lie derivatives, and hence defines a multiplier

(of degree 2) of the algebra C§° (Q, s*(Q},/Q) ® r*(Q}T/Q) @ r (N T*))
Finally, the graded trace on C§° (g, s*(Q}J/Q) ® T*(Q;ﬂ) ® r*(\? T*)>’ g=

codim F is given by ][w = [w.
v

Lemma 3.7. (/6]) <Cg° (6.5 & (@) © (A7) di b, f) is

a generalized cycle of degree q over the algebra A .
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We can now write an explicit formula for the character of this cycle.

Proposition 3.8. The following formula defines a (reduced) cyclic cocycle
X in the (b, B)-bicomplex of the algebra A (with adjoined unit).

oot = Y [ ooau(6). . duon)e”

+
(qT)' iottig=25% v

(3.34)

Herek=gq,q—-2, ..., and ¢;, j > 1 are elements of A, while ¢, is an element
of A with unit adjoined.

Recall, that for g even to define the cocycle over A with the unit adjoined
we extend ][ by requiring that ][Hq/ 2 = (0. The resulting class is independent,

of the choice of H. It follows from the fact that by varying the subbundle
H smoothly we obtain the cobordism between the corresponding cycles, sat-
isfying the conditions of the Lemma 2.7. Note that the equality here is in
cyclic cohomology, not only periodic cyclic cohomology.

The results of the section 2 imply that the class of the cocycle x is the
transverse fundamental class of the foliation, as defined in [6].

4 Fredholm modules.

In this section we write formulas for the character of the generalized cycle
associated with a finitely summable bounded Fredholm module (cf. [4]) . In
other words we obtain a formula for the character of a Fredholm module. We
show that this definition agrees with Connes’ definition [4].

Let (#,F,v) be an even finitely summable bounded Fredholm module
over the algebra A. Here # is a Hilbert space, on which the algebra A acts,
v is a Zy-grading on ‘H, and F'is an odd selfadjoint operator on H. We assume
that A is represented by the even operators in 4, and since we almost always
consider only one representation of A, we drop this representation from our
notations, and do not distinguish elements of the algebra and corresponding
operators. We suppose that the algebra A is unital. Let p be a number such
that [F,a] € £P and (F? — 1) € £%. We remark that for any p summable
Fredholm module one can achieve these summability conditions by altering
the operator F' and keeping all the other data intact. We associate with
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the Fredholm module a generalized cycle similarly to [4] where it is done
in the case when F? = 1. Consider a Z-graded algebra Q = @,-_, Q™
generated by the symbols a € A of degree 0 , [F,a], a € A of degree 1 and
symbol (F? — 1) of degree 2 , with a relation [F,ab] = a[F,b] + [F,alb.
This algebra can be naturally represented on the Hilbert space H, and we
will not distinguish in our notations between elements of the algebra and
the corresponding operators. {2 is equipped with a natural connection V,
given by the formula V(§) = [F,&] (graded commutator) in terms of the
representation of ), or on generators by the formulas

V(a) = [F,d]
V([Fa]) = (F? = 1)a—a(F* = 1)) = [(F* = 1),q]
V(F*-1))=0

Notice that V2(¢) = [(F? — 1),£] for £ € Q. Hence we define the curvature

6 to be (F? —1). Clearly, £ € Q" is of trace class if n > p. Here we need
to chose n to be even, n = 2m. Hence we can define the graded trace on 2"

by ][f = m!Tr €. The equality TryV(£) = 0 for £ € Q™! follows from the

relation
1
Tryw = §Tr YEV(w) = Try(F? — 1)w

which holds for w of trace class). Indeed, for £ € Q"1 V(€) is of trace class
and

1
TryV(§) = g Ir YFV?(€) + TrV(€)
1
= 5 TryF[(F* = 1), = Try(F* = 1[F,¢ =0 (44)
Now we can apply the formula (2.4) to obtain a cyclic cocycle Chy,, (F')

in the cyclic bicomplex of the algebra A. Its components Cht (F) k=0, 2,
4, ...,2m are given by the formula

Ch*(F)(ap, ay,...ax) =

m/! . . .
i > Tryag(1—F2)°[F, ay)(1—F?)" ... [F, ax)(1—F2)*
277 o tir e tip=m—k

(4.5)
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Note that for the case when F? =1 we get the formula from [4], normalized
as in [6].

We will now associate generalized chain with homotopy between Fred-
holm modules. If the two Fredholm modules (#, Fy,vy) and (H, F1,7) are
connected by a smooth operator homotopy ( meaning that there exists a C!
family F; of operators with [F},a] € £P and (F? — 1) € £, t € [0,1] with
Fili=o = Fy, Fili=1 = F ), this generalized chain will provide cobordism
between cycles corresponding to the modules.

We start by constructing, exactly as before, an algebra €); generated by
the elements a, [F},a], (F? — 1), with the connection V; and the curvature
0, = (F? —1). For each ¢t € [0,1] one constructs a natural representation
m; of this algebra on the Hilbert space . Let Q*([0,1]) be the DGA of
the differential forms on the interval [0, 1] with the usual differential d. We
can form a graded tensor product Q*([0,1])®€%. Choose an odd number
n = 2m + 1 so that n > p + 2; if in addition we suppose that % € LP we
can choose n > p+ 1. In order to define the connection and the curvature
we will have to adjoin to our algebra an element of degree 2 dt®dF t and
an element of degree 3 dt®(FtdF t + 4L F,). The algebra with the adJomed
elements will be denoted €2.. The homomorphism pe : A — €, is given by
pe(a) = 1®a. We define the connection V., as % A dt + V,, i.e. on the
generators the definition is the following (8 € Q*(]0,1]) ):

V.(3&a) = df®a + (—1)%8P)RJ[F,, a] (4.6)
~ ~ dF
V(B8[F;, a]) = dB&[F;, a] + (1) BR[(F? — 1), a] + § A dt®[ -, al
(4 7)
~ ~ dFy dF
V(BR(F? —1)) = dBR(F2 — 1) + B A dt®(Ftd—tt + d—ttFt) (4.8)
~dF}y dFy; dF;
V. (dt®@—= o ) = —dt ®(Ftd— + EFt) (4.9)
~ dFt dFt _ 2 dFt
V. (dt®(F; TR F)) = dt®[(F? - 1), o ] (4.10)
The curvature 6, of this connection is defined as
~ ~dF;
0. = 1Q(F} — 1)+dt®ﬁ (4.11)

and the identity (V.)?- = [f,, -] is verified by computation. One then defines
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the graded trace ][ on (Q2*([0,1])®)™ by the formula

c

R (—1)de@m! [ (BTrym(£)) if B € Q([0,1])
f ooe= 0

0,1
if 8 € Q9([0,1])

The restriction maps ry : 2., — €y and r : Q. — ; are defined as
follows. 7o(6®€)) is 0 if 3 is of degree 1 , and 5(0)& where &, is obtained
from & by replacing F; by Fy if § is of degree 0 , and similarly for 1. One can
check that the map r; @ r, identifies 99, with Q! @ Q0 and provides required
cobordism.

Now we can use the Theorem 2.1 to study the properties of Ch(F') with
respect to the operator homotopy.

Theorem 4.1. Suppose (H, Fy,7) and (H, F1,7) are two finitely summable
Fredholm modules over an algebra A which are connected by the smooth op-
erator homotopy F; and p is a number such that [Fy] € LP and (F2—1) € L3
for 0 <t < 1. Chose m such that 2m > p+ 1. Then Chay,,(Fy) = Chyy, (F)
in HC*™(A). If moreover % € LP one can choose m such that 2m > p.

Proof. Let Tchk  denote the k-th component of the character of the con-
structed above chain, providing the cobordism between the cycles associated
with (H, Fo,7y) and (H, F1,7), k=1,3,...,2m+1. It can be defined under
the conditions on m specified in the theorem. According to the Theorem 2.1

Chgm(Fl) — Chgm(Fo) = (b + B) TCth

Now,

Tchgm+1 (ag,ai,...agmy1) = const][ pe(a0)Velpe(ar)) ... Ve(pe(agmi1)) =0

c

(since the term under the ][ does not contain dt). Hence T'chy,, can be

considered as the 2m — 1 chain (is in the image of S), and the result follows.
O

Remark 4.1. Suppose we have two Fredholm modules (H, Fy, ) and (H, F1,7)
such that Fy — Fy € £? and F? —1 € £2,i = 0, 1 . Then Chy,(F) =
Chop(F1), 2m > p. Indeed, we can apply the Theorem 4.1 to the linear
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homotopy F; = Fy + t(Fy — Fy), and need only to verify that F? — 1 € L5,
But

F} —1=(F; — 1)+ t(Fy(F — F) + (Fy — Fy)Fy) + *(F — Fy)®

The first and the last terms in the right hand side are always in £2, and
since the left hand side is in £5 for t = 1, (FO(F1 - Fy)+ (Fy — FO)FO) e Lo,

Corollary 4.2. Let e be an idempotent in My (A), and (H, F,~y) be an even
Fredholm module over A. Construct the Fredholm operator F, = e(F @ 1)e :
HTQCN — H™ @ CN (where H' and H™ are determined by the grading).
Then

index(F,) =< Ch*(F), Ch,(e) >
Here Ch,(e) is the usual Chern character in the cyclic homology.

Proof. By replacing A by My (A) we reduce the situation to the case when
e € A. Now we apply Connes’ construction, which uses the homotopy F; =
F +1t(1—2e)[F, e] which connects F' (obtained when ¢ = 0) with the operator
Fy = eFe+ (1 —e)F(1 —e), obtained when ¢t = 1. Note that 1 — F? € Lz.
Indeed,

F2—1=(F>=1) + (t(1 — 2¢)[F,¢e])” + t([F, (1 — 2¢)[F, €]))

The first two terms are clearly in £2. As for the third one, it can be rewritten
as —2[F,e][F,e] + (1 — 2¢)[F, [F,e]] = =2[F,e]* + (1 — 2¢)[(F? — 1),¢] € L>.

The operator F; commutes with e, and homotopy does not change the
pairing. Hence it is enough to prove the result in the case when F' and
e commute. In this case in the formula for the pairing all of the terms
involving commutators are 0 , hence the only term with nonzero contribution
is Ch°(F)(e) = Trye(1 — F?)™ = Try(e — (eFe)?)™ = index(F,) by the well
known formula. ]

In [4] Connes provides canonical construction, allowing one to associate
with every p-summable Fredholm module such that F2 — 1 # 0 another one
for which F?2 — 1 = 0 , and which defines the same K-homology class. This
allows to reduce the definition of the character of a general Fredholm module
to the case when F? = 1. The construction is the following. Given the
Fredholm module (H, F, ) one first constructs the Hilbert space H = HOH

26



0 0
Then one constructs an operator f’, such that F — F' € £P and F? = 1;

here by F' we denote (1(? _OF). The character of the Fredholm module

(H, F,~) is then defined to be the character of the (ﬁ, F, 5)-

with the grading given by 7 = 7@ (—7). An element a € A acts by (a 0) )

Theorem 4.3. Let (H, F,v) be an even finitely summable Fredholm module
over the algebra A, and let p be a real number such that [F,a] € LP and
(F?2 —1) € LZ. Then class of Ch*(F) defined in (4.5) in the periodic cyclic
cohomology coincides with the Chern character, as defined by Connes [4].

Proof. First, let us consider the Fredholm module (H, F',7) over the algebra
A - the algebra A with adjoined unit ( acting by the identity operator). Then
Chy,, (F") defines a class in the cyclic cohomology of ./Z, where we choose
2m > p. Since Tr (1 — (F')?)™ = 0, it defines a class in the reduced cyclic
cohomology of .Z, and hence in the cyclic cohomology of A. It coincides with
the class defined by the Fredholm module (H, F, ).

The Theorem 4.1 and the Remark 4.1 show that the classes defined by

the Fredholm modules Ch(F) and Ch(F") coincide. To finish the proof we

note that Ch(F') coincides with the Chern character as defined in [4].
U

The proof of the Theorem 4.1 also provides an explicit transgression for-
mula. We just need to compute explicitly formula for

Tchh (ap,a1,...a;) =

k-1
—1)™ 7= (m)! . . i
| (TBL n ki(). DI 2 A L AP NS
2 i0+i1+---+ik=mfk%1 ¢
(4.12)
Since 0¥ = > dt®(F? —1)"%L(F? —1)7 one can rewrite this formula

r4+q=4;—1
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as

= (m)! [!
((JH,C(),)/O( > ZZ 1ITr yag(F2 — 1)

ittt tig=m—r5L 1=0 rte=i—

@(FE — 1), [Fya)(Ff — 1)ik)dt

Fa)(FE = ) [Py el (P2 = 1)
(4.13)

Finally we can write the answer as

Tchh (ap,a1,...a;) =

k
(m)! '
_ (m7+ ey, ( Z Z )T yag(F? — 1)%
2 /070 1o+ Fig+Hip41= m—% 1=0

dF;

Foal=F)" .. [Fal1- 2

(1—F2)ie . [F, ak](l—Ff)ik“)dt
(4.14)
where £ is an odd number between 1 and 2m — 1.
All the considerations above can be repeated in the case of an odd finitely

summable Fredholm module (#, F) over an algebra A . Here as before we
suppose that [F,a] € L£P, (F? —1) € £L>. We choose number m such that

n =2m+ 1 > p. The trace now is given by ][§ =2 (n/2 +1)Tr¢.

The corresponding Chern character Chy,,11(F) has components Chf,

fork=1,3,...,2m+ 1, given by the formula
T'(m+ 3)Vv/2i
k _ 2
Ch2m+1(a0, Ay .-, U,k) = m
> Trag(l — F2)0[F,a,](1 — F2)" ... [F,a5](1 — F2)* (4.15)

i0+i1+"'+ik=m—k%1

If the two Fredholm modules are connected via the operator homotopy
F; one has the transgression formula

Ch2m+1 (Fl) — Ch2m+1 (F()) = (b + B) TCh2m+1 (416)
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where T'chyp, 1 1s a 2m cyclic cochain having components Tchgm for k£ even
between 0 and 2m, given by the formula:

Tch§m+1(a0, A1y ak) =

T(m+3)v2i [ k
C (m+ 1) 0< 2 2 (") Trao(F -1
2 do+ertigtig 1 =m— % =0
dF;

Foal=F)" .. [Fal1-F2)

(1—F2)in | [F, ak](1—z«;2)ik+1)dt
(4.17)

The proof of the Theorem 4.3 works in the odd situation as well and
shows that Ch*(F') coincides with the Chern character as defined by Connes.
In particular, this allows to recover the spectral flow via the pairing with K-
theory. More precisely, let u € My (.A) be a unitary. Let sf(F ® 1, (F ® 1)*)
be the spectral flow of the operators F®1 and (F®1)* = u((F®1)u* acting
on the space H ® CV. The Chern character of the class of u in K;(A) is the
periodic cyclic cycle defined by

o0

Ch.(

"-r (weu™) = (v ou)) (4.18)

Then we have the following

Corollary 4.4. Let u € A be a unitary, and (H,F) be an odd Fredholm
module over the algebra A. Then < Ch*(F),Ch,(u) >=sf(F®1,(F ® 1)*)

Remark 4.2. This is a finitely summable analogue of the result of Getzler
[8] In the finitely summable case analytic formula for the spectral flow was
derived in [3]; use of the Theorem 4.3 allows to give a proof of the corollary
4.4 without using this formula.
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